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pads, joint materials, and ceramic substrates [2]. Performance of
thermoelectric materials are defined by a non-dimensional figure
of merit which is defined in Eq. (1):
 S2
ZT 
(1)

where σ is the electrical conductivity, κ is the thermal
conductivity, and S is the Seebeck coefficient [1]. There are
intensive research efforts focused on enhancing efficiencies by
increasing σ and decreasing κ using manipulation the
nanostructure of the materials [1,3,4].
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mainly applies mathematical and numerical approaches to solve
stresses problems. In order to compare two structures based on
stress point of view, it establishes a set of mathematical models
for both bonded and sliding contacts in connecting corner legs to
the substrate of TE modules. These models are based on
previous studies on flip chip assemblies and use structural
mechanics for estimating the magnitude of the induced stresses
at the thermal element connections. Two different mathematical
models are investigated: a mathematical model for a TE module
with perfectly bonded contact and a new design of TE module
having sliding contact. Results comparison for finite element
simulations and theoretical analysis have proven accuracy of the
mathematical models. Besides, changing the connection design
from a bonded contact to a sliding connect can reduce a
significant amount of imposed stresses, forces, and moments
thus improving the operational life of TE modules. Although the
initial conceptual design has been proven to be effective using
both finite element analysis and mathematical modeling, the
structural performance of new design are also investigated using
an experimental work.
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1. INTRODUCTION
Thermoelectric (TE) devices convert thermal energy into
electrical energy and vice versa. They are a unique solution for
waste heat recovery and self-powered systems due to their
solid-state structure. Existing thermoelectric power generation
varies from low temperature to high temperature and from
microscale to macroscale. Thermoelectric power generation
from vehicle exhaust systems, radioisotope materials (RTGs, i.e.,
in space shuttles), and solar thermal collectors are some of its
applications. Advantages of thermoelectric devices include silent
and environmental friendly operation, compact size, and less
maintenance requirements. On the other hand, low conversion
efficiencies are its main disadvantage. Thermoelectric devices
are also used for various cooling applications due to the Peltier
effect [1]. Fig. 1 shows the construction of the TE modules.
Thermoelectric devices typically consist of p- and n-type
semiconductors usually made of bismuth telluride, conductor
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Figure 1: The construction of a typical thermoelectric module
[2]
Although, recent improvements of thermoelectric properties are
significant, insufficient research efforts on thermoelectric
device-level challenges have been conducted. Since
thermoelectric devices are composed of many dissimilar
constituent materials, thermomechanical behaviors of the device
are also critical for both performance and structural integrity. For
example, significant stresses can develop at the corners and
edges of thermoelectric legs due to thermal expansion
mismatches between thermoelectric materials and interface
layers. Thermal stresses and deformations are the main causes of
the limited lifespans of electronic devices [5]. The effect of
global and local CTE mismatches for the general thermoelectric
modules are illustrated in Fig. 2(a) and Fig. 2(b), respectively.
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Fig. 2(c) shows thermally induced interfacial shearing force T as
the result of CTE mismatches.

Figure 2: Schematic illustrations of the effect from (a) global
CTE mismatch between ceramic substrates and p-n legs and
(b) local CTE mismatch between the adjacent materials at the
interfaces (c) interfacial shearing force T.
Thermally induced failures in electronic devices can be
avoided if the predictive modeling is consistently used prior to
the experimental investigations. Such modeling usually
employs a more or less sophisticated mathematical or
numerical method. The latter of which today is mostly used
with computer-aided finite element analysis techniques. Finite
element modeling has become, since the mid-1950s, the major
research tool for theoretical evaluations in mechanical and
structural engineering, including the areas of microelectronics
and photonics [6-10]. In order to check the mechanical
reliability of electronic devices, finite element software is
widely used to save considerable amounts of time during the
analysis [5-9].
Certainly, the broad application of computers has by no means
made mathematical solutions unnecessary or even less important.
Simple and easy to use mathematical relationships have valuable
advantages owing to the clear indication of the role of various
factors affecting the phenomenon or the behavior of the given
system. Therefore, it is always advisable to investigate the
problem mathematically before carrying out the complicated
computer-aided analysis. However, the finite element method is
especially used in those areas of engineering structures with
complex configuration where it might be difficult to apply
mathematical approaches. In contrast, a relatively simple
geometry can usually be easily modeled with the mathematical
method for obtaining accurate results [10].
A fundamental solution to thermal stresses of a die-substrate
assembly in semiconductor electronics was initially proposed by
Suhir [11]; it was revised continuously thereafter for the die
attach (adhesive) peel solutions again by Suhir [12] and his
co-author Mishkevich [13]. The solution was relatively simple
and easy to use, and could clearly and instantly indicate the
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important parameters affecting the stresses and deformations of
the assembly. However, there were still some existing
controversies regarding the die attach shear and peel stresses of
the assembly. For example, some of the later authors found that
Suhir’s solution is inconsistent with their finite element solutions
[14-16]. Unlike die-to-substrate assemblies, mathematical stress
modeling of a thermoelectric module is vague in literature. In
this regard, Suhir and Shakouri established a thermal stress
model for a simplified two leg thermoelectric module assembly
comprised of two identical components bonded at their end
portion and subjected to different temperatures. They found that
building legs thinner horizontally and longer vertically, could
result in a considerable relief in the interfacial stress in
connections [17, 18]. Ziabari et al. checked the accuracy of
Suhir`s mathematical thermal stress model by using finite
element analysis. Some inconsistencies between the theoretical
modeling and the FEM results were observed [19].
Therefore, this study begins with establishing a simple and fast
mathematical model for both bonded and sliding contact type of
design. These models are derived from thermal stress modeling
for flip chip assemblies and they are specifically modified for
thermoelectric applications [20]. The models are based on
structural mechanics and have the ability to estimate the
magnitude of the induced stresses at the corner p–n legs. This
study is aimed to compare structural performance of two types
of thermal element designs (conventional and new one) using
mathematical and experimental approaches. The accuracy of the
models are later then proved by finite element method.
The present concept for designing the sliding contact by
positioning bump thereon copper pad and forming a recess into
it resembles the design of a substrate solder ball for packaging a
semiconductor device such as an IC chip in general packaging
method [21].

2. PRINCIPLES OF THE MATHEMATICAL MODEL
APPROXIMATION
A simple and fast mathematical model based on beam theory is
derived to calculate the forces, moments, and stresses in a
conventional simplified three-leg column-like assembly. Then it
is expanded for a three-leg thermoelectric module having sliding
contacts. The model highlights the relative importance of
different geometrical and material parameters and shows the
nature of the stresses in the connections. In order to avoid
complicated calculations, all material properties are assumed to
be linear. However, it is possible to include nonlinearity effects
like plastic deformation and temperature dependent material
properties by using the iterative procedures [20].
Obviously, the mathematical calculation of the thermally
induced stresses in the individually single units is basically
different from the calculations of stresses in sandwich structures
where substrates and legs are adhesively bonded. Therefore the
structure is simplified by replacing the p-n legs with a beam
element while keeping the same material properties (Fig. 3).
This is an acceptable approximation because the legs are small
compared to the ceramic substrates, and the replacement does
not change the global deformation. These forces, moments, and
deformations can be determined by using the beam theory.
Finally, the stresses are derived from the forces and moments
acting on these legs [20].
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Two types of equations are highlighted: the equilibrium
equations to define the equilibrium of forces and bending
moments and the compatibility equations for displacement and
rotations. The solution of these equations leads to forces and
bending moments acting on p-n legs. Subsequently, the stresses
in the legs are calculated from the acting forces and moments
located at the top and bottom surfaces of the connections [20].
Later, von Mises theory is used as the indication of structural
integrity in order to compare mechanical performance of two
designs with each other. In order to prove the accuracy of the
mathematical model, results obtained from numerical
assessments are compared with those obtained from the
simulation model in ANSYS WORKBENCH.

Figure 3: Simplifying p-n leg structure with beam elements
[20].

3. THERMOMECHANICAL MODELING PROCEDURES
A simplified two dimensional (2-D) three-leg geometry that
consists of two components joined by a symmetric pair of
rectangular column-like p-n legs with a separated distance of 2L
is used for the analysis (Fig. 4(a) and Fig. 4(b)). In the figure,
component 1 and component 2 stands for the upper ceramic and
lower ceramic, respectively. Throughout the text Leg c are the
corner legs, while the other is the middle leg.
The system is subjected to a temperature change Δθ. Where Δθ
=θ2 - θ1 is the temperature difference between the hot and cold
ceramic substrates. With the temperature change, the whole
structure will deform due to the thermal mismatch of the
constituent materials. Consequent forces and moments will be
induced in the two substrates and the legs as they are presented
in Fig. 5 and Fig. 11. In order to obtain the unknown loads, the
below steps are performed:
First, the internal and external forces and the moments in the
three components are defined. From that, force and moment
equilibrium equations are written. Second, the displacements
and curvature caused by these forces and by thermal
deformation are determined. Compatibility conditions require
that the displacements and curvatures at the interface of two
different parts must be equal. Finally, forces and moments are
calculated by satisfying both equations of compatibility and
equilibrium [20]. For all of these equations, their applications in
solving the fixed contact are addressed in section 3.1. The
expanded form use in solving the sliding contact designs are
described in section 3.2. Some of the numerical examples by
using these formulas are demonstrated in the result and
discussion section.

Figure 4(a): Schematic of the simplified TE model with bonded
contacts at the end portion.

Figure 4(b): Schematic of the simplified TE model with
sliding contacts at the end portion.
3.1.1 Equilibrium equation to determine forces and moments
Considering that a single pair of the material combinations
including the ceramic substrate and the p-n thermoelements are
isolated from one another, external forces and moments acting
on the three parts of the structure are shown in Fig. 5. In the left
of figure (a), T stands for the shear force, and Mc1 and Mc2 are
the bending moments which act between the legs and the upper
and lower ceramics, respectively. In the right of figure (b), T is
the internal force and M1, M2 are the bending moments in
components 1 and 2, respectively. T remains constant over the
complete length and the connections whereas the bending
moment varies from the upper side to the lower side. The axial
forces N are positive if they cause tensile stresses in the Leg c.
External loads in the Fig. 5(a), stands for those forces and
moments that each component imposes on one another. External

3.1 TE module with perfectly bonded contacts layout design
This section covers the derivation of the formulas related to a
simplified three-leg TE module with perfectly bonded contacts
which is illustrated in Fig. 4(a). Section 3.1.1 applies the
concepts of equilibrium of the structure in order to define the
relationship between forces and moments. Sections 3.1.2 and
3.1.3 use horizontal displacement compatibility to calculate the
relation between temperature change and imposed loads on the
structure. Section 3.1.4 utilizes the compatibility concept for the
rotation of the leg and the ceramic components in order to find
the imposed bending moments. Section 3.1.5 defines the
thermally induced stresses caused by those forces and moments.
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forces and moments result in internal forces and moments which
govern the stress distribution and also the deformations in the
parts of the structure.

U 2   ceramic.2 .L 

M c1  M c2  T .hc

In upper ceramic:

M 1 M c1  T .

In lower ceramic:

M 2 M c2  T .

In Fig. 5(b):

M1  M 2  T .(H  hc )

T is the force normal to the ceramic substrate cross section and is
equal to shear force T in Fig. 5. The first terms in the right parts
of Eqs. (6) and (7) are due to the local thermal expansion
(contraction) mismatch of the constituent materials, and the
second term is due to their global mismatch. It is the global
mismatch that results in the forces applied to the bonded regions
from the non-bonded regions of the assembly [18, 20].

(2)

H
p
 N.
2
2

(3)

H
p
 N.
2
2

(4)

3.1.3 Compatibility of horizontal displacement
The difference of the horizontal displacement at the middle of
the ceramic components and the displacement at the interface
between the connections is determined by the bending of the
ceramic substrates, and is expressed by the radius of curvature ρ1
and ρ2 of the upper ceramic and lower ceramic, respectively (Fig.
7). The general relation between the radius of curvature ρ and
the bending moment M is expressed as Eq. (8):

(5)

where T in Eq. (2) is the shear force and is equal to normal force
T in Eqs. (3)-(5). hc and H stand for the thickness of the legs and
the ceramic components, respectively. P is the pitch between p-n
legs. All the mentioned parameters are shown in Fig. 5.

(a)

(7)

where, A ceramic is the area of vertical cross section of the
ceramic substrate:
A ceramic = H . b comp

The sign convention of the arrows is chosen such that the forces
and moments, T, Mc1,2, and M1,2 are positive if Δθ > 0 (θ2>θ1),
where θ2 and θ1 are the temperature on the hot and cold sides,
respectively; Δθ is the difference between them [18]. The
resultant convex shape deformation is shown in Fig. 2(a).
Referring to Fig. 5 (a) and (b), equilibrium equations in Leg c
and ceramic substrates can be written as below:
In Leg c:

T .L
Eceramic. Aceramic

1





M
E.I

(8)

Therefore, by using this expression, the difference of the
horizontal displacement can be written as Eqs. (9) and (10).
where, γ stands for rotation angle of Leg c (γ1 = γ2 = γ) (Fig. 7).
U c  U1 

H
H L H
M1
. 1  .  .
.L
2
2 1 2 Eceramic.I ceramic

(9)

U 2  U c 

H
H L H
M2
. 2  .  .
.L
2
2 2 2 Eceramic.I ceramic

(10)

The difference in horizontal displacement between the lower and
upper face of Leg c is composed of three parts. The first term in
the right side of Eq. (11) is a displacement caused by the
bending of upper ceramic substrate. The second term is shear
deformation caused by the shear force T. The third term is
deformation caused by internal moment Mc [20].

(b)

Figure 5: Typical external and internal loads in the TE
module with perfectly bonded contacts, (a) the external loads
(b) the internal loads.
3.1.2 Compatibility of displacement
Fig. 6 shows a magnified view of a deformed structure. The
compatibility conditions require the displacements at the
connecting interfaces for those joining components to have the
same values. The displacements U1 and U2 are caused by the
thermal deformation (local mismatch) and by the normal force T
(global mismatch). Uc+ and Uc- show the displacements on the
upper face and lower face of Leg c.
U1   ceramic.1.L 

T .L
Eceramic. Aceramic

Figure 6: Typical deformations of Leg c and the components
caused by temperature change [20].

(6)
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Thus, by replacing γ (hc) and γ (0) into Eq. (13), the relationship
between rotations of the upper and lower substrates, and Leg c
itself can be described as the following equation.
hc
M 1  M c2
M 2M 1

.( c
)
E ceramic .I ceramic Ec .I c .L
2

3.1.5 Solution of the equations and induced forces, moments,
and stresses
The forces and moments T, N, M1, M2, Mc1, and Mc2 can be
obtained by solving the set of six linear Eqs. (2)-(5), (12), and
(14). Table 1 summarizes these formulas for the TE module with
bonded contact. The solution of those equations is written in a
Universal Algebra Equation Solver software.
The calculated forces and the moments induce stresses in the
structure, especially in the legs because their size is smaller
compared with ceramic components. Fig. 8 shows the internal
forces and moments distribution in corner p-n legs. The internal
shear force T and the axial force N are constant over the whole
leg, while the internal bending moments are extreme at the upper
and bottom surfaces (Mc1 , Mc2).
The resulting induced shear stresses and normal stresses from
imposed loads in Fig. 8 are presented in Fig. 9 [20]. The shear
force (T) induces different shear stresses at the interfaces and in
Leg c. At the upper and lower interface with the ceramic
components, the shear stress is approximated by the mean shear
stress value (Fig. 9) [20].

Figure 7: Schematic of deflections due to bending.
U c  U c  hc .L.

T .hc
M1

E ceramic .I ceramic Ac .Gc

hc
.(2.M c1  T .hc )
6.E c .I c
2



(14)

(11)

Then, by combining Eqs. (6)-(11), we have:

 ceramic.( 2  1 ) 
2T .(

1
H  2hc
)  M1.(
)
Eceramic. Aceramic
2.Eceramic.I ceramic

 T .(

hc
hc
)  (2.M c1  T .hc ).(
)
L. Ac .Gc
6.Ec .I c .L

 M 2.(

2

H
2.Eceramic.I ceramic

(12)
Figure 8: Schematic of internal loads distribution in corner
p-n legs [20].

)

where I is the second moment of inertia and is equal to, I ceramic =
[b ceramic. H3] /12 , and Ic = [b leg (bc)3] /12 , for the ceramic
substrate and Leg c, respectively.
3.1.4 Compatibility of rotation
The rotation of Leg c (γ) is caused by the bending moment
distribution shown in Fig. 8 and generally is described as follows.
Suppose that y = 0 is located at the upper plane between the p-n
leg and the upper ceramic substrate. y = h c is located at the
lower plane between the p-n leg and the lower ceramic substrate.
Then we have:
 ( y)   (0) 

1  M c1  M c2 2
(
. y  M c1 . y)
Ec .I c
2hc

(13)

Figure 9: Schematic of normal and shear stresses induced by
forces T and N and moments Mc1 and Mc2 in corner p-n legs
[20].

where, γ (hc) = L.(M2/E2.I2), and γ (0) = L.(M1/E1.I1)
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Table 1: List of equations for TE module with bonded contact.
Equation type

List of equations for unknown loads

Equilibrium equation [Eq. (2)]

M c1  M c2  T .h

Equilibrium equation [Eq. (3)]

M 1 M c1  T .

Equilibrium equation [Eq. (4)]

M 2 M c2  T .

Equilibrium equation [Eq. (5)]

M 1  M 2  T .(H  hc )

Compatibility of displacement [Eq. (12)]

 ceramic .( 2  1 )  2T .(

H
p
 N.
2
2

H
p
 N.
2
2
H  2hc
hc
1
)  M 1 .(
)  T .(
)
E ceramic . Aceramic
2.E ceramic .I ceramic
L. Ac .Gc

hc
H
)  M 2.(
)
6.E c .I c .L
2.E ceramic .I ceramic
2

 (2.M c1  T .hc ).(

hc
M 1  M c2
M 2M 1

.( c
)
E ceramic .I ceramic Ec .I c .L
2

Compatibility of rotation [Eq. (14)]

T
 xy


T
T

Ac bc .b jo int

Besides the stresses induced by the forces and moments, there
are also stresses at the upper and bottom surfaces caused by the
local thermal mismatch between the legs and the substrates
themselves (Fig. 10) [20]. The determination of these stresses is
very difficult. However, some approximation formulas are
described in literature [22].

(15)

The maximum shear stress is found in the middle of Leg c. The
maximum value in x-direction is approximated by Eq. (16).
3.T
(16)
 xy (max) 
2.bc .b jo int

The shear stresses are maximum in the four corners of the p-n
legs. As it can be seen in Fig. 10, shear stress as a result of local
thermal mismatch depends on the x coordinates only and is
expressed by the following equations [20, 22].

The normal force (N) causes a constant normal stress
distribution and can be approximated by solving six linear
equations as it was explained prior. Thus, the stress result of the
normal force can be expressed as below:
N
N
(17)
 yN 

Ac bc .b jo int
Mc1

Mc2

As it can be seen in Fig. 9, the moments
and
induce a
normal stress distribution which depends on the x and y
coordinates [20].
M 2  M c1
[ M c1  ( c
). y ]. x
hc
 yM c 
(18)
Ic

( ceramic   c ). .Gc .x
hc

(21)

2c
 xy


( ceramic   c ). .Gc .x
hc

(22)

The normal stresses as a result of local thermal mismatch are
uniform at the upper and lower faces of the leg (Fig. 10); they
are defined as follows [20, 22].
(
  c ).
(23)
 1xc  ceramic
1
 1
Eceramic
Ec

The maximum stresses occurring at the four corners of the legs
are as follows.
At the upper surface, the maximum stress is:
b
M c1.( c )
1c
2
 y (max)  
(19)
Ic
At the bottom surface, the maximum stress is:
b
M c2 .( c )
2
 y2c (max)  
Ic

 1xyc 

 x2c 

( ceramic   c ).
1
 1
Eceramic
Ec

(24)

where, Gc and αc stand for the shear modulus and coefficient of
thermal expansion of the p-n legs, respectively. Thermally
induced stress equations for a simplified TE module with
bonded contact are listed in Table 8. This table also illustrates
the results related to numerical assessments of imposed loads
and stresses.

(20)
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3.2 TE module with sliding contacts layout design
This section summarizes the obtained equations related to a
simplified TE module having sliding contacts. Following the
same procedures and assumptions described in section 3.1, and
considering that corner thermal elements are free on the top, the
equations shown in Table 2 are derived. (Mc1)* is zero due to
sliding contact on the top of corner legs. Shear force T is equal to
frictional force and remains constant over the complete length
and the connections. while bending moment varies from the
upper side to the lower side. Asterisk marks (*) show the
parameters related to the sliding contacts.
Similar to section 3.1.1, the concept of equilibrium of the
structure is applied in order to define the relationship between
forces and moments (Fig. 11). The compatibility of
displacements are used to calculate the relation between
temperature change and forces and moments induced in the
structure. Fig. 12 shows a magnified view of a deformed
structure. The solid line shows Leg c with sliding contact
deformed shape and the dashed line compares it to Leg c with
perfectly bonded contact. As it can be seen in the figure, the
upper face of the leg is free to move to the right side. The effect
of new deformed shape is applied in deriving the compatibility
of horizontal displacement in Eq.(9). The compatibility of
rotation between Leg c and the ceramic substrate is utilized in
order to find the imposed bending moments (Fig.7).
The following major assumptions have been made in the
derivation of the equations related to sliding contact. (1) The
bending moment acts between the corner legs and the upper
ceramic substrate is zero. (2) There is no separation between the
Leg c upper face and ceramic substrate; however, they are
allowed to slide alongside each other. (3) In order to obtain
induced thermal mismatch stresses, a T-shaped beam method
has been used (section 4.2.1). The final derived formulas are
summarized in Table 2 and Table 3. The unknown forces and
moments T, N, (M1)*, M2, and Mc2 can be obtained by solving
the set of five linear Eqs. (25)-(29).They later will be used for
numerical assessments of the resultant loads and stresses in
section 4.1.

Figure 11: Typical external and internal loads in the TE module
with sliding contacts, (a) the external loads (b) the internal loads.

Figure 12: Typical deformation of Leg c and components
caused by temperature change.
4. RESULTS AND DISCUSSION
Many studies have discussed the mismatch between the
coefficients of thermal expansion of different materials as one of
the main causes of failure in assembly structures. When a
temperature gradient is imposed on the TE module, the hotter
side of the module expands and the colder side contracts,
thereby producing stress in all directions. In the numerical
analyses section of this study, the von Mises stress is used as an
indicator of the overall stresses at the location of interest (i.e.,
point A) of the structure (Fig. 13). The expansion of the hot side
and the contraction of the cold side generate a bending moment
on the legs that is similar to that established in a beam fixed on
both ends. The bending stresses is highest in the corners of the
legs adjacent to the hot side, close to the corners of the TE
module. In order to reduce the overall stresses imposed in the TE
structure, a new design is recommended. In our new model the
p-n thermal elements closer to the corners of ceramic substrate
are replaced by sliding contacts. Mathematical modeling has
been used as a fast and effective way to understand the physics
behind thermal loading of the assembly. Based on such
modeling, the characteristics of the thermal stress is better
understood [10]. In order to show that the new design for
thermal elements has better mechanical performance with lower
stresses two approaches have been used.

Figure 10: Schematic of normal and shear stresses caused by
local thermal mismatches in p-n legs [20].
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Table 2: List of equations for a TE module with sliding contact.
Equation type
Equilibrium equation [Eq. (25)]

List of equations for unknown loads

Equilibrium equation [Eq. (26)]

( M 1) *  T .

Equilibrium equation [Eq. (27)]

M 2 M c2  T .

Compatibility of displacement [Eq.
(28)]

M c2  T .hc

H
p
 N.
2
2
H  4hc
h
h
2T
)  (M 1 ) * .(
)  T .( c )  ( M c2 ).( c )
E ceramic . Aceramic
2.E ceramic .I ceramic
Ac .Gc .L
6.E c .I c .L
2

 ceramic .( 2  1 )  (
 M 2.(

Compatibility of rotation [Eq. (29)]

H
p
 N.
2
2

H
)
2.E ceramic .I ceramic

h .M 2
M 2( M 1 ) *
 c c
2.Ec .I c .L
Eceramic .I ceramic

Table 3: Thermally induced stresses in a TE module with sliding contact.
Equation type
Thermally induced stresses
Shear stress as a result of shear force T [Eq. (30)]
T
T
T
 xy


Ac bc .b jo int
Maximum shear stress in the middle of Leg c [Eq. (31)]
Normal stress as a result of axial force N [Eq. (32)]

 xy (max) 
 yN 

Normal stress as a result of bending moment Mc [Eq. (33)]
y

Maximum stresses at the four corners of the legs (at the lower face) [Eq.
(34)]

N
N

Ac bc .b jo int
[ (

M c*





3.T
2.bc .b jo int

M c2
). y ].x
hc
Ic

2c
y (max) 

b
M c2 .( c )
2

Ic

contain three Iron elements that cover a 1536 mm2 surface area
of the copper substrates. The Iron elements on each of the pairs
have a height of 11 mm and a square cross-sectional area of
16×16 mm2; the distance between the adjacent pairs of rows or
columns is 5 mm in both designs (Table 4). The line density and
area density of these two designs are equal (approximately 0.22
pair/mm and 0.08 pair/mm2). This will make the fundamental
geometric characteristics of them to be on the same level when
trying to compare their mechanical performance later. The
assigned material properties are listed in Table 5. The
temperature difference Δθ between the hot and the cold side is
assumed to be 10℃ (i.e., hot side θ2 = 55℃, cold side θ1 =
45℃). Length 2L is equal to 42 mm. The numerical examples
are carried out for both assemblies schematically illustrated in
Fig. 13. Sample dimensions and material properties as well as a
temperature gradient of 10℃ are substituted into the
mathematical equations listed in Tables 1 and 2. The system of
equations are independently solved for each design, and the
unknown forces and moments are obtained as follows.
Table 6 and Table 7 summarize all of the external and internal
forces and moments induced in the structure for both sample

(a) Experimental work: three-point bend test (b) Mathematical
model: the numerical assessments of the models are performed
for the experimental samples illustrated in Fig. 18. The samples
are made of Iron elements and copper substrates. For material
selection, factors such as solderability and price are considered.
The sample dimensions are listed in Table 4 with material
properties provided in Table 5, all of which are applied to the
formulas in Tables 1 and 2. Unknown forces and moments are
obtained by solving the linear equations as it was explained in
prior. Thereafter, induced normal and shear stresses caused by
those forces and moments are calculated. Finally, von Mises
stresses are obtained at location of interest. Moreover, finite
element analysis is used to check the accuracy of the
mathematical equations derived in the previous sections. Good
agreement between the simulation result and numerical
assessments is found.
4.1 Numerical assessments of the induced stresses, forces,
and moments
Two designs are investigated in this section, as one with sliding
contact and the other without sliding contact. Both modules
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designs. It is clearly seen that, replacing bonded joints in the
corner of the ceramic substrate with sliding contacts can release
a considerable amount of induced forces and moments. For
example, the average external moments Mc1 and Mc2 have
decreased by 36%. The internal bending moments M1 and M2
are reduced by 34.6% and 37.4%, respectively. The shear force
has decreased by approximately 36%. However, although axial
force N has largely increased, it cannot affect structural lifespan,
since most of the literatures indicate shear stress as the main
cause of the failure. These observations could relate to
eliminating the effect of external moment (Mc1)* on the upper
face of corner legs. Minimizing the internal and external forces
and moments will always result in reductions of the imposed
stresses on the structure and thus can greatly affect the
operational lifespan of the device. The induced stresses caused
by those forces and moments are obtained as follows.
Table 8 presents all of the thermally induced stresses as a result
of global and local mismatches for both assemblies with bonded
and sliding contacts. A significant reduction (↓) of shear stresses
is observed in the assembly with sliding contacts. For example,
shear stress as a result of shear force T is dropped for 36.5%.
However, bending stresses are increased (↑), they can be ignored
since most device failures occurs as a result of interfacial
stresses. For those equations that depend on the X-Y coordinates,
all calculations are performed in the particular for node A which
is the closet point to the corner of the Iron leg where X is equal
to 8 mm and Y is equal to 11 mm (Fig. 13). Thereafter, the value
of the stresses in Table 8 are used as inputs in Eq. (35) in order
to compute the von Mises stresses.
In the case of the design with sliding contacts, maximum shear
stresses and normal stresses as a result of local CTE mismatches
at the bottom face of corner legs are obtained using the finite
element method. Maximum shear stress (τxy) and normal stress
(σx) are estimated at -1.3348MPa and 2.1601MPa, respectively.
The results are presented in Fig. 16 and Fig. 17 at point A. It is
worth mentioning, that local CTE mismatch stresses at the
interface of sliding contacts are zero.
4.2 Validation of the correctness of the mathematical models
This section checks the accuracy of the formulas derived in
section 3.1 and section 3.2. The result obtained from theoretical
calculations of von Mises stresses are compared with the results
obtained from its simulated model in ANSYS WORKBENCH.
There is good agreement between manual calculation and
numerical simulation results. Section 4.2.1 covers the calculation
of the von Mises stress using the finite element method. Section
4.2.2 calculates those stresses using theoretical calculations.

samples are carried out using steady state finite element analysis.
A temperature gradient 20℃ (i.e., hot side θ2 = 55℃, cold
side θ 1 = 45℃) is given to lower and upper substrates,
respectively (Fig.14(b)). For the case of sliding contacts, input
coefficient of friction (µs) between two materials is considered
to be 1.05 [23].

Figure 13: Schematics of the simplified assembly addressed
in this article.
Table 4: Laboratory sample size.
Element

Size (length ×width ×height) (mm)

Iron elements

16 × 16 × 11

Copper substrates

90.68× 26× 8

Table 5: Properties of materials used in laboratory samples.
Property of material
Coefficient of thermal expansion, CTE
(10-5 K-1)

Copper

Iron

1.7

1.2

Density, ρ (kg/m3)
Young's modulus, E (GPa)
Poisson's ratio, ν
Yield strength, σ0 (MPa)

8,930
110
0.343
250

7,200
158
0.21
110

Tensile ultimate strength, σu (MPa)

460

180

Table 6: Calculated internal and external forces and moments
for the sample with bonded contacts.

4.2.1 Finite element method and procedures
A two-dimensional finite element simulations (FEM) for two
structures are carried out in order to validate mathematical
models and show their application and usefulness. A 2-D model
with plain stress elements which calculates the stresses in the
connections has been used. Knowing that maximum von Mises
stresses often happen at the corner thermal elements where it is
adjacent to the hot side, the stresses are obtained at those
locations. Material properties in Table 5 are assigned to the
simulated models. In order to have more accurate results the
‘fine’ mesh with element size 0.2mm is selected (Fig. 14(a)).
Thermal/structural stress analyses for the models of both

Mc1
(N.mm)

Mc2
(N.mm)

T
(N)

M1
(N.mm)

M2
(N.mm)

N
(N)

598.44

598.44

108.8

1033.6

1033.6

0

Table 7: Calculated internal and external forces and moments
for the sample with sliding contacts.
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(Mc1)*
(N.mm)

Mc2
(N.mm)

T
(N)

M2
(N.mm)

(M1)*
(N.mm)

N
(N)

0

765.9

69.63

675.67

647.33

-37.82
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Table 8: Induced stresses as a result of global and local mismatches in the test samples.
Induced stresses in the legs
with perfectly bonded contact
(MPa)

Induced stresses type

Induced stresses in the legs
with sliding contact (MPa)

Shear stress as a result of shear force T
[Eq. (15), Eq. (30)]

T
 xy
 0.425

Maximum shear stress in the middle of the leg [Eq. (16), Eq. (31)]

 xy(max)  0.63

 xy (max)  0.4

Normal stress as a result of axial force N
[Eq. (17), Eq. (32)]

 yN  0

 yN  0.14

Normal stress as a result of bending moment Mc
At point: A (8, 11) [Eq. (18), Eq. (33)]

 yM c  0.87

 yM c  1.12

Maximum stresses at the four corners of the legs (at the upper face)
[Eq. (19)]

 1yc (max)  0.87

 1yc(max)  0

Maximum stresses at the four corners of the legs (at the lower face)
[Eq. (20)]

 y2c (max)  0.87

 y2c (max)  1.12

 1xyc  2.4

 1xyc  0

2c
 xy
 2.4

2c
 xy
 1.3348

Normal stress as a result of local CTE mismatch at the upper face of
the leg [Eq. (23)]

 1xc  3.25

 1xc  0

Normal stress as a result of local CTE mismatch at the lower face of
the leg [Eq. (24)]

 x2c  3.25

 x2c  2.1601

Maximum shear stress as a result of local CTE mismatch (in the
corner of the leg at the upper face)
At point: A (8, 11) [Eq. (21), Eq. (34)]
Maximum shear stress as a result of local CTE mismatch (in the
corner of the leg at the lower face)
At point: A (8, 11) [Eq. (22)]

Fig. 15(a) and Fig. 15(b) present computed von Mises stresses at
point A of the samples. Referring to the figures, induced von
Mises stresses in the TE modules samples with bonded contact
and sliding contacts are equal to 5.8919MPa and 3.0471MPa,
respectively. It can be seen that the maximum von Mises stress
in the later design is 48.2% lower than the former design.
Clearly the amount of the reduction depends on the ratio of the
legs’ contact areas over the substrate areas. In this study, 70% of
the substrate areas are occupied by contact regions.

T
 xy
 0.27

*

Figure 14 (a). A 2-D finite element model with plain stress
elements

T-shaped beam method :
As mentioned earlier, the equations provided in literature are
only applicable for predicting the CTE mismatch stresses in a
bonded contact. Therefore for better estimation, a T-shaped
beam method has been used. The models include an Iron
element which is bonded to the copper substrate substrate at the
bottom face and free at the upper face. Fig. 16 and Fig. 17
demonstrate the simulation results. The stress as a result of
normal force (σx) and stress as a result of shear force (τxy) are
calculated at 2.1601MPa and -1.3348MPa, respectively. The
estimated value of the stresses by FEM are then used as input in
Eq. (35) in order to calculate the von Mises stress for the sliding
contact case.

Figure 14(b): Imposed temperature load to the simplified
structure
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the mathematical model estimations and the simulation results.
Table 9 summarizes all of the induced von Mises stress results
obtained from numerical assessments and simulation. It can
clearly be seen that changing the connection type releases a
considerable amount of stress. The resultant stress has dropped
from 6.45MPa in bonded contact to 3.31MPa in sliding contact
(48.6% reduction). Similarly, comparing simulation results
shows the stress value reduced from 5.8919MPa to 3.0471MPa
(48.2% reduction). There are ~9.47% and 8.62% error between
mathematical solutions and simulation, in conventional and new
design, respectively.

point A

Figure 15(a): von Mises stress at point A for the sample with
perfectly bonded contacts

2
   ( x2   x y   y2  3. xy
)

1

2

(35)

Table 9: von Mises stress results obtained from the
mathematical models and finite element method.
TE sample von Mises stress von Mises stress Error
type
obtained from obtained from (%)
mathematical
FEM
models (MPa)
(MPa)
Bonded
6.45
5.8919
9.47%
contact
Sliding
3.31
3.0471
8.62%
contact
Stress
48.6%
48.2%
reduction

point A

Figure 15(b): von Mises stress at point A for the sample with
sliding contacts.

point A

Although the initial conceptual design has been proven to be
effective using both finite element analysis and analytical
modeling, the details of the structural performance of this new
design are studied using experimental work as well. Planned
experiments include the manufacture of the simplified TE
module samples to practically check the imposed stresses at the
corner legs. The test specimens are made of copper substrates
and Iron elements. The factors such as solderability and price are
considered for material selection. The material properties and
specimens size are summarized in Table 4 and Table 5,
respectively.

Figure 16: Normal stress (σx) as a result of the local CTE
mismatch at point A.

point A

5. THREE-POINT BEND TEST SET UP AND
PROCEDURES
In order to show the usefulness of the new design, three-point
bend tests are conducted. The experiment used two specimens
shown in Fig. 18, universal testing machine, adjustable fixture,
data acquisition system (DAQ) and strain gage (model:
KFG–1–120-C1–16L1M2R; made by Kyowa Co. in Japan).

Figure 17: Shear stress (τxy) as a result of the local CTE
mismatch at point A.
4.2.2 von Mises stresses theoretical calculations vs. FEM results
The stresses as a result of global and local mismatches presented
in Table 8 are used as input in Eq. (35). All induced thermal
stresses are calculated in particular for point A with coordinate x
= 8mm and y = 11mm. The von Mises stress has been used as an
indicator to evaluate the strength of the design layouts in terms
of a stress point of view. Moreover, the established
mathematical models can be validated by FE results presented in
the Fig. 15(a) and Fig. 15(b). There is good agreement between
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stress. For this purpose, the average of longitudinal strain in each
channel (ch0, ch1, ch2) are obtained using the data that were
collected at the first 1,000 seconds. The time was based on the
minimum time of data collection for bonded contact. The reason
is that bonded design reaches to 250N force faster than sliding
type, thus, the less number of data are recorded.

Figure 18: Magnified view of the installation of the strain
gages on test specimens

Both specimens are similar in constituent materials, sizes and
shape, but different in layout designs. The above sample is
placed in the machine between the loading cross-head and
support anvils. The machine itself is able to record the
downward displacement of the cross-head. Once the machine is
started, it begins to apply an increasing load on specimen.
Throughout the test the control system and its associated
software record the load and downward displacement of the
sample. Fig. 19 shows the instrumental set up in the bend test.
Both the TE samples have a same set of uniaxial strain gauge
attached close to the corner of iron leg to record the surface
strain at the corner point (Fig. 18). The samples were subjected
to a downward applied force located at the middle of top face of
upper copper substrate. A movable crosshead is controlled to
move down at a constant cross-head speed 0.01 mm/min. Once
the imposed force reached to 250N, the cross-head was stopped
from pushing the specimen downward. And was kept in the
same displacement for the next 600 seconds. During the test the
rate of change in strain are recorded using a LABVIEW
SignalExpress software. The experiment is repeated with the
same method for sliding contact type of design.

Figure 20: Change in strain with respect to time (bonded
contact)

Figure 21: Change in strain with respect to time (sliding
contact)
5.1 Strain transformation from rosette gages
Since a single gage can only measure the strain in only a single
direction, to determine the three independent components of
plane strain, three linearly independent strain measures are
needed. Three strain gages positioned in a rosette-like layout as
it is shown in Fig. 18.The corresponding strain measured from
channel 0,1, and 2 are εa , εc , and εb , respectively. Considering
the strain rosette attached with an angle of 0, 45 and 90 degrees
from the x-axis, the following coordinate transformation
equation is used to convert the longitudinal strain from each
strain gage into strain expressed in the x-y coordinates as below:
a   x
(36)

Figure 19: Instrumental set up in the bend test (a) Universal
testing machine (b) Fixture and specimen

c   y

The experimental results are illustrated in Fig. 20 and Fig. 21.
Once the longitudinal strain data are collected, we are able to do
the next step which is transforming those data to the von Mises

b 
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(37)

x  y
2



 xy
2

(38)
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The strains obtained from the rosette data can be reduced to
normal strains (εx , εy) and shear strain (γxy) using the above
strain transformation equations. The corresponding normal
stresses in x and y directions can be determined from the strain
values through the use of the following generalized Hooke`s
Law for stress strain relations.

x 

E
( x   . y )
(1   2 )

(39)

y 

E
( y   . x )
(1   2 )

(40)

 xy  G. xy

all the p-n legs were perfectly bonded at the end portion, while
in the new recommended structure, p-n legs in the corner of the
TE module were designed to slide alongside of the upper
substrate. Stress modeling was then used as an effective way to
understand the physics behind thermal loading assemblies.
Based on such modeling, the characteristics of the thermal stress
is better understood.
The mathematical models in this study were built based on the
previous work on flip chip assemblies by Vandevelde et al.[20].
The equations were modified specifically for thermoelectric
applications by using the same method. They applies structural
mechanics theory and have the ability to estimate the magnitude
of the thermal elements stresses, forces, and moments. Section
3.1 showed the derivation of formulas for a simplified module
with perfectly bonded contacts. And section 3.2 expanded those
equations for a simplified module having sliding contact. The
mathematical models were tested by giving real numbers,
temperature gradients, dimensions, and material properties. The
unknown forces, moments, and stresses were obtained as
described prior in this study. von Mises stress was then used as
an indicator for checking the correctness of the mathematical
formulas and structural strength. The numerical assessments
showed a significant reduction in the shear stress (36.5%), the
von Mises stress (~48.6%), and shear force (~36%) relative to
that of the conventional TE design.
In order to prove the correctness of the mathematical model the
FEM has been used. The analysis results showed a very good
agreement between the manual calculations and simulation
results (with error of ~9.47% and ~8.62%). Moreover, three
point bend tests were conducted to show the effectiveness of the
new design. The test results reveals that changing the p-n legs
from a fixed end connection to a sliding connection can greatly
reduce the amount of mechanical stresses. Therefore, for having
better structural performance of the TE module, it is
recommended to replace corner p-n legs with a sliding contacts
type of design. The only concern might be the resultant contact
resistance increase. However, this will be quite insignificant
since only the corner legs (with a maximum of four sets out of a
total of hundreds) are manipulated in design. The concept for
designing the sliding contact resembles the design of a substrate
solder ball for packaging semiconductor devices such as IC chip
in general packaging method [21]. The planned future work is to
build sliding connections using the same manufacturing method
by positioning bump thereon copper pad and forming a recess
into it.

(41)

The last step is to determine von Mises stresses by substituting
normal stresses (σx , σy) and shear stress (τxy ) into Eq. (35).
5.2 Theoretical calculation of von Mises stress for test specimens
Recorded strain gage rosettes data which are illustrated in Fig.
20 and Fig. 21 are used to calculate the von Mises stresses. As it
was explained earlier, the collected data at the first 1000 seconds
are selected for calculating the average strain and then reducing
to the stresses values. The theoretical calculation results are
summarized in Table 10. It is clearly observed that in test which
is performed on bonded contact, the value of von-Mises stress is
considerably larger than sliding contact design. Comparing the
average value of von-Misses stresses, it can be seen that the
stress has dropped from 6.5MPa for bonded contact to 3MPa for
sliding contact (46% reduction).
Table 10: The calculated von Mises stresses obtained from
rosette gages data
Test specimen type

von Mises stress using
transformation equations (MPa)

Bonded contact
Sliding contact
Reduction of the average
von Mises stress

6.5
3
46%↓

6. CONCLUSIONS
Imposed thermal stresses are the major contributor to the finite
service life of microelectronics and photonic structures,
packages, and systems. Although the most serious consequences
of the elevated thermal stresses are usually associated with
mechanical (structural) failures, thermal stresses and strains can
also result in functional failures, such as, in the loss of the
electrical or optical performance of a component or device. The
ability to understand the sources of thermal stresses and
displacements, predict their distribution and the maximum
values, and possibly minimize them is of clear practical
importance.
Therefore, the primary aim of this study was to design a TE
module with lower overall induced stresses; the second purpose
was to establish an analytical formula which is able to help the
design engineer have a better understanding of the sources of the
induced stress in the conceptual design stage. For this purpose,
two types of simplified TE models were proposed and compared
under the same operating condition. In the conventional model,

ACKNOWLEDGEMENT
The authors would like to thank the Energy and Environment
Research Laboratory, Industrial Technology Research Institute,
Taiwan, R.O.C. for their support of this research.

NOMENCLATURE
A
: Cross-sectional area, mm2
bc

: Width of the p-n leg, mm

b leg : p-n leg width in third dimension (= bc ), mm
b comp : Component width in third dimension (= pitch), mm
E
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: Young’s modulus, MPa
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G

: Shear modulus, MPa

H

: Thickness of the components (ceramic substrates), mm

hc

: p-n leg height, mm

I

: Cross-sectional moment of inertia, mm4

L

: Half of the assembly in vertical direction, mm

M

: Bending moment, N.mm

N

: Normal force (axial force), N

p

: Pitch between p-n legs, mm

T

: Shear force, N

U

: Horizontal displacement, mm

α

: Coefficient of thermal expansion (CTE), 1/℃

γ

: Rotational angle of the leg, degree

Δθ

: Temperature difference between hot and cold side, ℃

θ2

: Hot side temperature, ℃

θ1

: Cold side temperature, ℃

μ

: Coefficient of friction

v

: Poisson’s ratio of materials

ρ

: Radius of curvature, mm

σ

: Normal stresses, MPa

τ

: Shear stress, MPa
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