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Abstract

The aim of this paper is to obtain a common fixed point theorem for self
mappings in complete fuzzy metric space by compactable of type (E). Our
result generalizes and improves other similar results in literature [7].
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1. Introduction:

Fixed point theory is an important area of functional analysis. The study of common
fixed point of mappings satisfying contractive type conditions has been a very active
field of research. In 1965, the concept of fuzzy set was introduced by L.A Zadeh [9].
Then, in 1975, O. Kramosil and J. Michalek introduced the fuzzy metric space as a
generalization of metric space. In 1994, George and Veeramani [1] modified the
notion of fuzzy metric spaces with the help of continuous t-norms. In 1986, G. Jungck
[5] introduced notion of compatible mappings in metric space. In 2000, B. Singh and
M.S. Chouhan [20] introduced the concept of compatible mappings in fuzzy metric
space. In 1993, G. Jungck, P. P. Murthy and Y. J. Cho [4] gave a generalization of
compatible mappings called compatible mappings of type (A) which is equivalent to
the concept of compatible mappings under some conditions. In 1994, H. K. Pathak, Y.
J. Cho, S. S. Chang and S. M. Kang [6] introduced the concept of compatible
mappings of type (P) and compared with compatible mappings of type (A) and
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compatible mappings. In 1998, R. P. Pant [15] introduced the notion of reciprocal
continuity of mappings in metric space. In 1999, R. Vasuki [16] introduced the notion
pointwise R-weakly commuting mappings in fuzzy metric space. Recently, in 2007,
M.R. Singh and Y. M. Singh [10] introduced the concept of compatible mappings of
type (E) in metric space. Since then, many authors have obtained fixed point theorems
in fuzzy metric space using these compatible notions. The purpose of this paper is to
establish a common fixed point theorem for compatible mappings of type (E) [7] in
fuzzy metric spaces with example

2. Preliminaries:
We start with the following definitions.

Definition 2.1. A binary operation *: [0, 1] x [0, 1] — [0, 1] is said to be a continuous
t-norm if = satisfies the following conditions:

@ * IS commutative and associative;

(b) * IS continuous;

(© axl=aforallae€[0,1];and

(d) a*b<cx*dwhenevera<candb<d,anda,b,c,d € [0, 1].

Definition 2.2 [1] A 3-tuple (X,M, *) is said to be a fuzzy metric space if X is an
arbitrary set, * is a continuous t-norm and M is a fuzzy set on X* x (0, ) satisfying
the following conditions: for all X, y,z € X and s, t >0,

(FM1) M(x, y, t) >0;

(FM 2) M(x,y,t)=1ifand only if x = y;

(FM 3) M(x, y, ) = M(y, X, t);

(FM 4) M(x, y, t) *M(y, z, s) <M(x, z, t + s); and

(FM 5) M(x, v,.): (0,00) — (0, 1] is continuous.

Then M is called a fuzzy metric on X. The function M(X, y, t) denote the degree of
nearness between x and y with respect to t. Also, we consider the following condition
in the fuzzy metric spaces (X, M, *).

(FM6) lim (., M(X, y, t) =1, forall x, y € X.

Example 2.1[1]: Let (X, d) be a metric space. Denote a * b = ab for all a, b € [0, 1]
and let M be fuzzy sets on X? x (0, ) defined as follows: M(x, y, t) = for all

t+d(x,y)
X,y in X. Then (X, M, x) is a fuzzy metric space. This fuzzy metric is the standard
fuzzy metric space induced by a metric d.

Definition 2.3 [1] Let (X, M, *) be a fuzzy metric space. Then
Q) a sequence {x,} in X is said to be convergent to a point X in X if for each & >
0 and each t > 0, there exists ng € N such that M(X,, Xo, t) > 1— ¢ for all n > ny.
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(i)  asequence {x,} in X is said to be Cauchy if for each € > 0 and each t > 0,
there exists no € N such that M (Xn, Xm, t) > 1 — € for all n, m > ny.

(i) A fuzzy metric space in which every Cauchy sequence is convergent is said to
be complete.

Definition 2.4[21]. The self mappings A and S of a fuzzy metric space (X, M, ) are
said to be compatible iff lim,_., M(ASx,,SAx,,t) = 1 whenever {x,} is a
sequence in X such that lim,,_,,, Ax,, = lim,,_,,, Sx,= X for some x in X and t > 0.

Definition 2.5[4]. The self mappings A and S of a fuzzy metric space (X, M, *) are
said to be compatible of type (A) if lim,_. d(ASx,,SSx,,t) = 1 and
lim,,_,., d(SAx,, AAx,,t) =1 whenever {x,} is a sequence in X such that lim,,_,., Ax,
= lim,,_, o Sx,= X for some x in X and t > 0.

Definition 2.6[6] The self mappings A and S of a fuzzy metric space (X, M, ) are
said to be compatible of type (P) if lim,,_,o, d(SSx,, AAx,,t) = 1 whenever {X,} is a
sequence in X such that lim,,_,, Ax,, = lim,,_,,, Sx,= X for some x in X and t > 0.

Definition 2.7 [14] The self mappings A and S of a fuzzy metric space (X, M, =) are
called reciprocally continuous on X if lim,_ ASx, = Axand lim,_,. SAx, =Sx
whenever {x,} is a sequence in X such that lim,,_, ., Ax,, = lim,,_,, Sx,= X for some x
in X.

Definition 2.8[16] The self mappings A and S of a fuzzy metric space (X, M, ) are
called pointwise R-weakly commuting if there exists R > 0 such that M(ASx, SAX, t)
> M(Ax, Sx, t/R) for all x in X and t > 0. Definition 2.9. [12] The self mappings A
and S of a metric space (X, d) are said to be compatible of type (E), if lim,_,., AAx, =
lim,, . ASx,=S (t), whenever {x,} is a sequence in X such that lim,,_,,, Ax, =t and
lim,,_,., Sx,=t, for somet € X.

Definition 2.10 [7]. The self mappings A and S of a fuzzy metric space (X, M, x) are
said to be compatible of type (E) iff lim,,M(AAX,ASx,t) = 1,
lim,_,, M(AAX, Sx,,t) =1 lim,,_,., M(ASx,, Sxp,,t) =1 and
lim,,_, o M(SSx;,, SAxp, t) = 1, lim,_,, M(SSx, Axp, t) =1 lim,,,, M(Sx, Axp,t) =1
whenever {x,} is a sequence in X such that lim,,_,,, Ax, = lim,,_,,, Sx,= X for some x
in Xandt>0.

The following examples show that the compatible of type (E) is independent with
compatible, weekly compatible, compatible of type (A), compatible of type (P) and
reciprocal continuous in fuzzy metric space.

Example 2.2 [7]. Let X = [0, 2] with the usual metric d(x, y) = [x —y|, define M(x, y,

t .
t) = Hd(x'y)for all x,y € X, t>0 and axb = ab for all a,b € [0, 1] then (X, M, *) is a

fuzzy metric space.
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We define self-mappings A and S as Ax =2, Sx =0 for x €[0, 1] — { 1/2}, Ax =10, Sx
=2 for x = 1/2 and Ax = (2—x)/2,Sx = x/2 for x €( 1, 2].

Then, A and S are not continuous at x = 1, 1/2.

Consider a sequence {xn} in X such that x, =1 + 1/n for all ne N. Then,

we have Ax, = (2—x,)/2 — 1/2 =x and Sx, = Xp/2 — 1/2 =x.

Also, we have AAX, = A( (2—xp)/2 ) = 2— 2, ASxp = A( Xn/2) = 2— 2, S(x) = 2 and
SSxp =S(xn/2) = 0 — 0, SAX, = S( (2—x,)/2 ) =0 — 0, A(x) = 0.

Therefore, {A, S} is compatible of type (E) but the pair {A, S} is neither compatible
nor (compatible of type (A), compatible of type (P), reciprocal continuous).

Example 2.3 [7]. Let X = [0, 2] with the usual metric d(x, y) = [x — y|, define M(X, y,

t) =t+d§x’y) forall x, y € X, t > 0 and axb = ab for all a,b € [0, 1] then (X, M, =) is a

fuzzy metric space. We define self-mappings A and S as Ax = Sx = 1 for x € [0, 1),
Ax =Sx =4/3 for x = 1 and Ax = 2— x, Sx = x for x €( 1, 2]. Consider a sequence
{Xn} in X such that x, = 1 + 1/n for all n€e N. Then,

we have Ax, = (2— xn) — 1 = x, and Sx, = X,— 1 = x. Since, 2—x,< 1 for all ne N,
we have AAX,=A (2—x5)=1— 1, ASxp = A (Xn) = 2—x,— 1 and SSx,
=S(Xn) =X— 1, SAxp, =S(2— x5) =1 — 1. Also, we have A(x) = 4/3 = S(t) but AS(x)
= AS(1) = A(4/3) =2/3, SA(X) = SA(1) = S(4/3) = 4/3. However, AS(x) # SA(x) at
x = 1. Therefore, {A, S} are not compatible of type (E) but it is compatible,
compatible of type (A) and compatible of type (P).

Lemma 2.4[18] In a fuzzy metric space (X, M, #), ifa x a>a for all a € [0, 1] then a
+ b =min {a, b} forall a, b € [0, 1].

Lemma2. 5 [20] Let (X, M, ) be a fuzzy metric space with the condition: (FM6)
lim,,_, M(x,y,t) = 1 for all x, y € X. If there exists k € (0, 1) such that M(x, y, kt) >
M(x, y, t) then x = y.

Lemma 2.6 [21] Let {y.} be a sequence in a fuzzy metric space (X, M, *) with the
condition (FM6). If there exists k € (0, 1) such that M(Yn, Yn+1, Kt) > M(¥u-1, Yn, t) for
all t >0 and n € N, then {y,} is a Cauchy sequence in X.

We need the following proposition for the proof of our main result.

Proposition 2.7 [7].If A and S be compatible mappings of type (E) on a fuzzy metric

space (X, M, =) and if one of function is continuous.Then, we have

@) AX) = S(x) and lim,_ ., AAx, = lim,_, SSx, = lim,,ASx, =
lim,,_ e SAX,,

(b) If these exist u € X such that Au = Su = x then ASu = SAu.

whenever {x,} is a sequence in X such that lim,,_,., Ax,, = lim,_,, Sx,, = X for some
xin X.
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Proof: Let {X,} be a sequence of X such that lim,,_,., Ax,, = lim,,_,,, Sx,, = X for
some x in X. Then by definition of compatible of type (E), we have lim,,_,,, AAx, =
ASx, = S(x). If A is a continuous mapping, then we get lim,_., AAx, = A
(limyeAx, ) = A(X). This implies A(X) = S(x). Also lim,_. AAx, =
lim, 0 SSx, = lim, ., ASx, = lim,,_,., SAx,. Similarly, if S is continuous then, we
get the same result. This is the proof of part (a).

Again, suppose Au = Su = x for some u € X. Then, ASu = A(Su) = At and

SAuU = S(Au) = St. From (a), we have At = St. Hence, ASu = SAU.

This is the proof of part (b).

3. Main Results

If P, Q, S,T, A and B are self mappings in fuzzy metric space (X, M, ), we denote
Mo (X, y, t) = M(STx, Px, t) *M(ABy,Qy, t) *M(STx, ABy, t)*M(ABy, Px, at)
*M(STx, Qy, (2 —a)t), forall x,y € X, a € (0, 2) and t > 0.

Theorem 3.1 Let (X, M, ) be a complete fuzzy metric space witha * a>a forall a €

[0, 1] and with the condition (FM 6). Let one of the mapping of self mappings (P, ST)

and (Q, AB) of X be continuous such that

() P(X) c AB(X), Q(X) c ST(X);

(i)  there exists k € (0, 1) such that M(Px, Qy, kt) > M, (X, y, t) forall X,y € X, a
€ (0,2)andt>0.

If (P, ST) and (Q, AB) compatible of type of (E) then P, Q, ST and AB have a unique
common fixed point.

If the pair (A,B),(S,T),(Q,B) and (T,P) are Commuting mappings then A,B,S,T,P and
Q have a unique

Common fixed point.

Proof. Let Xo be any point in X. From condition (i), there exists X1, X, € X such that
Pxo = ABX1 = Yyp and Qx; = STx, = y1. Inductively, we can construct sequences {X,}
and {yn} in X such that Pxz, = ABXon+1 = Yon and QXon+1 = STXonse2 = Yonsr forn =0, 1,
2,....fort>0and a=1—qwith q € (0, 1) in (ii), then, we have

M (PXZny Qx2n+1, kt) 2 M (STXZn, PXZH! t) *M (ABX2n+1, QX2n+11 t) *M (STXZn, ABX2n+1,
t) *

M (ABX2n+1, PXan, (1 —q) t) *M (STX2n, QXon+1, (1 + Q) 1),

.., M (Yzn, Yon+1, kt) 2 M (y2n-1, Yzn, 1) *M (Yan, Yon+1, ) *M (Yau-1, Yon, )* M (Y2n, Yon,
(1-q) ©) *

M (Yan-1, Yon+1, (L + Q) 1)

> M (Yan-1, Yon, 1) *M (Yan, Yon+1, 1) *M (Yan-1, Y2n, 1) *M (Yan, Yan+1, Q1)

>M (Yan-1, Yon, 1) *M (Y2n, Yon+1, 1) *M (Y2, Y2n+1, Q).

Since t-norm = is continuous, letting ¢ — 1, we have
M (y2n1 y2n+1, kt) Z M (y2n7], y2n, t) *M (y2n, y2n+11 t) *M (y2n, y2n+1, t)
2 M (yznfl, y2n, t) * M (y2n, y2ﬂ+11 t)
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It follows that M (Yan, Y2n+1, kt) > M (y2n-1, Yon, £) *M (Y2n, Yon+1, 1).

Simila”y, M(y2n+1, Yon+2, kt) > M(YZn, Yon+1, t)*M(YZn+1, Yon+2, t)-

Therefore, for all n even or odd, we have

M(yﬂ’ Yn+1, kt) > M(yn*h Yn t) *M(yn, Yn+1, t)

Consequently, M(Yn, Yn+1, t) = M(ya1, Yo, K 2 ) *M(Yn, Yns1, K2 t) and hence

M(ym Yn+1, t) = M(yn—h Yn, t) *M(yn! Yn+1, k71 t)

Since M(Yn, Yn+1, K™ t) — 1 as k —0, it follows that M(yn, Yn+1, kt) > M(yn-1, Yn, t) for
all n € N and t > 0. Therefore, by Lemma 2.6, {yn} is a Cauchy sequence. Since X is
complete, then there exists a point z in X such that y, — z as n—o. Moreover, we
have Yon = Pxon =ABXon+1 — z and Yon+1 = QX2n+1 = STXon+2 — Z.

If P and ST are compatible of type (E) and one of mapping of the pair (P, ST) is
continuous then by Proposition 2.7 we have Pz = STz. Since P(X) c AB(X), there
exists a point w in X such that Pz = ABw. Using condition (ii), with a. = 1, we have
M(Pz, Qw, kt) > M(STz, Pz, t) *M(ABw, Qw, t) *M(STz, ABw, t)*M(ABw, Pz, 1)
*M(STz, Qw, t)

= M(Pz, Pz, t) *M(Pz, Qw, t) *M(Pz, Pz, t)*M(Pz, Pz, t) xM(Pz, Qw, t)

> M(Pz, Qw, t).

This implies Pz = Qw. Thus, we have Pz = STz = Qw = ABw.Also, we get

M (Pz, QXzn+1, kt) > M (STz, Pz, t) *M (ABXan+1, QXons+1, t) *M (STz, ABXzp41, t) *M
(ABX2n+1, Pz, 1)

*M (STZ, QX2n+1, t).

Letting n—o0, we get

M(Pz, z, kt) > M(Pz, Pz, t) *M(Pz,z, t) *M(Pz,Pz, t)*M(Pz,Pz, t) *M(Pz,z, t)
> M(Pz, z, t).

Hence, we get STz = Pz =z. Therefore, z is common fixed point of P and ST.

Again, if Q and AB are compatible of type (E) and one of mappings of (Q, AB) is
continuous, so we get Qw =ABw = Pz = z. By using proposition 2.7, we get QQw =
QABw = ABQw = ABABwW. Thus, we get Qz = ABz.

Also, using condition (ii) with oo = 1.We have,

M (PXan, Qz, kt) > M (STxzn, PXon, t) *M (ABz, Qz, t) *M (STx2n, ABz, t) *M (ABz,
PXon, t) *M (STXzn, Qz, 1).

Letting n—o0, we get

M (z, Qz, kt) > M (z, z, t) *M (ABz, Qz, t) *M(z, ABz, t)xM(ABz,z, t) *M(z, Qz, t)
>M (z, Qz, t).

Hence, we have Qz = ABz =z. Therefore z is common fixed point of Q and AB.
Hence z is common fixed point of P, Q, ST and AB.

For uniqueness, suppose that Pw (#Pz = z) is another common fixed point of P, Q, ST
and AB. Then, using condition (ii) with o = 1, we have

M (PPz, QPw, kt) = M (Pz, Pw, kt)
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> M (STPz, PPz, t) *M (ABPw, QPw, t) *M (STPz, ABPw, t)*M(ABPw, PPz, t)
*M(STPz, QPw, t)

=M (Pz, Pz, t) *M(Pw, Pw, t) *M(Pz, Pw, t) *M(Pw, Pz, t) *M(Pz, Pw, t)

>M (Pz, Pw, t).

That is, Pw = Pz = z. Thus, z is a unique common fixed point of P, Q, ST and AB by
using the commutativity of the pairs (A, B), (S, T),(Q,B) and (T,P) we can easily
prove that z is a uniqgue common fixed point of A,B,S,T,Pand Q. If we take T =B =
Ix, an identity mapping of X in Theorem 3.2, we get the following result.

Corollary 3.3. Let (X, M, %) be a complete fuzzy metric space with a x a> a for all a
€ [0, 1] and with the condition (FM6). If one of the mapping of self mappings (P, Q)
and (Q, A) of X is continuous such that for k € (0, 1) we have M (Px, Qy, kt) >
Mo(X, y, t) forall x,y € X, a € (0, 2) and t > 0, and if (P, S) and (Q,A) are compatible
of type of (E)

My(x,y,t) = M(Sx,Px,t)*M(Ay,Qy,t)*M(Sx,Ay,t) *M(Ay,Px,at)*M(Sx,Qy,(2-a)t)

for all x,ye X,ae (0,2) and t>0

Similarly if we get the result for three self maps by taking S=A, T=B=I in the
Theorem 3.2 and also by taking P=Q, T=B=Iy in theorem 3.2 and obtain for two self
maps by taking P=Q, A=S, B=T=I in Theorem 3.2 then P, A, S, Q have a unique
common fixed point.

Example 3.4. Let X = [2, 10] with the metric d defined by d(x, y) = [x — y| and define

M(X, y, t) = t+d§x,y) for all x, y € X, t > 0. Clearly (X, M, *) is a complete fuzzy

metric space. Define P, Q, S, T, A and B: X— X as follows;
Px = 2 for all x,

Qx=2ifx<4and>5Qx =3+xif4<x <5

Sx=i1fx <8, Sx=8ifx > 8§;

Ax=2ifx<4or>5 Ax=5+xif4<x<5

Bx=Tx=x V xe[2,10]

Then P, Q, S, T, A and B satisfy all the conditions of the above theorem and have a
unique common fixed point x = 2.

Remark 3.5: The main theorem remains true if (P, ST) and (Q, AB) are pointwise R-
weakly commuting pairs and one of the mappings (P, Q) or (ST, AB) is continuous
and true for compatible, compatible of type (A) and compatible of type (P) in place of
compatible of type (E) if P, ST, Q and AB are assumed to be continuous. Also, our
result extend and generalize the results of Pant and Jha[17], Singh and Singh [11,12]
and S. Kutukcu et al.[19] and improves other similar results in literature.
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