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Abstract
The COVID-19 pandemic has resulted in more 176 million cases and around
3.82 million deaths worldwide. Different drug interventions acting at multiple
stages of the pathogenesis of COVID-19 can substantially reduce infectioninduced mortality. The current within-host mathematical modeling studies deals
with the optimal combined drug intervention strategy and its efficacy in reducing
the burden of COVID-19. The drug interventions considered here include
Hydroxychloroquine (HCQ), the first BCG vaccine dose, and a booster dose of
BCG administered at a later stage. In this work, we consider two scenarios
involving the administration of these interventions. The findings of these studies
include the following: the average infected cell count and viral load decreased the
most when both the HCQ and BCG interventions were applied together in both
scenarios. On the other hand, the average susceptible cell count decreased the best
when HCQ alone was administered in both these scenarios. From the comparative
effectiveness study it was observed that the basic reproduction number and
viral count decreased the best when HCQ and BCG booster interventions were
applied together, reinstating the fact obtained earlier in the optimal control
setting. These findings may help physicians with decision making in the treatment
of life-threatening COVID-19 pneumonia. This study involving different drug
interventions is first of its kind.
Keywords COVID-19; Inflammatory Mediators; BCG Vaccine; HCQ; Optimal
Control Problem;
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INTRODUCTION

The humanity at this point of time is facing one the worst crisis in the last century in
the form of pandemic COVID-19 caused by the Severe Acute Respiratory Syndrome
Coronavirus-2 (SARS-CoV-2), which engulfed around 176 million cases and around
3.82 million deaths worldwide till date and this scenario continues to worsen [6].
Doctors, scientists, leaders of the states and many other professionals are working round
the clock to root out the virus from our society. At this juncture mathematical modeling
can play a crucial role in this journey as they are helpful in multi-fold. Firstly, they
help in understanding the dynamics of infection and its spread in the society. They help
in studying the success of various control measures that can be implemented in order
to avoid the further damage. Secondly, the within-host mathematical modeling helps
to study the dynamics of virus in the human body and can help us in understanding
efficacy of different drug intervention acting at multiple stages of pathogenesis which
in turn can help in identification of potential vaccine candidates. Some works dealing
with population level studies and within-host studies for diseases such as Dengue, HIV,
Influenza include [15, 26] and references within. A SAIU compartmental mathematical
model that explains the transmission dynamics of COVID-19 is developed in [36]. The
role of some of the control policies such as treatment, quarantine, isolation, screening,
etc. are also applied to control the spread of infectious diseases [13, 28, 7]. Recent
works dealing with population level studies and within-host studies for COVID-19 can
be found in [20, 22, 25, 29, 37].
The Bacillus Calmette-Guerin (BCG) vaccine was first mass produced in 1924 for
tuberculosis disease. The BCG tuberculosis vaccine boosts the production of immune
cells. A study proves that century-old BCG vaccine used to eradicate tuberculosis does
reduce the chance of death from COVID-19 [2, 4]. It is found out that the countries with
a 10% greater prevalence of the BCG vaccine also had a 10.4% reduction in COVID19 mortality [16, 12]. Recent work [9] showed that mandated BCG vaccination can
be effective in fight against COVID-19. In fact mandated BCG predicted flattened
curves for the spread of COVID-19 [9]. Bacillus Calmette-Guérin (BCG) vaccination
(typically given at birth and/or during childhood) offers a long-lasting protective effect
not only against tuberculosis (the intended target of BCG), but also against various other
infectious diseases. Recent suggestions abound that BCG could be an effective tool in
fighting against COVID-19. However, existing cross-national analyses are hampered
by methodological weaknesses. For the most part, no effort has been made to exclude
potential effects of reporting biases [9]. The nonspecific effects (NSEs) of immune
responses induced by BCG vaccination protect against other infections seem to be due
to its immunological memory eliciting lymphocytes response and trained immunity.
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The protective effect on other viral infection in humans are believed to be mediated by
heterologous lymphocyte activation and the initiation of innate immune memory may
be applicable to SARS CoV2 [32]. Several studies underscored reduction in respiratory
tract infections and risk of pneumonia upon BCG vaccination of elderly people [32].
A randomized study showed that BCG vaccination prior to influenza vaccination in
healthy individuals resulted in a significantly higher antibody response against influenza
A (H1N1) compared to placebo [24].
The effectiveness of BCG in the promotion of long-lasting T cell immunity to human
respiratory syncytial virus (hRSV) antigens was experimentally demonstrated without
any observable adverse effects [32]. In a situation where an efficient vaccine for
COVID-19 is unavailable BCG could be one of the alternative to reduce the disease
burden.
Also, the anti-malarial drug Hydroxychloroquine (HCQ) has demonstrated in-vitro
activity against SARS-CoV-2 [3]. HCQ along with other drugs like Azithromycin was
administered initially to COVID-19 patients. Later medical guidelines were modified
to administer HCQ alone to treat COVID-19 patients at the early course of the disease
[3]. HCQ acts by preventing the SARS-CoV-2 virus from binding to cell membranes
and also CQ/HCQ could inhibit viral entry by acting as inhibitors of the biosynthesis of
sialic acids, critical actors of virus-cell ligand recognition [35].
Pathogenesis of COVID-19
Human to human transmission of SARS-CoV-2 occurs either through droplet infection
or direct contact from an infected person. Transmission from asymptomatics and
through faeco-oral route are also reported. After the entry of virus through droplet
infection or through contact transmission from hands to the mucous membrane of
mouth, nose or eyes. It is reported that Angiotensin Converting Enzyme-2 (ACE-2)
plays crucial role in providing binding site to the viral structural protein(Spike proteinS) on the cell surface and subsequent entry into the host cell [42]. The SARS-CoV2 have much higher affinity towards ACE-2 receptors as compared with its previous
conterparts(SARS-CoV and MERS-CoV). The ACE-2 expresses in lung alveolar
Type-2 cells(AT2), liver cholangiocytes, colon colonocytes, esophagus, keratinocytes,
endothelial cells of ileum, rectum and stomach, and proximal tubules of kidneys. AT2
secret surfactant, which reduces surface tension preventing collapsing of the alveoli
and playing crucial role in oxygen diffusion across lungs and blood vessels. Viral
antigens are presented by antigen presenting cells(APC) which are Human Leucocyte
Antigen(HLA) cytotoxic T cell(also known as T-killer cell, cytotoxic T-lymphocyte,
CD8+) [26]. The virus enters the cell with fusion of its membranes with host cell and
begins transcription with ssRNA acting as template. Synthesis of the viral proteins
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takes place in the cytoplasm of the pneumocytes, new virus is released by budding and
ready to infect new cell which is confirmed by presence of abundent viral antigens in
the cytoplasm of the pneumocytes(AT2) in case of SARS-CoV [43]. Viremia (viral
particle in the blood/serum) was also noticed by some authors along with very high
levels of IL-6 especially among severe cases of Covid-19 illness leading to increase
vascular permeability and impairment of organs [10]. Acute Respiratory Distress
Syndrome(ARDS) is the common immunopathological event for all the aforesaid
corona viral diseases. One of the main mechanisms in causation of ARDS is cytokine
storm, deadly uncontrolled systemic inflammatory response due to the release of large
quantity of pro-inflammatory cytokines and chemokines by immune effector cells.
These cytokines are identified as IFN-α, IFN-γ, IL-1b, IL-6, IL-2, IL-18, IL-33, TNFα, TGF-β and chemokines as CCL-2, CCL-3, CCL-5, CXCL-8, CXCL-9, CXCL-10.
Severe infections correlated high levels of IL-6, IFN α, CCL-5, CXCL-8 and CXCL10 [10, 26]. Also the viral load was noted to be crucial in determining severity of the
disease and strongly correlated with the lung injury Murray score [29]. The cytokine
storm is a violent attack by the immune system causing ARDS, multi-organ failure and
eventually death [26].
From the above discussed pathogenesis it can be understood that the study of both
the epithelial (pneumocytes) cells (including both the healthy and infected) and virus
population levels and their changes over the time due to inflammatory mediators play
a crucial in understanding the dynamics of pneumonia inflated COVID-19. Also as in
case of HIV infection an optimal combined strategy with HCQ add BCG as controls
may be a viable option for medical treatment in the context of COVID-19.
A detailed within host study involving crucial inflammatory mediators and the host
immune response has been developed and discussed at length by the authors in [11].
The model in this study incorporated the roles of each of the pro-inflammatory cytokines
and chemokine such as IFN-α, IL-6, TNF-α, and chemokines CCL-5, CXCL-8, CXCL10 released by the body. This work dealt with the natural history and course of
infection of COVID-19. The authors also briefly discussed about the optimality and
effectiveness of combined therapy involving one or more antiviral and one or more
immuno-modulating drugs when administered together.
Motivated by the above discussions in the present work we study optimal drug
intervention strategy and the efficacy of combined therapy in reducing the burden of
COVID-19. As in earlier work [11] the model in this study incorporates the roles of each
of the pro-inflammatory cytokines and chemokine such as IFN-α, IL-6, TNF-α, and
chemokines CCL-5, CXCL-8, CXCL-10 released by the body. We additionally consider
the role of different drug interventions. The drug interventions considered include
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HCQ, BCG first dose and BCG booster dose. We consider two scenarios involving
administration of these interventions. In the first scenario we study the efficacy of
drug interventions such as HCQ and BCG first dose administered at the present time.
Initially we study their efficacy when administered individually and later we study the
efficacy of the combined therapy involving administration of these two interventions
HCQ, BCG first dose simultaneously at present. In the second scenario we assume
that the BCG primary dose has been administered at birth to the individual and we
study the efficacy of the drug interventions HCQ and BCG booster dose administered
either individually or in combination at the present time. In both these scenarios the
optimal intervention strategy is proposed based on two methods. In the first method
these medical interventions are modeled as control interventions and a corresponding
objective function and optimal control problem is formulated and discussed. Later using
the comparative effectiveness method the optimal drug intervention strategy is proposed
based on basic reproduction number and viral count. This study involving different drug
interventions is first of its kind.
OBJECTIVES OF THE PROPOSED STUDY
1. To investigate the role of medical interventions such as HCQ and BCG vaccine
by incorporating them as controls at specific sites in the pathogenesis.
2. To study and compare the dynamics of susceptible, infected cells and viral load
with and without these control interventions.
3. To propose the optimal drug strategy in scenarios involving administration of
single drug intervention, two drug interventions based on the average susceptible,
infected cell count and average viral load.
4. To propose the optimal drug strategy using the comparative effectiveness studies.
METHODS
A within-host mathematical model incorporating drug interventions was studied as
an optimal control problem. The Filippov Existence Theorem was used to obtain an
optimal solution [27]. Characterization of optimal controls was done using Maximum
Principle [27]. Numerical simulations involving with and without control interventions
were performed for obtaining optimal drug regimen. Comparative effectiveness method
[18] was used to study the change in basic reproduction number and virus count for
single and multiple interventions.
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MODEL WITH HCQ AND BCG FIRST DOSE

Based on the pathogenesis of COVID-19 discussed above we now frame an optimal
control problem to study the role of HCQ and BCG first dose in reducing the infected
and viral load populations. We develop three compartment SIV model to study the
dynamics of suceptible type II pneumocytes, infected type II pneumocytes and the
virus population with drugs HCQ and BCG first dose as control measures. Since
BCG vaccine is found to boost the immune response of the body [32], some fraction
of the infected cells and the virus particles are removed because of the activation of
the immune response. These decrease in the infected cell and viral load using BCG
first dose is denoted by the control variable µ2bcgf d and µ3bcgf d . Also since HCQ acts
by preventing the SARS-CoV-2 virus from binding to cell membranes there is less
chances of the cells coming in contact with the virus. Therefore, there is decrease
in the cells that are suceptible to infection [35]. The control variable µ1hcq denotes the
rate of decrease in the suceptible cells due to the use of HCQ drug. Here the control
variables are assumed to be continuous and bounded. The dynamic model based on the
above discussions with HCQ and BCG fist dose as control variables is described by the
following system of nonlinear differential equations:

dS
= ω − βSV − µ1hcq (t)S − µS
dt


dI
= βSV − d1 + d2 + d3 + d4 + d5 + d6 I
dt


− µ2hcq (t) + µ2bcgf d (t) I − µI


dV
= αI − b1 + b2 + b3 + b4 + b5 + b6 V
dt


−µ1 V − µ3hcq (t) + µ3bcgf d (t) V

(2.1)
(2.2)

(2.3)
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Table 1
Symbols

Biological Meaning

S

Healthy Type II Pneumocytes

I

Infected Type II Pneumocytes

ω

Natural birth rate of Type II Pneumocytes

V

Viral load

β

Rate at which healthy Pneumocytes are infected

α

Burst rate of virus particles

µ

Natural death rate of Type II Pneumocytes

µ1

Natural death rate of virus

d1 , d2 , d3 , d4 , d5 , d6

Rates at which Infected Pneumocytes are removed because
of the release of cytokines and chemokines IL-6
TNF-α, INF, CCL5, CXCL8 , CXCL10 respectively

b1 , b2 , b3 , b4 , b5 , b6

Rates at which Virus is removed because of
the release of cytokines and chemokines IL-6
TNF-α, INF, CCL5, CXCL8 , CXCL10

µ1hcq , µ2hcq , µ3hcq

Rates at which susceptible cells,
infected cells and viral load are reduced
due to HCQ drug.

µ2bcgf d , µ3bcgf d

Rates at which infected cells and the
viral load are reduced due to BCG first dose

respectively

System (2.1)-(2.3) could also be worked with delays. Delays can be introduced both in
the state variables and control variables. But with delays complexity of the problem
increases and to avoid these in this work we do not consider delay in the system
(2.1)-(2.3). Some of the works where delays are considered in the models are; a
fractional-order delayed malware propagation model is developed and studied in [41].
The impact of two different delays and the fractional order on the stability and the
emergence of Hopf bifurcation of involved model is presented in [40] by developing
a new fractional-order chemotherapy model with two different delays. Oscillations
for a delayed predator–prey model with Hassell–Varley-type functional response and
periodic property and asymptotic behavior for a discrete ratio-dependent food-chain
system with delay can be found in ([39],[38]). The optimal control strategy of an SIR
epidemic model with time delay in state and control variables is investigated in [31].
POSITIVITY AND BOUNDEDNESS We now establish the positivity and boundedness
of the system (2.1)-(2.3) without considering the controls.
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Positivity: We now show that if the initial conditions of the system (2.1) - (2.3) are
positive, then the solution remain positive for any future time. Using the equations
(2.1)-(2.3), we get,
dS
dt
dV
dt

dI
dt

= ω ≥ 0,
S=0

= βSV ≥ 0,
I=0

= αI ≥ 0.
V =0

Thus all the above rates are non-negative on the bounding planes (given by S = 0,
I = 0, and V = 0) of the non-negative region of the real space. So, if a solution
begins in the interior of this region, it will remain inside it throughout time t. This
happens because the direction of the vector field is always in the inward direction on
the bounding planes as indicated by the above inequalities. Hence, we conclude that all
the solutions of the the system (2.1 - 2.3) remain positive for any time t > 0 provided
that the initial conditions are positive. This establishes the positivity of the solutions of
the system (2.1-2.3). Next we will show that the solution is bounded .
Boundedness:
Here we will show that the solutions of the system (2.1)-(2.3) without the control
variables is bounded. Let N (t) = S(t) + I(t) + V (t)
Let x = d1 + d2 + d3 + d4 + d5 + d6 and y = b1 + b2 + b3 + b4 + b5 + b6
Now,
dS dI dV
dN
=
+
+
dt
dt
dt
dt
= ω − µ(S + I) − µ1 V − (x − α)I − yV
≤ ω − µ(S + I + V )
with the assumption that x > α and µ = µ1 .
Here the integrating factor is eµt . Therefore after integration we get,
N (t) ≤ ωµ + ce−µt . Now as t → ∞ we get,
N (t) ≤

ω
µ

Thus we have shown that the system (2.1-2.3) without control variable is positive and
bounded. The solutions remains bounded for each bounded control variables. Therefore
the biologically feasible region is given by the following set,



ω
3
Ω=
S(t), I(t), V (t) ∈ R+ : S(t) + I(t) + V (t) ≤ , t ≥ 0
µ
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(µ2bcgf d , µ3bcgf d )

=
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(µ1hcq , µ2hcq , µ3hcq ), U2

=

J(U1 , U2 ) =

Z T
2
2
2
2
2
A1 (µ1hcq (t) + µ2hcq (t) + µ3hcq (t)) + A2 (µ2bcgf d (t) + µ3bcgf d (t)) − I(t) − V (t) dt
0

(2.4)

Here the cost function (2.4) represents the benefits of each of the interventions and the
number of infected cells and viral load throughout the observation period. Our goal is
to maximize the benefits of the implementation of each of the drug interventions and
minimize the infected cells and viral load.
To reduce the complexity of the problem here we choose to model the control efforts
via a linear combination of the quadratic terms. Also when the objective function is
quadratic with respect to the control, differential equations arising from optimization
have a known solution. Other functional forms sometimes lead to systems of differential
equations that are difficult to solve [14], [23]. The coefficients Ai , for i = 1, 2 are the
constants related to the overall benefits of each of the interventions.
The integrand of the cost function (2.4), denoted by
L(I, V, U1 , U2 ) =



A1 (µ21hcq (t)+µ22hcq (t)+µ23hcq (t))+A2 (µ22bcgf d (t)+µ23bcgf d (t))−I(t)−V (t)

is called the Lagrangian of the running cost.
The admissible solution set for the optimal control problem (2.1) - (2.3) is given by,
Ω = {(S, I, V, U1 , U2 ) | S, I and V that satisfy (2.1) − (2.3) ∀ Ui ∈ U }
where U is the set of all admissible controls given by
U = {U1 = (µ1hcq (t), µ2hcq (t), µ3hcq (t)), U2 = (µ2bcgf d (t), µ3bcgf d (t))}:
U1 (t)) ∈ [0, U1 max], U2 (t) ∈ [0, U2 max], t ∈ [0, T ]}.
2.1.

Existence of Optimal Controls

Now we will show that there exists optimal control solutions that maximizes the cost
function (2.4). In order to prove the existence of optimal control function that maximize
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the cost functions within a finite time span [0, T ], we will show that the conditions stated
in Theorem 4.1 of [17] is satisfied.
Theorem 2.1.
There exists a 5-tuple of optimal controls (µ∗1hcq (t), µ∗2hcq (t), µ∗3hcq (t), µ∗2bcgf d (t),
µ∗3bcgf d (t)) in the set of admissible controls U such that the cost functional is maximized
i.e.,
J=



max(µ1hcq ,µ2hcq ,µ3hcq ,µ2bcgf d ,µ3bcgf d )∈U J[µ1hcq (t), µ2hcq (t), µ3hcq (t)), µ2bcgf d (t)), µ3bcgf d (t))]
corresponding to the optimal control problem (2.1) - (2.3).

Proof. We will show that the following conditions are satisfied :
1. The solution set for the system (2.1) - (2.3) along with bounded controls must be
non-empty, i.e., Ω 6= φ.
2. U is closed and convex and system should be expressed linearly in terms of the
control variables with coefficients that are functions of time and state variables.
3. The Lagrangian L should be convex on U and L(S, I, V, U1 , U2 ) ≥
g(U1 , U2 ), where g is a continuous function of control variables such that
|(µ1hcq , µ2hcq , µ3hcq , µ2bcgf d , µ3bcgf d )|−1 g(U1 , U2 )
→ ∞ whenever |(µ1hcq , µ2hcq , µ3hcq , µ2bcgf d , µ3bcgf d )| → ∞, where |.| is an
l2 (0, T ) norm.
Now we will show that each of the conditions are satisfied :
1. From positivity and boundedness of solutions of the system (2.1) - (2.3) all solutions
are bounded for each bounded control variable in U . Also, the right hand side of
the system (2.1) - (2.3) satisfies Lipschitz condition with respect to state variables.
Hence, using the positivity and boundedness condition and the existence of solution
from Picard-Lindelof Theorem [30], we have satisfied condition 1.
2. U is closed and convex by definition. Also, the system (2.1) - (2.3) is clearly
linear with respect to controls such that coefficients are only state variables or functions
dependent on time. Hence condition 2 is satisfied.
3. Choosing g(µ1hcq , µ2hcq , µ3hcq , µ2bcgf d , µ3bbcgf d )
= c(µ21hcq + µ22hcq + µ23hcq + µ22bcgf d + µ23bcgf d ) such that c = min {A1 , A2 }, we can
satisfy the condition 3.
Hence there exists a control 5-tuple (µ1hcq , µ2hcq , µ3hcq , µ2bcgf d , µ3bcgf d ) ∈ U
that maximizes the cost function (2.4).
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Characteriztion of Optimal Controls

We now obtain the necessary conditions for optimal control functions using the
Pontryagin’s Maximum Principle [27] and also obtain the characteristics of the optimal
controls.
The Hamiltonian for this problem is given by

H(S, I, V, U1 , U2 , λ) = L(S, I, V, U1 , U2 ) + λ1

dI
dV
dS
+ λ2
+ λ3
dt
dt
dt

Here λ = (λ1 ,λ2 ,λ3 ) is called co-state vector or adjoint vector.
Now the Canonical equations that relate the state variables to the co-state variables are
given by
dλ1
∂H
=−
dt
∂S
∂H
dλ2
=−
dt
∂I
dλ3
∂H
=−
dt
∂V

(2.5)

Substituting the Hamiltonian value gives the canonical system
dλ1
= λ1 (βV + µ + µ1hcq ) − λ2 βV
dt


dλ2
= 1 + λ2 x + (µ2hcq + µ2bcgf d + µ) − λ3 α
dt
dλ3
= 1 + λ1 βS − λ2 βS + λ3 (y + µ3bcgf d + µ3hcq + µ1 )
dt

(2.6)

where x = d1 + d2 + d − 3 + d4 + d5 + d6 and y = b1 + b2 + b3 + b4 + b5 + b6 along
with transversality conditions λ1 (T ) = 0, λ2 (T ) = 0, λ3 (T ) = 0.
Now, to obtain the optimal controls, we will use the Hamiltonian minimization
∂H
condition ∂u
= 0 , at µ∗ .
i
Differentiating the Hamiltonian and solving the equations, we obtain the optimal
controls as
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µ∗1hcq







λ1 S
min max
, 0 , µ1hcq max
2A1




λ2 I
min max
, 0 , µ2hcq max
2A1




λ3 V
min max
, 0 , µ3hcq max
2A1




λ2 I
, 0 , µ2bcgf d max
min max
2A2




λ3 V
min max
, 0 , µ3bcgf d max
2A2

=

µ∗2hcq =
µ∗3hcq =
µ∗2bcgf d =
µ∗3bcgf d =

3. OPTIMAL DRUG REGIMEN WITH HCQ AND BCG FIRST DOSE AS
DRUG INTERVENTIONS
In this section, we perform numerical simulations to understand the efficacy of single
and two drug interventions and propose the optimal drug regimen in these scenarios.
This is done by studying the effect of the corresponding controls on the dynamics of the
system (2.1) - (2.3).
The efficacy of combinations of controls considered are:
1. Single drug intervention administration.
2. Two drug interventions administration.
For our simulations, we have taken the total number of days as T = 30 and the
parameter values from table 2 which are as in [11].
Table 2. Parameter Values
ω
10

β
0.05

µ
.1

µ1
1.1

α
.5

d1
0.027

d2
0.22

d3
.1

d4
0.428

d5
0.01

d6
0.01

b1
0.1

b2
.1

b3
.08

b4
.11

b5
.1

We first solve the state system numerically using Fourth Order Runge-Kutta method
of order 4 in MATLAB. We take the initial values of state variables to be S(0) =
3.2 × 105 , I(0) = 0, V (0) = 5 and the initial values of the control parameters as
zeros. Since the incubation period of SARS-COV-2 is approximately 4-5 days [11],
initially we allow the system to grow for 5 days without considering any controls. The
population of suceptible cells, infected cells and viral load after 5 days were calculated
to be 3.1971 × 105 , 176, 25 respectively. Considering these as an initial values we

b6
.07
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simulate the system with controls and explore the individual roles of HCQ and BCG
first dose and their combination therapy in reducing the infected cells and viral load.
Now, to simulate the system with controls, we use the Forward-Backward Sweep
method stating with the initial values of controls and solve the state system forward
in time. Following this we solve the adjoint state system backward in time due to the
transversality conditions, using the optimal state variables and initial values of optimal
control.
Now, using the values of adjoint state variables, the values of optimal control are
updated and with these updated control variables, we go through this process again.
We continue this till the convergence criterion is met [27].
Since our aim is to maximize the objective function and the weight constants represent
the benefits of each of the drugs used, the choice of values of the weight constant cannot
be random. To assign the values for these weight constants we have used the concept
of Hazard ratio of the drugs. In Survival analysis, Hazard Ratio (HR) plays a crucial
role in determining the rate at which the people treated by drug may suffer a certain
complication per unit time as the control population. Larger the hazard ratio, less is
the benefit of using the drug. We use this concept in assigning weights to our objective
function in our model. The hazard ratio of HCQ and BCG first dose are 0.34 and 0.21
respectively [8, 19]. Therefore we assume that BCG first dose acts better or has more
benefit in treating the infected patients compared to HCQ. We see that the hazard ratio
of BCG first dose is 38 % less than that of HCQ. Therefore the value of weight constant
associated with HCQ is chosen 38 % lesser than that of BCG.
Based on the above we choose, A1 = 124, A2 = 200. A2 is chosen high compared to A1
because it has the least hazard ratio.
In figure 1 the population of susceptible cells, infected cells and viral load are plotted
without considering control variables. We see that the susceptible cells reduces and the
infected cells increases exponentially due to the increase in viral load over a period of
time.
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Figure 1. Figure depicting the S, I, V populations for the system (2.1) - (2.3) without control
interventions over the time. The exponential growth of the infected cells and viral load can be observed.

In figure (2, 3, 4) we study the dynamics of susceptible, infected cells and viral load
considering the individual and combined effect of HCQ and BCG first dose. We
compare the curves of suceptible cells, infected cells and viral load with and without
these controls and also calculate the average values of the susceptible cells, infected
cells and the viral load with respect to each of the drug interventions HCQ and BCG
first dose when administered individually and in combination. From figure 2 we see
that the susceptible cells increases when BCG first dose is considered and decreases
maximum when HCQ is considered. Therefore with HCQ as control the population of
cells that can become infected is less. In figure (3, 4) the population of infected cells
and viral load is plotted over 30 days. From these figures we observe that as control
variables are considered the infected and viral load population starts decreasing. The
average number of infected cells and viral load are lesser considering HCQ as control
than BCG first dose. The use of HCQ could be a better option in reducing the infected
cells and viral load population when controls are administered individually. But the
infected cells and viral load population decreases the most when both the controls are
administered together. These suggests that combined therapy could be a better option in
minimizing the infected cells and viral load in the body than the individual drug therapy.
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Figure 2. Figure depicting the dynamics of Susceptible cells (S) under different combinations of the
optimal controls U1∗ , U2∗ .

Figure 3. Figure depicting the dynamics of Infected cells (I) under the different combinations of the
optimal controls U1∗ , U2∗ .
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Figure 4. Figure depicting the dynamics of Viral load (V ) under different combinations of the optimal
controls U1∗ , U2∗ .

In table 3 the average values of the susceptible cells, infected cells and the viral load
with respect to each of the drug interventions HCQ, BCG first dose when administered
individually and in combination is given. From this table 3 it can be seen that when both
HCQ and BCG first dose are taken together the infected cells and viral load reduces the
best followed by the drug HCQ (U1 = U1∗ ).
Drug Combinations
U1 = U1∗ , U2 = U2∗
U1 = U1∗ , U2 = 0
U1 = 0, U2 = U2∗

Avg Suceptible cells
2.8587 ×105
2.6936 × 105
3.042 × 105

Avg Infected cells
5.5339 ×103
7.814 × 103
9.018× 103

Avg Viral load
37.522
67.452
69.541

U1 = 0, U2 = 0
3.027 ×105
1.095 ×104
83.719
Table 3. Table depicting the average values of the susceptible cells, infected cells and the viral load.
4.

MODEL WITH HCQ AND BCG BOOSTER DOSE

In similar lines to section 2, in this section, we consider a control problem with the
drug interventions HCQ and BCG booster dose as controls. The natural history for this
model is in similar lines with the model presented by authors in [11]. We assume that
the BCG primary dose is already administered to the patient at birth or in childhood at
some point of time. Because of administration of BCG primary dose the individual will
be now having an additional immunity component acquired due to BCG vaccine first
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dose. Incorporating this aspect the modified control problem is now given by
dS
= ω − βSV − µ1hcq (t)S − µS
dt


dI
= βSV − d1 + d2 + d3 + d4 + d5 + d6 I
dt


− µ2hcq (t) + µ2bcgbd (t) I − α1 I − µI
dV
dt


= αI − b1 + b2 + b3 + b4 + b5 + b6 V


−α2 V − µ1 V − µ3hcq (t) + µ3bcgbd (t) V

(4.1)
(4.2)



(4.3)

Here the parameters α1 and α2 represent the rates of decrease of the infected and viral
load because of the immunity gained due to BCG primary dose. Evidence from animal
and human studies shows that there are significant differences in the immune response
induced by different BCG vaccine strains [34]. Among the six widely used BCG
vaccine strains, BCG Tice is the most efficacious BCG vaccine [21]. The values for
α1 , α2 will be based on the efficacy of the particular BCG vaccine strain. Using least
square method discussed in [11] the values of α1 and α2 are estimated to be 0.1 and .01.
Also, the control interventions µ2bcgbd , µ3bcgbd are the rates at which infected cells and
viral load are reduced due to BCG booster dose.
Definition of the objective function
Let U3 = (µ1hcq , µ2hcq , µ3hcq ), U4 = (µ2bcgbd , µ3bcgbd )
Z
J(U3 , U4 ) =

T



2
2
2
2
2
A3 (µ1hcq (t)+µ2hcq (t)+µ3hcq (t))+A4 (µ2bcgbd (t)+µ3bcgbd (t))−I(t)−V (t) dt

0

(4.4)

The admissible solution set for the optimal control problem (4.1) - (4.3) is given by,
Ω = {(S, I, V, U3 , U4 ) | S, I and V that satisfy (4.1) − (4.4) ∀ Ui ∈ U }
where U is the set of all admissible controls given by
U = {U3 = (µ1hcq (t), µ2hcq (t), µ3hcq (t)), U4 = (µ2bcgbd (t), µ3bcgbd (t)):
U3 (t)) ∈ [0, U1 max], U4 (t) ∈ [0, U4 max], t ∈ [0, T ]}.
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The existence of optimal controls and characterization of optimal controls for the model
(4.1) - (4.4) are in similar lines to sections 2.1 and 2.2 and they are discussed in
Appendix.
5. NUMERICAL SIMULATION WITH HCQ AND BCG BOOSTER DOSE AS
CONTROLS
In this section, we perform numerical simulations to understand the efficacy of HCQ
and BCG booster dose. This is done by studying the effect of the corresponding controls
on the dynamics of the system (4.1) - (4.4). Here the parameter values and the initial
conditions are considered same as in the previous case. Since we assume here that BCG
first dose is already given and immune response is activated the role or the benefit of
BCG booster may not be as good as BCG first dose. Therefore we choose the value of
weight constant associated with BCG booster dose as 150 (A4 = 150), which is lesser
that the value of weight constant associated with BCG first dose.
Similar to the first scenario here too we plot population of susceptible cells, infected
cells and viral load with and without the controls. In figure (5, 6, 7) we study the
dynamics of susceptible, infected cells and viral load considering the individual and
combined effect of HCQ and BCG booster dose. We compare the curves of suceptible
cells, infected cells and viral load with and without these controls and also calculate the
average values of the susceptible cells, infected cells and the viral load with respect
to each of the drug interventions HCQ and BCG booster dose when administered
individually and in combination. From figure 5 we see that the susceptible cells
increases when BCG booster dose is considered and decreases maximum when HCQ
is considered. Therefore with HCQ as control the population of cells that can become
infected is less. In figure (6, 7) the population of infected cells and viral load is plotted
over 30 days. From these figures we observe that as control variables are considered the
infected and viral load population starts decreasing. The average number of infected
cells and viral load are lesser considering HCQ as control than BCG booster dose.
The use of HCQ could be a better option in reducing the infected cells and viral
load population when controls are administered individually. But the infected cells
and viral load population decreases the most when both the controls are administered
together. These suggests that combined therapy could be a better option in minimizing
the infected cells and viral load in the body than the individual drug therapy.
In the table 4 the average values of the susceptible cells, infected cells and the viral load
with respect to each of these drug interventions when administered individually and in
combination is listed. From this table 4 it can be seen that the combined therapy of drug
HCQ (U3 = U3∗ ) and BCG booster dose (U4 = U4∗ ) reduces the infected cells and viral
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load the best followed by drug HCQ (U3 = U3∗ ).

Figure 5. Figure depicting the dynamics of Susceptible cells (S) under different combinations of the
optimal controls U3∗ , U4∗ .

Figure 6. Figure depicting the dynamics of Infected cells (I) under the different combinations of the
optimal controls U3∗ , U4∗ .
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Figure 7. Figure depicting the dynamics of Viral load (V ) under different combinations of the optimal
controls U3∗ , U4∗ .

Drug Combinations
U3 = U3∗ , U4 = U4∗
U3 = U3∗ , U4 = 0
U3 = 0, U4 = U4∗

Avg Suceptible cells
2.8631 ×105
2.7 × 105
3.0457 × 105

Avg Infected cells
5.4484×103
7.6933 × 103
8.679× 103

Avg Viral load
36.9482
66.32
66.44

U3 = 0, U4 = 0
3.0295 ×105
1.071 ×104
81.984
Table 4. Table depicting the average values of the susceptible cells, infected cells and the viral load .
6.

COMPARATIVE EFFECTIVENESS STUDY

In this section we do the comparative effectiveness study for the system
dS
= ω − βSV − µS
dt


dI
= βSV − d1 + d2 + d3 + d4 + d5 + d6 I − µI
dt


dV
= αI − b1 + b2 + b3 + b4 + b5 + b6 V − µ1 V
dt

(6.1)
(6.2)
(6.3)

The basic reproductive number for the system (6.1) - (6.3) as obtained in [1] is given by
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βαω
(6.4)
µ(b1 + b2 + b3 + b4 + b5 + b6 + µ1 )(d1 + d2 + d3 + d4 + d5 + d6 + µ)

The disease-free equilibrium for the system can be seen to be



ω
0
0 0
0
, 0, 0
E = S ,I ,V =
µ

(6.5)

and the endemic equilibrium to be
(b1 + b2 + b3 + b4 + b5 + b6 + µ1 ) (d1 + d2 + d3 + d4 + d5 + d6 + µ)
αβ
αβω − µ (b1 + b2 + b3 + b4 + b5 + b6 + µ1 ) (d1 + d2 + d3 + d4 + d5 + d6 + µ)
I=
αβ (d1 + d2 + d3 + d4 + d5 + d6 + µ)
αβω − µ (b1 + b2 + b3 + b4 + b5 + b6 + µ1 ) (d1 + d2 + d3 + d4 + d5 + d6 + µ)
V =
β (b1 + b2 + b3 + b4 + b5 + b6 + µ1 ) (d1 + d2 + d3 + d4 + d5 + d6 + µ)
(6.6)
S=

Broadly we consider three kinds of interventions for this comparative effectiveness
study.
1. Drugs that inhibit viral replication : Hydroxychloroquine(HCQ) does this job. So
we now choose α to be α(1 − 1 ), where 1 is the efficacy of HCQ.
2. Drugs that block virus binding to susceptible cells : Hydroxychloroquine(HCQ)
does this job. So we now choose β to be β(1 − 1 ), where 1 is the efficacy of
HCQ.
3. Possible Immunotherapies : BCG vaccine does this job. So we now choose
(d1 + d2 + d3 + d4 + d5 + d6 ) to be (d1 + d2 + d3 + d4 + d5 + d6 )(1 + 2 ),
where 2 are the efficacy of BCG dosage.
R0 plays a crucial role in understanding the spread of infection in the individual
and V determines the infectivity of virus in an individual. Taking the three kinds of
interventions into consideration, we now have modified basic reproductive number RE
and modified virus count V E of the endemic equilibrium to be
RE =

α(1 − 1 )β(1 − 1 )ω
µ(b1 + b2 + b3 + b4 + b5 + b6 + µ1 )((d1 + d2 + d3 + d4 + d5 + d6 )(1 + 2 ) + µ)

α(1 − 1 )ω
(b1 + b2 + b3 + b4 + b5 + b6 + µ1 ) ((d1 + d2 + d3 + d4 + d5 + d6 ) (1 + 2 ) + µ)
µ
−
(6.7)
β(1 − 1 )

VE =
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The efficacy of these interventions was chosen based on the hazard ratios for each of
these interventions. As the efficacy of each intervention ranges from 0 to 1, the highest
preference was given to the intervention with least hazard ratio. Since BCG first dose
has the least hazard ratio among three interventions, we chose the efficacy of BCG first
dose as 2 = 0.9. As HCQ has the second highest hazard ratio among three interventions,
we chose the efficacy of HCQ as 1 = 0.6. The efficacy of BCG booster dose was chosen
as 2 = 0.3.
We now perform the comparative effectiveness study of these interventions by
calculating the percentage reduction of R0 and V for single and multiple combination
of these interventions. Percentage reduction of R0 and V are given by


R0 −REj
× 100
Percentage reduction of R0 =
R0

Percentage reduction of V =

V −V Ej
V


× 100

where j stands for 1 , 2 or combinations thereof.
Since we have 2 interventions, we consider 4 (= 22 ) different combinations of these
drugs.

No.
1
2
3
4
5
6
7

Intervention
Nil
HCQ and BCG First Dose
1
2
1 2
HCQ and BCG Booster Dose
1
2
1 2

%age change
in R0
0

Rank
1

%age change
in V
0

Rank
1

84
44.43
91.11

3
2
4

367.6
109.5
411.4

3
2
4

84
21.04
87.37

3
2
4

367.6
51.86
388.34

3
2
4

Table 5. Comparative Effectiveness Study
In the Table 5, the comparative effectiveness is calculated and measured on a scale from
1 to 4 with 1 denoting the lowest comparative effectiveness while 4 denoting the highest
comparative effectiveness. The conclusions from this study are the following.
1. When single drug intervention is administered, HCQ outperforms BCG
vaccination for either of the dosages w.r.t reduction in both R0 and V (refer rows
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2, 3, 5, 6 in table 5).
2. When HCQ and BCG vaccine are both administered together, the best reduction
in R0 and V is seen (refer rows 4,7 in table 5).
7.

DISCUSSIONS AND CONCLUSIONS

In this work we have considered three drugs interventions namely, HCQ, BCG first
dose and BCG booster dose and studied their efficacy for treatment of COVID-19 when
applied individually or in combination. This study is done in two ways. The first by
modeling these interventions as control interventions and studying the optimal control
problem. The second study was the comparative effectiveness study.
Conclusions from the optimal control studies and comparative effectiveness studies
suggest the following.
1. All HCQ and BCG interventions when administered individually or in
combination reduce the infected cells and viral load significantly.
2. The average infected cell count and viral load decreased the best when both the
HCQ and BCG interventions were applied together.
3. The average susceptible cell count decreased the best when HCQ alone was
administered.
4. From the comparative effectiveness study it was observed that the basic
reproduction number and viral count decreased the best when HCQ and BCG
booster interventions were applied together, reinstating the fact obtained earlier
in the optimal control setting.
This study supports the findings in the recent work [9, 33, 5] which state that
• "Mandated BCG vaccination can be effective in fight against COVID-19.
Mandated BCG predicted flattened curves for the spread of COVID-19."
• "BCG vaccination might be associated with a decrease in the incidence of
sickness during the COVID-19 pandemic."
• "A combination of hydroxychloroquine, vitamin and zinc tablets along with
homeopathic medicines apart from separate medical facilities for policemen
and women who contract COVID-19 has helped control the virus among the
uniformed personnel."
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APPENDIX

8.1.

Existence of Optimal Controls

Theorem 8.1.
There exists a 5-tuple of optimal controls (µ∗1hcq (t), µ∗2hcq (t), µ∗3hcq (t), µ∗2bcgbd (t),
µ∗3bcgbd (t) in the set of admissible controls U such that the cost functional is maximized
i.e.,
J=
max(µ1hcq ,µ2hcq ,µ3hcq ,,µ2bcgbd ,µ3bcgbd )∈U




J[µ1hcq (t), µ2hcq (t), µ3hcq (t)), µ2bcgbd (t)), µ3bcgbd (t))]

corresponding to the optimal control problem (4.1) - (4.4).

Proof. In order to show the existence of optimal control functions, we will show that
the following conditions are satisfied :

1. The solution set for the system (4.1) - (4.4) along with bounded controls must be
non-empty, i.e., Ω 6= φ.
2. U is closed and convex and system should be expressed linearly in terms of the
control variables with coefficients that are functions of time and state variables.
3. The Lagrangian L should be convex on U and L(S, I, V, U3 .U4 ) ≥
g(U3 , U4 ), where g is a continuous function of control variables such that
|(µ1hcq , µ2hcq , µ3hcq , µ2bcgbd , µ3bcgbd )|−1
g(µ1hcq , µ2hcq , µ3hcq , µ2bcgbd , µ3bcgbd ) → ∞
whenever |(µ1hcq , µ2hcq , µ3hcq , µ2bcgbd , µ3bcgbd )| → ∞, where |.| is an l2 (0, T )
norm.

Now we will show that each of the conditions are satisfied :
1. From positivity and boundedness of solutions of the system (4.1) - (4.4) all the
solutions of the system are bounded for each bounded control variable in U . Also, the
right hand side of the system (4.1) - (4.4) satisfies Lipschitz condition with respect to
state variables. Hence, using the positivity and boundedness condition and the existence
of solution from Picard-Lindelof Theorem [30], we have satisfied condition 1.
2. U is closed and convex by definition. Also, the system (4.1) - (4.4) is clearly
linear with respect to controls such that coefficients are only state variables or functions
dependent on time. Hence condition 2 is satisfied.
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3. Choosing g(µ1hcq , µ2hcq , µ3hcq , µ2bcgbd , µ3bcgbd )
= c(µ21hcq +µ22hcq +µ23hcq +µ22bcgbd +µ23bcgbd ) such that c = min {A3 , A4 }, we can satisfy
the condition 3.
Hence there exists a control 5-tuple (µ1hcq , µ2hcq , µ3hcq , µ2bcgbd , µ3bcgbd ) ∈ U
that minimizes the cost function (4.4).
8.2. Characterization of Optimal Controls
We now obtain the necessary conditions for optimal control functions using the
Pontryagin’s Maximum Principle [27] and also obtain the characteristics of the optimal
controls.
The Hamiltonian for this problem is given by

H(S, I, V, U3 , U4 , λ) = L(S, I, V, U3 , U4 ) + λ1

dI
dV
dS
+ λ2
+ λ3
dt
dt
dt

Here λ = (λ1 ,λ2 ,λ3 ) is called co-state vector or adjoint vector.
Now the Canonical equations that relate the state variables to the co-state variables are
given by
dλ1
∂H
=−
dt
∂S
∂H
dλ2
=−
dt
∂I
dλ3
∂H
=−
dt
∂V

(8.1)

Substituting the Hamiltonian value gives the canonical system
dλ1
= λ1 (βV + µ + µ1hcq ) − λ2 βV
dt


dλ2
= 1 + λ2 x + (µ2hcq + µ2bcgbd + α1 + µ) − λ3 α
dt
dλ3
= 1 + λ1 βS − λ2 βS + λ3 (y + α2 + µ3bcgbd + µ3hcq + µ1 )
dt

(8.2)

where x = d1 + d2 + d − 3 + d4 + d5 + d6 and y = b1 + b2 + b3 + b4 + b5 + b6 along
with transversality conditions λ1 (T ) = 0, λ2 (T ) = 0, λ3 (T ) = 0.
Now, to obtain the optimal controls, we will use the Hamiltonian minimization
∂H
condition ∂u
= 0 , at µ∗ .
i
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Differentiating the Hamiltonian and solving the equations, we obtain the optimal
controls as




λ1 S
∗
, 0 , µ1hcq max
µ1hcq = min max
2A3




λ2 I
∗
µ2hcq = min max
, 0 , µ2hcq max
2A3




λ3 V
∗
µ3hcq = min max
, 0 , µ3hcq max
2A3




λ2 I
∗
µ2bcgbd = min max
, 0 , µ2bcgbd max
2A4




λ3 V
∗
, 0 , µ3bcgbd max
µ3bcgbd = min max
2A4
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