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Abstract
Green belt is an area reserve for an open space to maintain area for forestry
and agriculture and to have clean air. This is a space where no building or
industry can be erected. However, human density and sprouting of industries
has depleted green belt. The aim of the analysis is to study the effect of human
density and industries on the green belt. It has been observed that more and
more migration is towards industrial sector. So, the effect of migration from
rural area is also incorporated. The model is formulated as a system of nonlinear differential equation. The threshold is computed to study the effect of
human density, migration and industries on green belt. The stability analysis is
carried out to control industries and migration.
Keywords: Mathematical model, Basic reproduction number, Local stability,
Global stability, Optimal control

1. INTRODUCTION
Green belt is an area of woods, parks or open land surrounding a community. It helps
us to protect natural environment, improve air quality by absorbing pollutants, i.e.,
they stand for our better life. In other words, the green belt serves as lungs for urban
and rural areas, also serve as a sink for pollutants. But sometimes humans plan their
value-added facilities outside the city which increases the need for vehicles that
creates more pollution. To avoid these kind of problems, people build their residence,
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offices, malls, industries near the city by reducing green belt. There are some
individuals who support the idea of the industrialization which curves them into
migrated ones.
A mathematical model is introduced to study the depletion of forestry resources by
some researchers. Agarwal et al. (2010) have calculated a model for interactions
between forestry biomass, wildlife population and industrialization pressure. To
examine the effect of industrialization on depletion of resource biomass, a
mathematical model has developed by Shukla et al. (1989). Dubey (1997) formulated
a mathematical model to study the effect of toxicants on forestry resources. As
industrialization is exists, Shukla et al. (1996) analysed the effect of changing habitat
on survival of species. Because of the industrialization, pollution has become vital
nowadays. So, many researchers like Ramdhani et al. (2015), Dubey et al. (2003) and
Shukla et al. (1997) have studied the effect of population on forestry resources. A
model to study the part of population on depletion of resources is developing
countries is formulated by Repetto and Holmes (1983). Shukla et al. (2011)
formulated a mathematical model to get information about the depletion of renewable
resource by population and industrialization with migration. Shukla et al. (2003)
deliberated a mathematical model to know the effect of primary and secondary
toxicants on renewable resources. Dubey et al. (2009) have performed the depletion
of forestry resources caused by population and population pressure increased
industrialization. Also, they analysed that there is no effort to study the effect of
crowding by industrialization on density of forestry resources. Moreover, Ramdhani
(2015) proposed dynamical system of modelling the depletion of forestry resources
due to crowding by industrialization.
In this paper, a mathematical model is formulated with hereditary transmission of
SIRS model in Section 2. In Section 3, the stability analysis of the transmission model
is carried out. Optimal control for the forest resources is conversed in Section 4. And
in Section 5, the model validated with numerical simulation and analysis.

2. MATHEMATICAL MODELLING
We live in that society where green belt exists outside the city. Everyone in the
society is likely to live pleasant life with good health though there are industries
which are harmful for environment. Also, these industries attract certain part of the
society so that migration takes place. So that, we have considered four different
compartments namely the density of green belt  G  , the density of human population

H  ,

the density of migrated individuals

 M  and

the density of migrated

individuals  I  for our model. We have taken u as the control rate on industries and
1

u 2 as the control on migrated individuals to save green belt.
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The following table indicates the notations and parametric values of parameter used
for dynamic model of green belt.
Table 4.1: Notations and parametric values
Notation

Parametric value

B1

The growth rate of green belt

B2

The growth rate of human population

0.24

1

The depletion rate of the green belt due to the human
population

0.11

2

The depletion rate of the human population affecting the
green belt

0.08



The rate of migrated individuals from different area

0.03



The growth rate of migrated individuals due to industries

0.43



The depletion rate of green belt due to industries



The rate of occupying green belt for industries



Damage or removal rate

0.001

0.1
0.03
0.2

With the help of above notation and some assumption mandatory to formulate the
mathematical model, the transmission diagram of green belt is as Figure 1.
B2


1



H
2
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M





u1



u2

I


Figure 1: Transmission diagram for green belt
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The dynamics of green belt transmission in humans and industries associated with
migration individuals is given as above:
dG
 B1  1GH   2GH   GI   I  u1I  G
dt
dH
 B2  1GH   2GH   H   H
dt
dM
  H   M  u2 M   M
dt
dI
  GI   I   M  u1 I  u2 M   I
dt

(1)

with G  H  M  I  N and G  0; H , M , I  0 Adding above all differential
equations of model (1), we get,
d
 G  H  M  I   B1  B2   G  H  M  I   0
dt

which gives us, limsup  G  H  M  I  
t 

B1  B2


Hence, the feasible region of model is



B  B2
   G  H  M  I  / G  H  M  I  1
, G  0; H , M , I  0 .



 B  B2

,0,0,0  .
Thus, the equilibrium state of the model is X 0   1
 

Next, we calculate the basic reproduction number R0 , using the next generation
matrix method.
Let, X '   G, H , M , I  ' , where dash denotes the derivative. So,
X '

dX
 F  X  V  X 
dt

where F  X  is for the rate of appearance of new individual in component and
V  X  is for the rate of transfer of culture, which is given by

 1   2  GH 


 GI

 and
FX  


0


0
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 B2   H   H




 I   M  u1 I  u2 M   I


V X  


 H   M  u2 M   M


  B1   1   2  GH   GI   I  u1I  G 

Now, DF  X 0   

f

0

where f and v are

0
v
, DV  X 0   

0
 J1

0
J 2 

4  4 matrices defined as

 F  X  
 V  X  
f   i 0 ,v   i 0 
 X j 
 X j 
which gives us

  1   2  ( B1  B2 )




0
f 


0

0


 


0


v

  1   2  B1  B2 




0 0


 ( B1  B2 )
0 0  and


0
0 0

0
0 0
0
0
  u1  
  u2
0
  u2  
0

 ( B1  B2 )
 u1  


0

0
0 
0




Here, v is non-singular matrix. So, the basic reproduction number R0 is represented
as
R0 = spectral radius of matrix fv 1 .

R0 

 1  2  B1  B2 
   

(2)

Equilibrium of green belt transmission model will be conversed in the next section.
3. EQUILIBRIUM
In this section, the equilibrium for local and global stability of green belt transmission
model are discussed.
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3.1. Local stability

 B1  B2

First, we calculate the local stability behaviour of equilibrium E0 






,0,0,0 


by using Jacobian matric J 0 . The Jacobian matrix of the model is as given below:





J0   0

 0

 0

  2  1  B1  B2 

0



 1   2  B1  B2     

0



  u2  

0

  u2



  B1  B2 


   u1 



0



0

  u1  


Above Jacobian J 0 has four distinct eigenvalues:

1    ,2     u2    ,3  

  B1  B2     u1    


and

 2  1  B1  B2      2  B1  B2 
4  

One can easily say that 1 ,  2 and 3 have negative value.
Also, one can write  4 as

 1  2  B1  B2   1  R  1
0
    
So, if R0  1 then only 4 has negative value.
Theorem 1: If R0  1 then E0 is locally asymptotically stable.
Next, we determine the local stability behaviour of equilibrium E*  G* , H * , M * , I * 
by using the Jacobian matrix J
where G  function of G  g  G  , H 
*

*

 B2
 h G  ,
 1  2  G     
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 B2
 m  G  and
  u2      1  2  G      

  u2  B2
 i G  .
  u2      2  1  G         u1     G 

The Jacobian matrix of the model is as follows:
  1 H *   2 H *   I *  

1 H *   2 H *
J 

0

 I *


 1G*   2G*
1G*   2G*    


0

 G*    u1 

0


  u2  
0

  u2
 G*    u1   
0
0

Here we take 1H *  2 H *   I *    a11; 1H *  2 H *  a21;
1G*  2G*      a22 ;  u2    a33 ;  G*    u1    a44 .

Then the Jacobian J is reduced as
 a11
 a
J   21
 0

*
 I

a22    

0

a22

0
a33
a33  


0

a44   
0 
0 

a44 

Now, the corresponding characteristic equation of Jacobian matrix J is
x 4  A11 x3  A22 x 2  A33 x  A44  0

where
A11  a11  a22  a33  a44 ;
A22   I *    a44   a44  a33  a22  a11   a33  a22  a11   a22  a11   a21      a22  ;

A33     a44  I *  a33  a22        a22  a21  a44  a33  ;
A44   I *a33a22    a44   a44 a33a21    a22    a21  a33     a44   a21  a33a22a11  .

Theorem 2: If the following inequalities hold
1)  G*  1
2) 1  2
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3)   u2  0

Then the equilibrium E * is locally asymptotically stable.

3.2. Global stability
Here we discuss the global stability behaviour of the equilibrium E0 and E * by
Lypunov function.
First, we study the behaviour of the global stability of E0 .
Consider the Lypunov function
L t   G t   H t   I t 

Then
L '  t   B1  1GH   2GH   GI   I  G  B2  1GH   2GH   H 

 H   G   I   M   I
  B1  B2   G   H   M    H  I 
Since G 

B1  B2
then


 B  B2 
L '  t    B1  B2     1
   H   M    H  I    H   M    H  I 
  
i.e. L '  t   0 if   0 .
Now, L '  t   0 iff H  I  0 .
Therefore, E0 is the only solution of system.
Hence, every solution of system reaches to E0 as t   with initial conditions.
Theorem 3: If   0 then E0 is globally asymptotically stable.
Next, we study the behaviour of the global stability of E * .
Consider the Lypunov function
L t  

2
1
 G  G*    H  H *    M  M *    I  I * 


2
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L '  t    G  G*    H  H *    M  M *    I  I *   G ' H ' M ' I '
  G  G*    H  H *    M  M *    I  I *  

 G*   H *   M *   I *  G   H   M   I 
    G  G*    H  H *    M  M *    I  I *    0
2

Here we used, B1  B2  G*   H *   M *   I * .
Hence E * is globally stable.
Theorem 4: E * is globally stable without any condition.

4. OPTIMAL CONTROL
The objective of the model is to save green belt by minimizing the number of
industries and migrated individuals. To accomplish the objective the control functions
are combined. For the mathematical model the objective function of green belt in the
system along with the optimal control is given by
T

J  ui ,      A1G 2  A2 H 2  A3 M 2  A4 I 2  w1u12  w2u2 2  dt

(3)

0

where

 signifies the set of all compartmental variables, A1 , A2 , A3 , A4 means non-

negative weight constants for G, H , M , I compartments respectively and w1 , w2 are
weight constants for control variables u1 , u2 respectively. Since, the weight
parameters w1 and w2 are constants of industrial control and migration control
respectively, which normalized the optimal control. u1 is the control variable to
minimize the number of industries. u2 is control rate for minimizing the migrated
individuals. To compute the values of control variables u1 and u2 from t  0 to

t  T such that





J  u1  t  , u2  t    min J ui* ,    u1 , u2  

where  represents a smooth function on interval [0,1] . The optimal control
denoted by ui* , i  1, 2 are found by accumulating all the integrands of equation (3)
using the lower bounds and upper bounds respectively with the results of Fleming et
al. (2012).
Now, to minimize the cost function in (3) by creating langragian function consisting
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of state equations and adjoint variables Ai   1 , 2 , 3 , 4  using the pontrygin’s
principle (1986) is defined as

L  , Ai   A1G 2  A2 H 2  A3 M 2  A4 I 2  w1u12  w2u2 2
 1  B1  1GH   2GH   GI   I  u1 I  G 
 2  B2  1GH   2GH   H   H 

(4)

 3  H   M  u2 M   M 
 4  GI   I   M  u1 I  u2 M   I 
The partial derivative of the Langragian function with respect to each variable of the
compartment gives the adjoint equation variable Ai   1 , 2 , 3 , 4  corresponding to
the system which is follows:


1  


2  


3  


4  

L
 2W1G   1  2  1H   2  1   2 H   1  4  I  1
G
L
 2W2 H   1  2  1G   2  1   2G   2  3    2 
H

(6)

L
 2W3 M   3  4    3  4  u2  3 
M

(7)

L
 2W4 I   4  1     1  4  G   4  1  u1  4 
I

(8)

The necessary condition for Langragian function


u1  


u2  

(5)

L to be optimal for controls is

L
 2W5u1   4  1  I
u1

(9)

L
 2W6u2   3  4  M
u2

(10)

Solving the above equations (9) and (10), we found the value of u1 and u2 as

u1 

 4  1  I
2W5

and u2 

 3  4  M
2W6

Thus, the required optimal control condition is calculated as

(11)
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     I  
u1*  max  a1 , min  b1 , 4 1  

2W5  



    4  M
u2*  max  a2 , min  b2 , 3

2W6
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(12)

Next, to support the analytical result we have considered the optimal control
numerically.

5. NUMERICAL SIMULATION
Using the values of parameters given in Table 1, we observed the numerical
simulation.

Figure 2: Effect of the depletion rate of the green belt due to human population on
green belt

From figure 2 we can easily say that as the depletion rate of the green belt due to
human population  1  increases the density of green belt  G  is decreases i.e., the
depletion of green is increases. Hence, 1 has negative impact on our model.
Therefore, it is advisable to control it.
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Figure 3: Effect of the depletion rate of the human population affecting the green belt
on green belt

The increment of the depletion rate of the human population affecting the green belt
  2  increases the density of green belt  G  i.e., the depletion of green belt is
decrases. So,  2 has positive effect on our model.

Figure 4: Effect of the depletion rate of green belt due to industries on green belt

The figure 4 indicates that as the depletion rate of green belt due to industries

 

increases the density of green belt  G  is decreasing for first 15 years but after that

the density of green belt  G  is increasing.
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Figure 5: Control variables

From figure 5 it can be concluded that industrial control should be raised up to 17%
for first 12 years and after that we can decline it. On the other hand, migration control
should have to be highest as 15.5% at very first year and then we can decrease it.

Figure 6: Effect of control variables

We analysed the effects of control variable by taking three cases:
i.

Only migration control is applied i.e. u1  0; u2  0 .

ii.

Only industrial control is applied i.e. u1  0; u2  0 .

iii.

Both the controls are applied i.e. u1  0; u2  0 .

Nita H. Shah, Moksha H. Satia and Bijal M. Yeolekar

230

From figure 6 we specified that when only one control is applied then no great
difference is observed in depletion of green belt. But when both the controls are
applied then depletion of green belt is reduced means green belt increases when both
the controls are present. So, it is advisable to have controls on both industries and
migration.

Figure 7: Green belt with control and without control

Figure 7 suggests that with control degradation of green belt reduces at a lower rate
compare to no effective majors are taken up.

6. CONCLUSION
In this paper, a mathematical model of green belt is expressed to study the depletion
of green belt. An optimal control on depletion of green belt is to study the effects of
industries and migrated individuals on the density of green belt. We all know green
belt make our environment clean and noise-free. But as per human facilities like
housing societies and industries get permission in the areas of green belt. The
pollutants emerging from them affect the environment as well as green belt.
Government should encourage for vertical growth instead of horizontal. As well, we
should take certain steps to save green belt. As there are enough Brownfield, we can
construct industries and houses there and long-term empty houses can be provided to
those family who wants to buy a new house. Also, we can do that tall trees, with
height 8 to 10 meter should be planted to exceed the green belt.
Using the parametric values from Table 1, the basic reproduction number is calculated
as 0.6522 which indicates that the controls on industries and migrated individuals are
advantageous to revive the green belt. This suggests that better planning for industries
and houses can make healthy society.
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