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Abstract
In this paper, we consider a SEIS discrete-time epidemic model that incorporates
asymptotically constant or geometric growth demographic dynamics. Using the
next generation method, we compute the basic reproduction number 0 for the
models and we use it to show that the disease goes extinct when 0 < 1 while it
persists when 0 > 1. In addition, we use local and global sensitivity analysis to
illustrate the impact of each model parameter on 0 .
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1.

Introduction

Theoretical epidemic models have continued to increase our understanding of the spread
of infectious diseases and their control in both humans and animals. In 2001, Arreola
et al. introduced a framework for studying infectious disease dynamics in discretely
reproducing populations; where the total population is under geometric growth [5], [11][14], [35], [36]. In this paper, we introduce an SEIS model that incorporates geometric
growth or asymptotically constant growth via the Beverton-Holt recruitment and constant
recruitment. In our model, the incidence term is of the frequency-dependence form.
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Following [1]-[14], [35], [36], we assume that a disease invades and subdivides the
target population into three epidemiological compartments: susceptibles (non-infectives),
exposed and infectives. Prior to the time of disease invasion, the host population is assumed to be asymptotically constant via either the Beverton-Holt or constant recruitment
functions or growing geometrically [7]-[37]. The transition from susceptible to exposed
individuals is a function of a constant contact rate β and the proportion of infectives
(prevalence) in the population. To simplify our analysis, we assume that the disease
is non-fatal and individuals (exposed, infected and susceptible) have equal probability of surviving one generation. Mild viral infections, such as most infections from
rhinoviruses (causative agents of the common cold) are examples of such non-fatal infections. Our primary focus is on the impact of constant contact rate, asymptotically
constant and geometric growth demographic dynamics on the persistence or control of
infectious diseases.
For many epidemiological models, the threshold parameter is the basic reproduction
number, 0 . In this paper, we compute 0 and use it to predict disease persistence or
extinction when the host population dynamics are asymptotically constant or when the
host population is growing at a geometric rate. That is, potentially, by developing strategies that reduce 0 to values less than 1, we can combat infectious diseases in discretely
reproducing populations, when the host population dynamics is either asymptotically
constant or under geometric growth. In addition, we use local and global sensitivity
analysis to illustrate the impact of each model parameter on 0 .
The paper is organized as follows. In Section 2, we introduce the demographic
equation for the study. The equation, a deterministic discrete-time model, describes the
dynamics of the host population before disease invasion ([1], [2]). The main model, a
discrete-time SEIS epidemic model, is constructed in Section 3. In Section 4, the basic
reproductive number, 0 , is introduced and used to predict the (uniform) persistence or
extinction of the infective population, where the population exhibits geometric growth.
In Section 5, the sensitivity analysis of 0 is performed on an illustrative example, and a
SEIS model under asymptotically constant demographic growth is considered in Section
6. The implications of our results are discussed in Section 7.

2.

Demographic Equation

Simple deterministic discrete-time epidemic models are usually formulated under the
assumption that the dynamics of the total population are governed by equations of the
form
(2.1)
T (t + 1) = fγ (T (t)) ≡ f (γ T (t)) + γ T (t)
where T (t) is the total population size at time t, γ ∈ (0, 1) is the constant “probability”
of surviving per generation, and f : R+ → R+ models the birth or recruitment process
[1], [2], [11]-[14], [21], [22], [35], [36].
The assumption about the timing of recruitment allows compression of the agestructure of the model so that one can work with a minimum number of equations. There
are two terms for the population dynamics: survival of the adult population, γ T (t), and
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recruits to the population, f (γ T (t)).
The set of iterates of
fγ : R+ → R+
defined by
fγ (T ) = f (γ T ) + γ T
is equivalent to the set of density sequences generated by Model (2.1). We use fγ to
describe the dynamics of the demographic equation, Model (2.1). When f (γ T ) =
γ T g(γ T ) and the density-dependent function g(γ T ) is the per-capita growth rate, then
fγ (γ T ) = γ T (1 + g(γ T )) .
When the recruitment rate is constant per generation, then f (γ T (t)) = k(1 − γ )
and Model (2.1) becomes the linear difference equation
T (t + 1) = k(1 − γ ) + γ T (t).

(2.2)

Hence,
T (t) = (T (0) − k) γ t + k
and
lim T (t) = T∞ = k.

t→∞

That is, the total population is asymptotically constant and demographic effects eventually vanish.
When the recruitment function is proportional to the total population and µ is the
constant per-capita birth rate, then f (γ T (t)) = µγ T (t) and Model (2.1) becomes the
linear difference equation
T (t + 1) = γ (µ + 1) T (t).

(2.3)

Hence,
T (t + 1) = γ t+1 (µ + 1)t+1 T (0).
In this case, it is useful to introduce the demographic basic reproductive number,
d =

γµ
.
1−γ

(2.4)

When d > 1, the population invades at a geometric rate and when d < 1 the population
goes extinct at a geometric rate.
When the recruitment function is the classic Beverton-Holt model,
f (γ T ) =
then
T (t + 1) =

(1 − γ )µkγ T
,
(1 − γ )k + (γ µ − 1 + γ )T

(1 − γ )µkγ T (t)
+ γ T (t),
(1 − γ )k + (γ µ − 1 + γ )T (t)

(2.5)
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where d > 1 [8]-[14], [25], [33]. Under the classic Beverton-Holt recruitment function,
zero is an unstable fixed point. T∞ = k > 0 for all T > 0 and the total population is
asymptotically constant.
The total population is uniformly persistent if there exists a constant η > 0 such that
lim fγt (T ) ≥ η for every positive initial population size; T > 0. The total population
t→∞

is persistent if lim fγt (T ) > 0 for every positive initial population size. Consequently,
t→∞
uniform persistence implies persistence of the population.
The total population is uniformly persistent whenever the recruitment function is the
Beverton-Holt model or constant per generation (globally stable positive fixed point).
Under the geometric recruitment function, the total population is uniformly persistent
when d > 1 and the population grows unbounded while it goes extinct when d < 1.

3.

Discrete-Time SEIS Epidemic Model

In this section, we introduce the three epidemiological compartments susceptible-exposedinfectious-susceptible (SEI S) discrete-time model. The three compartments are: susceptibles (individuals that do not have the disease or have recovered from it), exposed
(individuals that have the disease but do not transmit it), and infectious (individuals that
have the disease and are able to transmit it). The dynamics of the total population size in
generation t, denoted by T (t) ≡ S(t) + E(t) + I (t), is governed by Model (2.1), where
E(t) denotes the population of exposed; S(t) denotes the population of susceptibles
and I (t) denotes the population of infected, assumed infectious; and, T∞ ≡ lim T (t)
t→∞
denotes the positive demographic steady state for the total population whenever it exists.
Each individual is assumed to survive with constant probability γ (die with probability
(1 − γ )) per generation, and then change class (or not); that is, the demographic dynamics happen before the disease dynamics. The probability that an individual progresses
from the exposed into the infected class is the constant δ ∈ [0, 1), and the constant
σ ∈ [0, 1) is the probability that an infected individual does recover. We assume that
susceptibles become exposed with probability 1 − φ per generation (remain susceptiI (t)
) is a frequency
ble with non-constant probability function φ), where φ ≡ φ(β
T (t)
dependent monotone concave up map with φ(0) = 1; φ  < 0 (that is, the probability
that a susceptible does not become exposed decreases), φ  ≥ 0, and β is the positive
transmission constant.
For example, when disease transmission is modeled as a Poisson process, then


I (t)
I (t)
= e−β T (t) ,
φ β
T (t)
a monotically decreasing concave up exponential map.
To simplify the analysis, we assume that the disease is not lethal and does not give
partial or permanent immunity (that is, an infectious individual becomes susceptible to
the disease again after treatment). Also, we assume that a susceptible individual has to
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be in the exposed class before becoming infectious.
Our frequency dependent discrete-time SEI S model implicitly assumes three distinct temporal phases. At the end of each generation, susceptibles become exposed and
exposed become infected while infected recover; a fraction of each class is removed; then
susceptibles, exposed and infected reproduce into the susceptible class. These important
assumptions distinguish our discrete-time model from a similar continuous-time differential equation model. Typically, continuous-time differential equation models with
similar well-defined distinct temporal phases are non-autonomous. Taking into account
the temporal ordering of events, we derive our SEI S model in the following three steps.
1. Disease transmission and recovery:


I (t)
(1)
S(t) + σ I (t),
=
φ β
S

 T (t)
I (t)
S(t) + (1 − δ)E(t),
1−φ β
E (1) =
T (t)
δE(t) + (1 − σ )I (t).
I (1) =







(3.1)







That is, after disease transmission and recovery, S (1) denotes the susceptibles, E (1) denotes the exposed individuals and I (1) denotes the infected.
2. Survival/Death:
S

(2)

E (2)
I (2)



 
I (t)
S(t) + σ I (t) ,
=
γ φ β


 T (t)
I (t)
S(t) + (1 − δ)E(t) ,
= γ
1−φ β
T (t)
=
γ (δE(t) + (1 − σ )I (t)) .













(3.2)

After disease transmission, recovery and survival (death), S (2) denotes the susceptibles,
E (2) denotes the exposed and I (2) denotes the infected.
3. Reproduction (S, E and I reproduce into S):



(3)
(2)
(2)
(2)
(2)
= f S (t) + E (t) + I
+ S (t), 
S

(3)
(2)
E
=
E (t),


(3)
=
I (2) (t).
I
That is,
S

(3)

E (3)
I (3)



 
I (t)
S(t) + σ I (t) ,
= f (γ T (t)) + γ φ β
T (t)



I (t)
S(t) + (1 − δ)E(t) ,
= γ
1−φ β
T (t)
=
γ (δE(t) + (1 − σ )I (t)) .













(3.3)
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That is, after disease transmission, recovery, survival and reproduction, S (3) denotes the
susceptibles, E (3) denotes the exposed and I (3) denotes the infected.
Our assumptions and notation lead to the following SEI S epidemic model:
 

 
I (t)

S(t + 1) = f (γ T (t)) + γ φ β
S(t) + σ I (t) , 


T (t)
 


I (t)
(3.4)
S(t) + (1 − δ)E(t) , 
E(t + 1) = γ
1−φ β


T (t)


I (t + 1) =
γ (δE(t) + (1 − σ )I (t)) ,
where 0 < δ, γ , σ < 1 and T (t) > 0.
In Model (3.4), we assume that events happen in the following order: disease transmission and recovery, survival (death) and reproduction. However, in real biological
systems, these three events may happen in different orders. For example, when reproduction happens before disease transmission and survival (death) happens after disease
transmission, proceeding as in the derivation of Model (3.4), we obtain the following
system:

 
 
I (t)

S(t + 1) = f (γ T (t)) + γ φ β
(f (T (t)) + S(t)) + σ I (t) , 


T (t))
(f (T (t)) +

 


I (t)
E(t + 1) = γ
1−φ β
(f (T (t)) + S(t)) + (1 − δ)E(t) ,


(f (T (t)) + T (t))


I (t + 1) =
γ (δE(t) + (1 − σ )I (t)) .
(3.5)
Clearly, Model (3.4) is different from Model (3.5). Cyclic permutations of the three
distinct temporal phases lead to models that are topologically conjugate to Model (3.4).
However, non-cyclic permutations of the three temporal phases may lead to models that
are not topologically conjugate to Model (3.4). For simplicity, we will analyze Model
(3.4). We summarize the model parameters and functions in Table 1.
Table 1: Model Parameters and Functions
Parameter Description
γ
Survival probability per generation;
β
Transmission constant;
σ
Recovery probability of infective per generation;
Frequency-dependent escape probability function;
φ
δ
Progression probability from exposed to infective class;
f
Birth or recruitment function;
d
Demographic basic reproductive number.
Below, we summarize some of the underlying assumptions in Model (3.4).
(a) There is no vertical transmission;
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(b) There is no acquired immunity;
(c) There is no latent period (or it is very short);
(d) Transmission is frequency dependent rather than density dependent.
Theoretical and empirical investigations have been done on comparing these assumptions. In continuous-time epidemic models, it is known that these assumptions are not
universally applicable [4], [36].
The total population in generation t + 1, S(t + 1) + E(t + 1) + I (t + 1), the sum of
the three equations of Model (3.4), is the demographic equation, Model (2.1). That is,
S(t + 1) + E(t + 1) + I (t + 1) ≡ T (t + 1) = f (γ T (t)) + γ T (t).
Although Model (3.4) has no disease-induced mortality, the population does experience
death via density dependence.

4.

Geometric Growth In SEIS Discrete Model

When the total population is under geometric growth, then f (γ T (t)) = µγ T (t),
T (t + 1) = γ (1 + µ) T (t) for t ∈ {0, 1, 2, . . .} and the demographic basic reproductive
γµ
. In this case, to analyze Model (3.4), we let
number is d =
1−γ
x(t) =

E(t)
I (t)
S(t)
, y(t) =
and z(t) =
.
T (t)
T (t)
T (t)

In the new variables, Model (3.4) reduces to the following system of three nonlinear
difference equations.

1
σ
µ

+
φ(βz(t))x(t) +
z(t), 
x(t + 1) =


1+µ 1+µ
1+µ


1−δ
1
(1 − φ(βz(t)))x(t) +
y(t),
y(t + 1) =
(4.1)

1+µ
1+µ


1−σ
δ



y(t) +
z(t).
z(t + 1) =
1+µ
1+µ
4.1.

Stability/Instability of DFE

For Model (4.1), we apply the next generation matrix approach in [3] to calculate the basic
reproduction 0 . The unique disease-free equilibrium, DFE, is (x, y, z) = (1, 0, 0). Let
η=

1
.
1+µ

Ordering the states as (y, z, x) and calculating the Jacobian matrix J evaluated at the
DFE, we obtain


F +T O
J (0, 0, 1) =
,
A
C
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where the submatrices are


F =η

T =η

0 −βφ  (0)
0
0



1−δ
0
δ
1−σ

,


0 η σ + βφ  (0)
 
0
C = η and O =
.
0

A=

,
,

Clearly, the matrices F and T are nonnegative, F + T is irreducible, the spectral radius
of C and that of T are less than one. By Theorem 2.1 in [3], the basic reproductive
number of Model (4.1), 0 , is the spectral radius of the product matrix F(I − T )−1 .
Hence,
−βδη2 φ  (0)
.
0 =
(1 − η(1 − δ))(1 − η(1 − σ ))
Furthermore, the DFE of Model (4.1) is locally asymptotically stable if 0 < 1 and
unstable if 0 > 1. That is, Theorem 2.1 of [3] gives the local stability of the DFE.
However, one can show that it is globally stable whenever 0 < 1 (that is, whenever
it is locally asymptotically stable). The proof of this result uses the Lyapunov function
theorem of La Salle [18], [35]. To define a Lyapunov function, we consider the very
general first order discrete-time model
x(t + 1) = F (x(t)),

(4.2)

where the function F : U ⊂ 2 → 2 is continuous. Let x be a fixed point of F .
A real valued function
V : U ⊂ 2 → 
is said to be a Lyapunov function for System (4.2) on U if V is continuous and V (F (x)) ≤
V (x) whenever both x and F (x) ∈ U . The Lyapunov function V is said to be positive
definite at x if V (x) > 0 for all x in an open ball around x, and V is said to be negative
definite at x if −V is positive definite at x. We now state the Lyapunov function theorem
of La Salle [18], [35].
Theorem 4.1. Suppose that V is a positive definite Lyapunov function defined on an
open ball around a fixed point x of a continuous map F : U ⊂ 2 → 2 . Then, x is
stable. If in addition, V (F (x)) < V (x) whenever both x = x and F (x) ∈ U then x is
asymptotically stable on U . Moreover, if U = 2 and V (x) → ∞ as | x |→ ∞, then
x is globally asymptotically stable.
The proof of Theorem 4.1 is in [18], [35] and is omitted. The reduced S − E − I − S
epidemic model, Model (4.1), has a unique endemic equilibrium whenever 0 > 1. We
summarize these results in the following theorem.
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Theorem 4.2. If 0 < 1, then lim y(t) = z(t) = 0 and the disease-free equilibrium
t→∞
is globally stable in Model (4.1). That is, the disease goes extinct. However, if 0 > 1
then the disease-free equilibrium is unstable and Model (4.1) has a unique endemic
equilibrium.
Proof. Since

x(t) = 1 − y(t) − z(t),

we define the reproduction function of Model (4.1), F : [0, 1] × [0, 1] → [0, 1] × [0, 1],
by
F (y, z) = (((1 − φ(βz))(1 − y − z) + (1 − δ) y) η, η (δy + (1 − σ ) z)) ,
where η =

1
. Now, define V : [0, 1] × [0, 1] → [0, 1] by
1+µ
V (y, z) = y −

ηβφ  (0)z
.
1 − η(1 − σ )

We will show that V is a Lyapunov function for F . V is continuous, V (0, 0) = 0 and
V (y, z) > 0 for all (y, z) = (0, 0) in [0, 1] × [0, 1].
Notice that V (0, 0) = 0. Since ηβφ  (0) < 0 and 1 − η(1 − σ ) > 0, V (y, z) =
ηβφ  (0)z
y−
> 0 for all (y, z) = (0, 0) in [0, 1] × [0, 1]. Furthermore,
1 − η(1 − σ )
0 =

−βδη2 φ  (0)
<1
(1 − η(1 − δ))(1 − η(1 − σ ))

is equivalent to the inequality
−βδη2 φ  (0)) < (1 − η(1 − δ))(1 − η(1 − σ )).
Next, we show that V (F (y, z)) < V (y, z) for all points (y, z) ∈ (0, 1] × (0, 1]. It is
useful to note that since φ(0) = 1, φ  (βz) < 0 and φ  (βz) ≥ 0 we have
0 ≤ 1 − φ(βz) ≤ −βφ  (0)z.
V (F (y, z)) = η((1 − φ(βz))(1 − y − z) + (1 − δ)y)
ηβφ  (0)
η (δy + (1 − σ ) z)
−
(1 − η(1 − σ ))
ηβ(1 − σ )φ  (0)z
ηβφ  (0)δ
)y − η
≤ η(1 − φ(βz)) + η((1 − δ) −
(1 − η(1 − σ ))
(1 − η(1 − σ ))
η(1
− σ)
βδη2 φ  (0)
)y − ηβφ  (0)(1 +
)z
≤ (η(1 − δ) −
(1 − η(1 − σ ))
(1 − η(1 − σ ))
ηβφ  (0)
z
≤ (η(1 − δ) + 1 − η(1 − δ))y −
(1 − η(1 − σ ))
= V (y, z).
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By the Lyapunov function theorem of La Salle, the disease free equilibrium point is
globally stable [18], [35].
The endemic equilibrium (y, z) is a solution of the following pair of equations:
y = ((1 − φ(βz))(1 − y − z) + (1 − δ) y) η
z =
η (δy + (1 − σ ) z)
Let τ =

(4.3)

ηδ
. Then the second equation of System (4.3) reduces to
(1 − η(1 − σ ))
z = τ y.

(4.4)

Substituting for z in Equation (4.4) we obtain
(1 − η (1 − δ))y = η(1 − φ(βτ y))(1 − (1 + τ )y).

(4.5)

As in [35], we let
M(y) = (1 − η (1 − δ))y,
and
H (y) = η(1 − φ(βτ y))(1 − (1 + τ )y).
Then the endemic equilibrium exists whenever the two functions, H (y) and M(y) intersect at y ∈ (0, 1).
The graph of M(y) is a line through the origin with slope (1 − η (1 − δ)). The graph
of H (y) also passes through the origin, H (y) ≥ 0 and lim H (y) = −∞. As a result,


y→∞



we have at least one endemic equilibrium whenever M (0) < H (0). That is, whenever
(1 − η (1 − δ)) < −ητβφ  (0).
Therefore, an endemic equilibrium exists when
0 =

−ητβφ  (0)
> 1.
(1 − η (1 − δ))

For uniqueness, observe that whenever y exists it is in the open interval (0, 1), and
M(y) > 0. Thus, we must have H (y) > 0. This gives rise to
0 < 1 − (1 + τ )y or y <


1
< 1.
1+τ


H (y) < 0 implies that H (y) is concave down and H (y) is decreasing. This gives the

uniqueness of y.
By the Theorem 4.2, independent of initial positive population sizes, the disease goes
extinct whenever 0 < 1 and σ is sufficiently small. However, the system has a unique
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endemic equilibrium when 0 > 1. An interesting question would be to investigate the
global persistence of the disease when 0 > 1.
As in most disease transmission models, an obvious way to decrease 0 is to decrease
the disease transmission in Model (4.1). The sensitivity of 0 to changes in the exposed
probability δ is
β(1 − η)η2 φ  (0)
∂0
=−
> 0.
∂δ
(1 − η(1 − σ ))(1 − η(1 − δ))2
Thus, 0 increases (respectively, decreases) with increasing (respectively, decreasing)
values of δ. However, the sensitivity of 0 to changes in the recovered probability σ is
∂0
βδη3 φ  (0)
=
< 0.
∂σ
(1 − η(1 − δ))(1 − η(1 − σ ))2
Thus, 0 decreases (respectively, increases) with decreasing (respectively, increasing)
values of σ . The relative sensitivities of 0 to the exposed and transmission rates satisfy
∂0
∂β
∂0
∂δ

=

δ(1 − η(1 − δ))
.
β(1 − η)

Thus, 0 is more sensitive to disease transmission than to disease exposure if
β<

δ(1 − η(1 − δ))
.
1−η

Now, we use a specific example to illustrate the impact of increasing values of the
transmission constant β on disease persistence or extinction in Model (4.1).


5.

Illustrative Example

In this section, we use an example to illustrate the impact of the model parameters on
0 .
Example 1.
In Model (4.1), let

φ (βz) = e−βz

where
β ∈ [0, 2], δ = 0.25, µ = 0.1 and σ = 0.5.
In Example 1, β < 0.844 implies 0 < 1 and β > 0.844 implies 0 > 1. As predicted
by Theorem 2, Figure 1 shows that {(0, 0)} is asymptotically stable when β < 0.844.
That is, the proportion of infectives goes extinct when 0 < 1. In addition, Figure 1
shows that (0, 0) is unstable and the system has a stable unique endemic equilibrium when
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Figure 1: In Example 1, β < 0.844 implies 0 < 1 and β > 0.844 implies 0 > 1. On
the horizontal axis, 0 ≤ β ≤ 2 and on the vertical axis, 0 ≤ z ≤ 0.2.
β > 0.844. That is, the proportion of infectives persist on a stable positive equilibrium
when 0 > 1.
To find an effective mitigation strategy that seeks to reduce disease infection within
the shortest time possible, in the next section we use sensitivity analysis to study the
impact of each model parameter on 0 . To perform sensitivity analysis we choose the
following parameter ranges.
β ∈ [0, 2],
5.1.

δ ∈ [0.1, 0.5],

µ ∈ [0.01, 0.2] and σ ∈ [0.1, 1].

(5.1)

Local Sensitivity Analysis of 0

Local sensitivity analysis shows the effect of one model parameter while the other parameters are retained fixed at constant values [28]. We use normalized sensitivity index
of a variable to a parameter to the relative change in the parameter to perform local
sensitivity analysis. Normalized sensitivity index is defined as the ratio of the relative
change in the variable to the relative change in the parameter. For the basic reproduction
number, 0 , the normalized sensitivity index, ϒq0 , with respect to input parameter pi
at a fixed value q is defined as:
ϒq0 :=

∂0
pi
×
∂pi
0

.
pi =q

[10, 15, 28, 40]

To perform local sensitivity analysis we set the following parameter values in Example 1.
β = 1,

δ = 0.25,

µ = 0.1

and

σ = 0.5.

(5.2)
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Table 2 and Figure 2 show the effect of each model parameter on the basic reproduction
number 0 .
Table 2: Normalized Sensitivity indices and order of importance of 0 to the four
parameters evaluated at the values β = 1, δ = 0.25, µ = 0.1 and σ = 0.5.
Parameter Local sensitivity index Order of importance
β
1
1
δ
0.2857
4
µ
−0.4524
3
2
σ
−0.8333

1
0.8
0.6

Sensitivity index

0.4
0.2
0
-0.2
-0.4
-0.6
-0.8
-1
beta

delta

mu

sigma

Parameters

Figure 2: Normalized sensitivity indices of 0 are evaluated at the parameter values of
Table 2. The most sensitive parameters for 0 are the transmission constant, β, followed
by the recovery probability of infective per generation, σ , then the per-capita birth rate,
µ. The least sensitive parameter is the progression probability from exposed to infected,
δ.
Table 2 and Figure 2 show that increasing (respectively decreasing) the transmission constant, β, by 1% will increase (respectively decrease) the value of 0 by 1%.
Increasing (respectively decreasing) the recovery probability of infective per generation, σ , by 1% will decrease (respectively increase) the value of 0 by about 0.8%.
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Increasing (respectively decreasing) the per-capita birth rate, µ, by 1% will decrease (respectively increase) the value of 0 by about 0.5%. Increasing (respectively decreasing)
the progression probability from exposed to infected, δ, by 1% will increase (respectively decrease) the value of 0 by about 0.3%. In the next section, we perform global
sensitivity analysis on 0 .
5.2.

Sobol sensitivity analysis

Global sensitivity analysis illustrates the impact, on the model variable, generated by
one parameter while all the other parameters vary [28], permitting identification of interactions [9, 10]. We use the Sobol’ sensitivity method, an approach based on ANOVA
(ANalysis Of VAriance) decomposition. While an in-depth discussion of this technique
is beyond the scope of this work, Sobol’ is a robust global sensitivity analysis approach
and provide a quantitative measure of the contributions of the input parameters to the
output variance [38]. The approach will be carried out using a free software tool, Global
Sensitivity Analysis Toolbox (GSAT) [23], that is implemented in Matlab software.

Table 3: First-order and total-order Sobol sensitivity indices of 0 related to changes in
the four parameters at ranges given in (5.1) and their order of importance are shown.
Parameter Sobol’ first-order
sensitivity
0.3551
β
δ
0.0111
µ
0.0867
σ
0.3168

Order of
importance
1
4
3
2

Sobol’ total-order
sensitivity
0.5167
0.0207
0.2017
0.5119

Order of
importance
1
4
3
2

In agreement with the local sensitivity analysis, first-order and total-order Sobol’s
sensitivity results of Table 3 and Figure 3 indicate that the most important parameters
for 0 are the transmission constant, β, followed by the recovery probability of infective
per generation, σ . The transmission constant β contributes about 36% of the 0 total
variance, while σ contributes about 32% of the 0 total variance. Both β and σ interact
strongly with the other model parameters.

6. Asymptotically Constant Growth In SEIS Discrete Model
When the recruitment function is either constant per generation, f (γ T (t)) = k(1 − γ ),
(1 − γ )µkγ T
or the Beverton-Holt model, f (γ T ) =
, with d > 1, then
(1 − γ )k + (γ µ − 1 + γ )T
lim T (t) = T∞ = k,

t→∞
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0.6
Total order Sobol sensitivity indices
First order sobol sensitivity indices

Sensitivity indices

0.5

0.4

0.3
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0.1

0

β

δ

µ

σ

Parameters

Figure 3: Graph of first-order (yellow bar) and total-order (blue bar) Sobol sensitivity
indices of 0 related to the input parameters given in (5.1). The critical parameters to
0 , for both first-order and total-order Sobol sensitivity method, are the transmission
constant, β and the recovery probability of infective per generation, σ .
and the total population is asymptotically constant. In this case, letting S(t) = T∞ −
E(t) − I (t) ≥ 0 reduces Model (3.4) to the following "limiting" system
 


I (t)
x(t) + σ I (t) ,
S(t + 1) = f (γ T∞ ) + γ φ β
T∞




I (t)
x(t) + (1 − δ)E(t) ,
E(t + 1) = γ
1−φ β
T∞
I (t + 1) = γ (δE(t) + (1 − σ )I (t)) ,













(6.1)

where T∞ ≥ E(t) + I (t) ≥ 0 for t ∈ {0, 1, 2, . . .}. Others have proved mathematical
theorems on the qualitative dynamics equivalence of autonomous and nonautonomous
systems, such as Model (3.4) and Model (6.1) [7], [39]. In this case, as in the case of
geometric growth, to analyze Model (3.4), we let
x(t) =

I (t)
E(t)
S(t)
and z(t) =
.
, y(t) =
T∞
T∞
T∞
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In the new variables, Model (6.1) reduces to the following system of three nonlinear
difference equations.

x(t + 1) = (1 − γ ) + γ (φ(βz(t))x(t) + σ z(t)) , 
y(t + 1) = γ ((1 − φ(βz(t)))x(t) + (1 − δ) y(t)) ,
(6.2)

z(t + 1) = γ (δy(t) + (1 − σ ) z(t)) .
Since x(t) = 1 − y(t) − z(t), Model (6.2) reduces to the following system of two
nonlinear equations.
y(t + 1) = γ ((1 − φ(βz(t)))(1 − y(t) − z(t)) + (1 − δ) y(t)) ,
z(t + 1) = γ (δy(t) + (1 − σ ) z(t)) .
On replacing η =
(6.2),

(6.3)

1
by γ , Model (4.1) reduces to Model (6.3). Hence, for Model
1+µ
−βδγ 2 φ  (0)
0 =
.
(1 − γ (1 − δ))(1 − γ (1 − σ ))

Proceeding as in the proof of Theorem 4.2, the following result is immediate.
Theorem 6.1. If 0 < 1, then lim y(t) = z(t) = 0 and the disease-free equilibrium
t→∞
is globally stable in Model (6.2). That is, the disease goes extinct. However, if 0 > 1
then the disease-free equilibrium is unstable and Model (6.2) has a unique endemic
equilibrium.
As in Example 1, our numerical simulations (not shown here) show that the endemic
equilibrium of Model (6.2) is stable whenever it exists.

7.

Conclusion

In this article, we use a simple discrete-time SEIS epidemic model to introduce a framework for investigating disease transmission dynamics in discretely reproducing populations that are either asymptotically constant or under geometric growth. When the host
population is asymptotically constant or growing at a geometric rate we use the next
generation method to compute 0 . We obtained that the transmission rates as well as
survival and recovery rates are critical model parameters for the persistence or control
of the disease.
In our SEIS model, the total population dynamics is governed by the equation
T (t + 1) = f (γ T (t)) + γ T (t).
Furthermore, our SEIS model does not include explicit disease-induced mortality terms.
Consequentlty, the disease-free and total population dynamics are governed by the same
equation.
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As in [5] and [11], our SEIS discrete model framework allows for studying disease
transmission dynamics, when the demographic dynamics is oscillatory, for example,
via the Ricker model. In this case, is it possible for E-dynamics, I -dynamics and
S-dynamics to follow the T -dynamics as the T -dynamics undergoes period doubling
bifurcations route to chaos? What is 0 when the demographic dynamics is oscillatory?
Qualitative proofs of these results that include the case where individuals (exposed, infected and susceptibles) do not have equal probability of surviving one generation are
open problems. Local and global sensitivity analyses performed on the basic reproduction number, 0 , showed that the most influential parameters on 0 are the disease
transmission constant and the recovery probability of infective per generation.

Acknowledgments
This research has been partially supported by Department of Homeland Security, DIMACS and CCICADA of Rutgers University, Mathematical Biosciences Institute of the
Ohio State University and National Science Foundation under grants DMS 0931642,
0832782 and DUE-1439758.

References
[1] L. Allen and A. M. Burgin, Comparison of deterministic and stochastic SIS and
SIR models in discrete-time, Math. Biosci., 163 (2000), 1–33.
[2] L. Allen, Some discrete-time SI, SIR and SIS models, Math. Biosci., 124 (1994),
83–105.
[3] M. E. Alexander and S. M. Moghadas, Periodicity in an epidemic model with a
generalized nonlinear incidence, Mathematical Biosciences, 189 (2004), pp. 75–
96.
[4] R. M. Anderson and R. M. May, Infectious diseases of humans: Dynamics and
control, Oxford University, Oxford, 1992.
[5] R. Arreola, A. Crossa, and M. C. Velasco, Discrete-time S-E-I-S models with dispersal between two patches, Biometric Department MTBI Cornell University Technical Report, 2000.
[6] N. T. J. Bailey, The simple stochastic epidemic: a complete solution in terms of
known functions, Biometrika, 50 (1963), 235–240.
[7] J. Best, C. Castillo-Chavez and A.-A. Yakubu, Hierarchical competition in discrete
time models with dispersal, Fields Institute Communications, 36 (2003), pp. 59–86.
[8] R. J. H. Beverton and S. J. Holt, On the dynamics of exploited fish populations, H.
M. Stationery Off., London, Fish. Invest., 2 (1957), 19.
[9] F. Cannavó, Sensitivity analysis for volcanic source modeling quality assessment
and model selection, Computers & Geosciences, 44 (2012), 52–59.

32

Najat Ziyadi and Abdul-Aziz Yakubu

[10] J. Cariboni, D. Gatelli, R. Liska and A. Saltelli, The role of sensitivity analysis in
ecological modelling, Ecological modelling, 203 (2007), 167–182.
[11] C. Castillo-Chavez and A. Yakubu, Dispersal, disease and life-history evolution,
Math. Biosc., 173 (2001), pp. 35–53.
[12] C. Castillo-Chavez and A. Yakubu, Epidemics on attractors, Contemporary Math.,
284 (2001), pp. 23–42.
[13] C. Castillo-Chavez and A. Yakubu, Discrete-time S-I-S models with complex dynamics, Nonlin. Anal. TMA, 47 (2001), pp. 4753–4762.
[14] C. Castillo-Chavez and A. A.Yakubu, Intraspecific competition, dispersal and disease dynamics in discrete-time patchy environments in: Carlos Castillo-Chavez
with Sally Blower, Pauline van den Driessche, Denise Kirschner and Abdul-Aziz
Yakubu (Ed.), Mathematical Approaches For Emerging and Reemerging Infectious
Diseases: An Introduction to Models, Methods and Theory, Springer-Verlag, New
York, 2002.
[15] N. Chitnis, J. M. Hyman and J. M. Cushing, Determining Important Parameter in
the Spread of Malaria Through the Sensitivity Analysis of Mathematical Model,
Bulletin of Mathematical Biology, 70 (2008), 1272–1296.
[16] K. L. Cooke and J. A. Yorke, Some equations modelling growth processes of gonorrhea epidemics, Math. Biosc., 16 (1973), 75–101.
[17] P. Cull, Local and global stability for population models, Biol. Cybern., 54 (1986),
141–149.
[18] S. N. Elaydi, Discrete Chaos. Chapman Hall/CRC, Boca Raton, FL, 2000.
[19] S. N. Elaydi and A.-A. Yakubu, Global Stability of Cycles: Lotka-Volterra Competition Model With Stocking, J. Diff. Equations Appl., 8 (2002), pp. 537–549.
[20] P. W. Ewald, Evolution of infectious disease, Oxford University, Oxford, NY
1994.
[21] J. E. Franke and A.-A. Yakubu,Discrete-Time SIS Epidemic Model In a Seasonal
Environment, SIAM J. Appl. Math., 66 (2006), pp. 1563–1587.
[22] J. E. Franke and A.-A. Yakubu, Periodically Forced Discrete-Time SIS Epidemic
With Disease-Induced Mortality, Mathematical Biosciences and Engineering, 8
(2011), pp. 385–408.
[23] Global Sensitivity Analysis Toolbox, Available from: http://www.mathworks.com/
matlabcentral/fileexchange/40759-global-sensitivity-analysis-toolbox
[24] K. P. Hadeler and P. van den Driessche, Backward bifurcation in epidemic control,
Math. Biosc., 146 (1997), 15–35.
[25] M. P. Hassell, The dynamics of competition and predation, Studies in Biol., The
Camelot Press Ltd., 72 (1976).
[26] M. P. Hassell, J. H. Lawton and R. M. May, Patterns of dynamical behavior in
single species populations, J. Anim. Ecol., 45 (1976), pp. 471–486.

Sensitivity analysis in a Discrete-Time SEIS Model

33

[27] H. W. Hethcote and P. van den Driessche, Some epidemiological models with nonlinear incidence, J. Math. Biol. 29 (1991), 271–287.
[28] A. M. Lutambi, M. A. Pennya, T. Smith and N. Chitnis, Mathematical modelling
of mosquito dispersal in a heterogeneous environment, Mathematical Biosciences,
241 (2013), 198–216.
[29] R. M. May and G. F. Oster, Bifurcations and dynamic complexity in simple ecological models, Amer. Naturalist, 110 (1976), pp. 573–579.
[30] R. M. May, Simple mathematical models with very complicated dynamics, Nature,
261 (1977), pp. 459-469.
[31] R. M. May, Stability and complexity in model ecosystems, Princeton University
Press (1974).
[32] C. C. McClusky and J. C. Muldowney, Bendixson-Dulac criteria for difference
equations, J. Dyn. Diff. Eqns., 10 (1998), 567–575.
[33] A. J. Nicholson, Compensatory reactions of populations to stresses, and their evolutionary significance, Aust. J. Zool., 2 (1954), pp. 1–65.
[34] P. van den Driessche and J. Watmough, A simple SIS epidemic model with a backward bifurcation, J. Math. Biol., 40 (2000), 525–540.
[35] A.-A. Yakubu, Introduction to discrete-time epidemic models, DIMACS Series in
Discrete Mathematics and Theoretical Computer Science, 75 (2010), pp. 83–109.
[36] A.-A. Yakubu and N. Ziyadi, Discrete-time exploited fish epidemic models, Afrika
Mathematika, 22 (2011).
[37] J. A. Yorke and W. P. London, Recurrent outbreaks of measles, chickenpox and
mumps II, Am. J. Epidemiol., 98 (1973), 453–468.
[38] X.Y. Zhang, M. N. Trame, L. J. Lesko and S. Schmidt, Sobol SensitivityAnalysis: A
Tool to Guide the Development and Evaluation of Systems Pharmacology Models,
CPT Pharmacometrics Syst. Pharmacol., 4 (2015), 69–79.
[39] X.-Q. Zhao, Asymptotic behavior for asymptotically periodic semiflows with applications, Comm. Appl. Nonl. Anal., 3 (1996), pp. 43–66.
[40] N. Ziyadi, Local and Global Sensitivity Analysis of 0 in a Male and Female Human Papillomavirus (HPV) Epidemic Model of Moroccans, Journal of Evolution
Equations, 9 (2016), Accepted.

