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Abstract 

 

Li- Yorke Chaos of the product dynamical system (∏ 𝑋𝑖 , ∏ 𝑓𝑖  ) has been 

studied when each of the factor dynamical system ( 𝑋𝑖 , 𝑓𝑖  ) is Li- Yorke 

Chaotic and vice-versa. 
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1. INTRODUCTION 

In this paper we study Li- Yorke Chaos of the product dynamical system 

(∏ 𝑋𝑖 , ∏ 𝑓𝑖 ) when each of the factor dynamical system ( 𝑋𝑖 , 𝑓𝑖  ) has this property 

and vice-versa. Specially we investigate the system (𝑋 ×  𝑌, 𝑓 ×  𝑔), we generalize 

for finite as well as countable product systems whenever possible. In [3], there is a 

detailed study of equicontinuity, sensitivity, distality, expansiveness, pseudo orbit 

tracing property (POTP) of the product dynamical system (∏ 𝑋𝑖 , ∏ 𝑓𝑖  ) when each 

constituent factor dynamical system ( 𝑋𝑖 , 𝑓𝑖 ) has these properties and vice-versa. In 

[4] the mean equicontinuity, mean sensitivity, mean expansiveness and mean distality 

of the product dynamical systems has been investigated when each constituent factor 

dynamical system ( 𝑋𝑖 , 𝑓𝑖 ) has these properties and vice-versa. In this paper we use 

the notation 𝒩 for the set of positive integers. 
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A dynamical system is a pair (𝑋, 𝑓) in which 𝑋 is a compact metrizable space with 

metric 𝑑 and 𝑓 is continuous self map on 𝑋. We consider that 𝑋 is a compact metric 

space without isolated point. Let 𝑥 𝜖 𝑋 be a point of the dynamical system (𝑋, 𝑓), then 

the orbit 𝒪(𝑥) of the point 𝑥 is defined by 

𝒪(𝑥) = {𝑓𝑛(𝑥) ∶ 𝑛 ∈ 𝒩}. 

A dynamical system (𝑋, 𝑓) is said to be sensitive if there exits  𝜖 > 0 such that for all 

𝑥 𝜖 𝑋 and for all 𝛿 > 0, there exists 𝑦 𝜖 𝐵𝑑(𝑥, 𝛿 ) such that 𝑑(𝑓𝑗(𝑥), 𝑓𝑗(𝑦)) ≥ 𝜖 for 

some 𝑗 ≥ 0. A dynamical system (𝑋, 𝑓) is said to be expansive if there exists 𝛿 > 0  

such that for any two distinct points 𝑥, 𝑦 𝜖 𝑋 there exists some integer 𝑗 ≥  0 such that 

 𝑑(𝑓𝑗(𝑥), 𝑓𝑗(𝑦))  ≥  𝛿 . In [6],[7],[8], one can find a detailed discussion of 

expansiveness, sensitivity. A point 𝑥 of a dynamical system (𝑋, 𝑓) is said to be 

periodic point if there exists a positive integer 𝑛 such that 𝑓𝑛(𝑥)  =  𝑥. A dynamical 

system (𝑋, 𝑓) is said to be transitive if for each pair 𝑈, 𝑉 of non empty open subsets of 

𝑋, there exists a positive integer 𝑛 such that 

𝑓𝑛(𝑈) ∩  𝑉 ≠ ∅. 

 

Let (𝑋, 𝑓) be a dynamical system such that 𝑋 is not finite, then it is said to be mixing 

if for each pair 𝑈, 𝑉 of non empty open subsets, there exists a positive integer 𝑚 such 

that  

𝑓𝑛(𝑈) ∩  𝑉 ≠ ∅ for all 𝑛 ≥ 𝑚. Thus every mixing system is a transitive system. A 

dynamical system (𝑋, 𝑓), where 𝑋 is not finite, is said to be weakly mixing if the 

product system (𝑋 × 𝑋, 𝑓 × 𝑓) is transitive. A weakly mixing dynamical system is a 

transitive system. Thus we have the following implication: 

𝑚𝑖𝑥𝑖𝑛𝑔 →  𝑤𝑒𝑎𝑘 𝑚𝑖𝑥𝑖𝑛𝑔 →  𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒. A dynamical system (𝑋, 𝑓), where 𝑋 is 

not finite, is said to be chaotic in the sense of Devaney if it is topologically transitive 

and has a dense set of periodic points. A pair 𝑥, 𝑦 of distinct points of a dynamical 

system (𝑋, 𝑓) is said to be Li-Yorke pair if 𝑙𝑖𝑚 𝑖𝑛𝑓𝑛→∞ 𝑑(𝑓𝑛(𝑥), 𝑓𝑛(𝑦))  =  0  and 

 𝑙𝑖𝑚 𝑠𝑢𝑝𝑛→∞ 𝑑(𝑓𝑛(𝑥), 𝑓𝑛(𝑦))  >  0. A subset 𝑆 ⊂  𝑋 is said to be scramble if any 

pair of distinct points of S is a Li-Yorke pair. A dynamical system (𝑋, 𝑓) is said to be 

chaotic in Li-Yorke sense or simply Li-Yorke chaos if it has an uncountable scramble 

set S. 

Let ( 𝑋𝑖 , 𝑓𝑖  ), i = 1, 2, …, 𝑛 be a finite sequence of dynamical systems with respective 

metrics 𝑑𝑖. Let 𝑋 = ∏ 𝑋𝑖
𝑛
𝑖=1 , 𝐹 = ∏  𝑛

𝑖=1 𝑓𝑖. Then 𝐹 is a self map on 𝑋 defined by 

𝐹(𝑥)  =  𝑓1 × 𝑓2  ×  … ×  𝑓𝑛(𝑥1, 𝑥2, … , 𝑥𝑛)  =  (𝑓1(𝑥1), 𝑓2(𝑥2), … , 𝑓𝑛(𝑥𝑛)) 

for all 𝑥 =  (𝑥1, 𝑥2, … , 𝑥𝑛)  𝜖 𝑋. (𝑋, 𝑑) is the product space of ( 𝑋𝑖 , 𝑑𝑖), 1 ≤  𝑖 ≤ 𝑛 

and the corresponding product metric 𝑑 is defined by 
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 𝑑(𝑥, 𝑦)  =  𝑑((𝑥1, 𝑥2, … , 𝑥𝑛), (𝑦1, 𝑦2, … , 𝑦𝑛))  =  ∑  𝑛
𝑖=1 𝑑𝑖(𝑥𝑖 , 𝑦𝑖).  

It is well known that (𝑋, 𝑑) is compact metric space and 𝐹 is continuous if and only if 

each 𝑓𝑖 is continuous. Therefore (𝑋, 𝐹) is a dynamical system and it is called finite 

product dynamical system. We use the notation 𝐹𝑚(𝑥1, 𝑥2, … , 𝑥𝑛)  =

 (𝑓1
𝑚(𝑥1), 𝑓2

𝑚(𝑥2), … , 𝑓𝑛
𝑚(𝑥𝑛)) to denote the 𝑚𝑡ℎ orbit member of the point 

(𝑥1, 𝑥2, … , 𝑥𝑛). The open ball of radius ϵ and center (𝑥1, 𝑥2, … , 𝑥𝑛) in the product 

metric space (𝑋, 𝑑) is defined by 

𝐵𝑑(𝑥1, 𝑥2, … , 𝑥𝑛) =  𝐵𝑑1
 (𝑥1,

𝜖

𝑛
 )  × 𝐵𝑑2

 (𝑥2,
𝜖

𝑛
 )  ×  … × 𝐵𝑑𝑛

 (𝑥𝑛,
𝜖

𝑛
 ) 

 where 𝐵𝑑𝑖
 (𝑥𝑖,

𝜖

𝑛
 ), for each i, is an open ball of radius 

𝜖

𝑛
  and center 𝑥𝑖 in the space 

( 𝑋𝑖 , 𝑑𝑖). If ( 𝑋𝑖 , 𝑓𝑖) 𝑖=1
∞  is an infinite sequence of dynamical systems, we put 𝑋 =

∏ 𝑋𝑖
∞
𝑖=1 , 𝐹 = ∏  ∞

𝑖=1 𝑓𝑖. 𝐹 is a self map on 𝑋 defined by  

𝐹(𝑥)  =  𝑓1 × 𝑓2  ×  … ×  𝑓𝑛(𝑥1, 𝑥2, … )  =  (𝑓1(𝑥1), 𝑓2(𝑥2), … )) 

for all 𝑥 =  (𝑥1, 𝑥2, … )  𝜖 𝑋. The corresponding countable product metric d is defined 

by 

𝑑(𝑥, 𝑦)  =  𝑑((𝑥1, 𝑥2, … ), (𝑦1, 𝑦2, … )) = ∑
 d𝑖(𝑥𝑖 , 𝑦𝑖)

2

∞

𝑖=1

   . 

 Without lost of generality we assume that 𝑑𝑖(𝑠, 𝑡)  ≤  1 for all 𝑠, 𝑡 𝜖 𝑋𝑖 and for each 

positive integer 𝑖. It is well known that (𝑋, 𝑑) is a compact metric space and the 

metric topology 𝑇𝑑  is identical with the product topology 𝑇 on 𝑋. It is well known that 

𝐹 is continuous if and only if each 𝑓𝑖 is continuous and therefore (𝑋, 𝐹) is a dynamical 

system. We call this dynamical system a countable product dynamical system. A 

dynamical system (𝑌, 𝑔) is said to be a factor of the dynamical system (𝑋, 𝑓) if there 

exists a continuous surjection ℎ ∶  𝑋 →  𝑌 such that ℎ𝑜𝑓 = 𝑔𝑜ℎ. The dynamical 

system (𝑋, 𝑓) is a factor of its product dynamical system (𝑋 × 𝑋, 𝑓 ×  𝑓) in which 

the factor map ℎ ∶  𝑋 ×  𝑋 →  𝑋 is the projection map ℎ(𝑥, 𝑦) = 𝑥. Therefore each 

constituent dynamical system ( 𝑋𝑖 , 𝑓𝑖) of the product dynamical system 𝑋 is a factor 

dynamical system of the product system. If the factor map ℎ is a homeomorphism 

then we say that the two dynamical systems (𝑋, 𝑓) and (𝑌, 𝑔) are conjugate to each 

other and the map ℎ is a conjugacy. Then it is well known that the two dynamical 

systems (𝑋, 𝑓) and (𝑌, 𝑔) have the same dynamical properties [8]. We investigate the 

Li-Yorke chaos of the product dynamical systems vis a vis the Li-Yorke chaos of its 

factor dynamical systems. Degirmenci and Kocak [2] have investigated Devaney 

chaos of product dynamical system. They discuss the finite product (𝑋 ×  𝑌, 𝑓 ×  𝑔) 

dynamical systems only. They have shown that the product of two dynamical systems, 

chaotic in Devaney sense, is not necessarily chaotic in Devaney sense. Then, they 

give a necessary condition so that the product of two chaotic dynamical system is 
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chaotic in Devaney sense. Their results are not necessarily confined to continuity of 

the function f. In our paper, we investigate the Li-Yorke chaos of the product 

dynamical systems vis a vis with its factor dynamical systems. 

 

2.  DEFINITIONS & THEOREMS 

Let 𝒰 be an open cover of the dynamical system (𝑋, 𝑓), then 𝑓−1(𝒰) = {𝑓−1(𝑈) ∶

𝑈 𝜖 𝒰} is also an open cover. In general 𝑓−𝑛(𝒰) = {𝑓−𝑛(𝑈) ∶ 𝑈 𝜖 𝒰 }for any positive 

integer 𝑛, is also an open cover. An open cover 𝒱 is called a refinement of the open 

cover 𝒰 if every element of 𝒱 is a subset of an element of 𝒰. It is denoted by 𝒰 ≺ 𝒱. 

The join 𝒰 ⋁ 𝒱 = {U ⋂ V ∶  U ∈ 𝒰, V ∈ 𝒱 } of two open covers 𝒰, 𝒱 is also an open 

cover. Thus in general, for any positive integer 𝑛, ⋁ 𝑓−𝑖𝑛−1
𝑖=0 (𝒰) = 𝒰 ∨ 𝑓−1(𝒰) ∨ … ∨

𝑓−𝑛+1(𝒰), is also an open cover. For an open cover 𝒰, let 𝑁(𝒰) denotes the smallest 

cardinality of all finite sub covers of 𝒰. Then the entropy of the open cover 𝒰 is 

defined by 𝐻(𝒰)  =  𝑙𝑜𝑔𝑁(𝒰) and the entropy of the dynamical system (𝑋, 𝑓) with 

respect to the open cover 𝒰 is defined by ℎ(𝑓, 𝒰) = 𝑙𝑖𝑚
𝑛→∞

1

𝑛
𝐻(⋁ 𝑓−𝑖𝑛−1

𝑖=0 (𝒰)). The 

topological entropy of the dynamical system (𝑋, 𝑓) is now defined by  

ℎ(𝑓)  = 𝑠𝑢𝑝𝒰 ℎ(𝑓, 𝒰). The topological entropy of a dynamical system (𝑋, 𝑓) is either 

non negative  finite or  [8]. The topological entropy of the product system  

(𝑋 × 𝑌, 𝑓 × 𝑔)  is given by ℎ(𝑓 × 𝑔) = ℎ(𝑓) + ℎ(𝑔) [8]. The result can be easily 

extended for finite product dynamical systems. If a dynamical system (𝑋, 𝑓) has 

positive topological entropy, then it is Li-Yorke chaotic [1]. The converse is not true, 

Smital [9] proves that there exists a dynamical system (𝑋, 𝑓) which is chaotic in Li-

Yorke sense having zero topological entropy. 

 

Theorem 2.1. The product dynamical system (𝑋 × 𝑌, 𝑓 × 𝑔)is Li-Yorke chaotic if one 
of the dynamical systems (𝑋, 𝑓) 𝑜𝑟 (𝑌, 𝑔) has positive topological entropy. 

 

Proof. Without lost of generality, let ℎ(𝑓) > 0. We know that ℎ(𝑓 ×  𝑔) = ℎ(𝑓) +

ℎ(𝑔). Since topological entropy is non negative, we conclude that h(f × g) > 0 and 

consequently (X ×Y, f × g)  is Li-Yorke chaotic. 

 

Theorem 2.2. The product dynamical system (𝑋 × 𝑌, 𝑓 × 𝑔) is Li-Yorke chaotic if 
one of the dynamical systems (𝑋, 𝑓) 𝑜𝑟 (𝑌, 𝑔) is Li-Yorke chaotic. 
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Proof. Suppose (𝑋, 𝑓) is Li-Yorke chaotic. By the definition of Li-Yorke chaos, 

(𝑋, 𝑓) has an uncountable scramble set S. Let 𝑦 𝜖 𝑌 be any point. Consider the subset 

𝑆 × {𝑦} of  𝑋 × 𝑌 . It is obvious 𝑆 ×  {𝑦}  is uncountable. Let 𝑢 = (𝑥, 𝑦), 𝑣 = (𝑧, 𝑦) 

be two points of 𝑆 × {𝑦}. 𝑑(𝑢, 𝑣) = 𝑑1(𝑥, 𝑧) +  𝑑2(𝑦, 𝑦) = 𝑑1(𝑥, 𝑧). Since (𝑋, 𝑓) is 

Li-Yorke Chaotic we have lim 𝑖𝑛𝑓𝑛→∞𝑑1(𝑓𝑛(𝑥), 𝑓𝑛(𝑧)) = 0 and consequently 

lim 𝑖𝑛𝑓𝑛→∞ 𝑑(𝑓 × 𝑔𝑛(𝑥, 𝑦), 𝑓 × 𝑔𝑛(𝑧, 𝑦))  =  lim 𝑖𝑛𝑓𝑛→∞[𝑑1(𝑓𝑛(𝑥), 𝑓𝑛(𝑧))  +

 𝑑2(𝑔𝑛(𝑦), 𝑔𝑛(𝑦))]  =  0 .  Also lim 𝑠𝑢𝑝𝑛→∞𝑑1(𝑓𝑛(𝑥), 𝑓𝑛(𝑧)) > 0, therefore 

𝑙𝑖𝑚 𝑠𝑢𝑝𝑛→∞ 𝑑(𝑓 × 𝑔𝑛(𝑥, 𝑦), 𝑓 × 𝑔𝑛(𝑧, 𝑦))  =  𝑙𝑖𝑚 𝑠𝑢𝑝𝑛→∞[𝑑1(𝑓𝑛(𝑥), 𝑓𝑛(𝑧)) +

𝑑2(𝑔𝑛(𝑦), 𝑔𝑛(𝑦))] > 0. Thus 𝑆 × {𝑦} is an uncountable scramble set, therefore 

(𝑋 × 𝑌, 𝑓 × 𝑔) is Li-Yorke chaotic.  

 

Theorem 2.3. The product dynamical system (𝑋 × 𝑌, 𝑓 × 𝑔)has positive topological 
entropy, then one of the dynamical systems (𝑋, 𝑓) 𝑜𝑟 (𝑌, 𝑔) is Li-Yorke chaotic. 

Proof. We know that the topological entropy is non negative. It is given that ℎ(𝑓 ×

𝑔) > 0. Since ℎ(𝑓 ×  𝑔) = ℎ(𝑓) + ℎ(𝑔), we have either ℎ(𝑓) > 0 or ℎ(𝑔) > 0 or 

both ℎ(𝑓), ℎ(𝑔) > 0. Hence at least one of the dynamical systems is Li-Yorke 

chaotic.  

We know that if 𝐴 × 𝐵 is uncountable, then at least one set 𝐴 𝑜𝑟 𝐵 is uncountable. 

Suppose 𝐴 × 𝐵 is an uncountable scramble subset of 𝑋 × 𝑌, then for 

(𝑥1, 𝑦1), (𝑥2, 𝑦2) ∈ 𝐴 × 𝐵, 

 𝑙𝑖𝑚 𝑖𝑛𝑓𝑛→∞ 𝑑(𝑓 × 𝑔𝑛((𝑥1, 𝑦1), (𝑥2, 𝑦2))) = 0 

which implies that 0 ≤ lim 𝑖𝑛𝑓𝑛→∞𝑑1(𝑓𝑛(𝑥1), 𝑓𝑛(𝑥2)) +

lim 𝑖𝑛𝑓𝑛→∞𝑑2(𝑔𝑛(𝑦1), 𝑔𝑛(𝑦2).  

Thereforelim 𝑖𝑛𝑓𝑛→∞𝑑1(𝑓𝑛(𝑥1), 𝑓𝑛(𝑥2)) = 0, lim 𝑖𝑛𝑓𝑛→∞𝑑2(𝑔𝑛(𝑦1), 𝑔𝑛(𝑦2) = 0. 

Also 𝑙𝑖𝑚 𝑠𝑢𝑝𝑛→∞ 𝑑(𝑓 × 𝑔𝑛(𝑥1, 𝑦1), 𝑓 × 𝑔𝑛(𝑥2, 𝑦2)) This implies that either 

lim 𝑠𝑢𝑝𝑛→∞𝑑1(𝑓𝑛(𝑥1), 𝑓𝑛(𝑥2)) > 0 or lim 𝑠𝑢𝑝𝑛→∞𝑑2(𝑔𝑛(𝑦1), 𝑔𝑛(𝑦2) > 0 or both 

> 0. This proves that at least one of the set A or B is an uncountable scramble set. 

Thus we have the following lemma. 

 

Lemma 2.4. A subset 𝐴 × 𝐵 ⊂ 𝑋 × 𝑌 is an uncountable scramble subset if and only if 
at least one, 𝐴 or 𝐵, is an uncountable scramble subset of the respective dynamical 
system. 

Thus the following theorem can be easily proved. 
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Theorem 2.5. The product dynamical system (𝑋 × 𝑌, 𝑓 × 𝑔) is Li-Yorke chaotic if 
and only if at least one factor dynamical system is Li-Yorke chaotic.  

The above theorem can be easily extended to countable product dynamical systems. 

Devaney chaos does not imply that the topological entropy must be positive. But 

through the modification of the topological transitivity condition by topological 

exactness , it can be found that all topological entropy of that system must be positive 

[5]. Thus the notion of Devaney chaos is strengthened in a sense to the extreme, and 

introduce exact Deavaney chaos by replacing in the definition, topological transitivity 

by topological exactness. We know that the product of two topological transitive 

systems is not necessarily transitive whereas if the product system is transitive then 

the factor systems are transitive. Thus the product of two Devaney chaotic dynamical 

systems is not chaotic in Devaney sense whereas if the product system is chaotic in 

Devaney sense, then the factor systems are chaotic in Devaney sense [2]. 

 

Definition 2.6. A dynamical system (𝑋, 𝑓) is said to be locally eventually onto, or 

shortly leo, if for every non-empty open set 𝑈 ⊂ 𝑋, there exists a non-negative integer 

𝑚 such that 𝑓𝑚(𝑈)  =  𝑋. 

It is easy to observe that 𝑙𝑒𝑜 → 𝑚𝑖𝑥𝑖𝑛𝑔 → 𝑤𝑒𝑎𝑘 𝑚𝑖𝑥𝑖𝑛𝑔 → 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑖𝑡𝑦. However 

the reverse implications do not hold in general. Note that every leo map is 

necessariloy a noninvertible surjection and if a space with more than one point admits 

existence of a leo map, then it has no isolated points. 

 

Definition 2.7. A dynamical system (𝑋, 𝑓) is said to be exactly Devaney chaotic if it 

is leo with dense periodic points. 

 

Thus every exactly Devaney chaotic is Devaney chaotic. A dynamical system (𝑋, 𝑓) 

is leo, then ℎ(𝑓) > 0 [5]. We have the implications 𝑙𝑒𝑜 𝑐ℎ𝑎𝑜𝑡𝑖𝑐 →

𝐷𝑒𝑣𝑎𝑛𝑒𝑦 𝑐ℎ𝑎𝑜𝑡𝑖𝑐 → 𝐿𝑖 − 𝑌𝑜𝑟𝑘𝑒 𝑐ℎ𝑎𝑜𝑡𝑖𝑐. The following two lemmas are available 

in [5] without proof. For the sake of completeness we give a proof of it. 

 

Lemma 2.8. Let (𝑋, 𝑓), (𝑌, 𝑔) be two leo dynamical systems, then the product 

dynamical system 

 (𝑋 × 𝑌, 𝑓 × 𝑔)  is also leo. 
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Proof. Let 𝑈 × 𝑉 ⊂ 𝑋 × 𝑌 be a non-empty open subset. Then 𝑈 ⊂ 𝑋, 𝑉 ⊂ 𝑌 are non 

empty open subsets. Then there exist positive integers 𝑛, 𝑚 such that 𝑓𝑛(𝑈) =

𝑋, 𝑓𝑚(𝑉 ) = 𝑌 . Let 𝑝 = 𝑚𝑎𝑥{𝑛, 𝑚}, then 

𝑓 × 𝑔𝑝(𝑈 × 𝑉) = 𝑓𝑝(𝑈) × 𝑔𝑝(𝑉) =  𝑋 × 𝑌. 

This shows that (𝑋 × 𝑌, 𝑓 × 𝑔) is leo. 

 

Lemma 2.9. If the product dynamical system (𝑋 × 𝑌, 𝑓 × 𝑔)is leo then its factors are 
leo. 

Proof. Suppose if possible both the dynamical systems (𝑋, 𝑓), (𝑌, 𝑔) are not leo. Let 

𝑈 ⊂ 𝑋, 𝑉 ⊂ 𝑌 be two non empty subsets. Then 𝑈 × 𝑉 ⊂ 𝑋 × 𝑌 is a non empty open 

subset. Then there exists a positive integer p such that 𝑓 × 𝑔𝑝(𝑈 × 𝑉) =  𝑋 × 𝑌. 

This implies that 𝑓𝑝(𝑈) = 𝑋, 𝑔𝑝(𝑉 ) = 𝑌 are leo, a contradiction. Hence the lemma.  

The above two lemmas holds true for countable product dynamical system. We know 

that the product of two mixing maps is a mixing map. The result can be extended to 

finite product of mixing maps. Similarly it is easy to deduct that the countable product 

of mixing maps is mixing. It is also true that the product of two leo maps is a leo map. 

The finite product of leo maps is also a leo map. The same is true for countable 

product of leo maps. Degirmenci and Kocak [2] have shown that the product 

dynamical system (𝑋 × 𝑌, 𝑓 × 𝑔) is chaotic in Devaney sense if the factor 

systems (𝑋, 𝑓), (𝑌, 𝑔) are chaotic and mixing. The result can be easily extended to 

finite product as well as countable product dynamical systems. 

Thus we have the following theorems: 

Theorem 2.10. The countable product dynamical system (𝑋, 𝐹) is chaotic in Devaney 
sense if each factor system ( 𝑋𝑖 , 𝑓𝑖)is chaotic in Devaney sense and mixing. 

Theorem 2.11. A product dynamical system (𝑋 × 𝑌, 𝑓 × 𝑔) is leo chaotic if and only 
if the factor systems are leo chaotic. 

The above result can be extended easily to countable product dynamical system: 

Theorem 2.12. A countable product dynamical system (𝑋, 𝐹) is leo chaotic if and 
only if each factor system ( 𝑋𝑖 , 𝑓𝑖) is leo chaotic. 

Definition 2.13. A dynamical system (𝑋, 𝑓) is said to be topological chaotic if 

ℎ(𝑓) > 0 

From the definition it is obvious that topological 𝑐ℎ𝑎𝑜𝑠 → 𝐿𝑖 − 𝑌𝑜𝑟𝑘𝑒 𝑐ℎ𝑎𝑜𝑠. 

Theorem 2.14. The product dynamical system (𝑋 × 𝑌, 𝑓 × 𝑔) is topological chaotic if 
and only if at least one of the factor dynamical system is topological chaotic. 
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The above theorem holds true for countable as well as finite product dynamical 

systems. 
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