Advances in Fuzzy Mathematics.
ISSN 0973-533X Volume 12, Number 3 (2017), pp. 737-745
© Research India Publications
http://www.ripublication.com

An approach of finding an optimal solution for a
Fuzzy Least cost route problem by using Generalized
Trapezoidal Fuzzy Numbers
T.Nagalakshmi1 and G.Uthra2
1

1

Assistant Professor, Department of Mathematics, S.A. Engineering
College. Chennai-77, Tamilnadu, India.

Research Scholar, Bharathiar University, Coimbatore- 641046, India.

2

Assistant Professor, P.G. and Research Department of Mathematics,
Pachaiyappa’s College, Chennai-30, Tamilnadu, India.

Abstract
The purpose of this paper is to develop a new approach relating to fuzzy
dynamic programming for solving Fuzzy Least cost problems. This paper
proposes an optimal solution to a fuzzy least cost route problem with
imprecise and vague parameters. More specifically, the costs of transportation
are taken as generalized trapezoidal fuzzy numbers. A generalized trapezoidal
fuzzy number (𝑎1, 𝑎2 , 𝑎3 , 𝑎4 ; 𝑤) is a four value judgement where w is the
height of the GTrFN, 0 < 𝑤 ≤ 1. The fuzzy forward and backward recursive
equations are framed to find the optimal solution of the problem. The
approach is illustrated by a numerical example. The peculiar feature of the
proposed approach is the ambiguity and fuzziness in the least cost route
models is effectively eliminated by fuzzy dynamic programming.
Keywords: Fuzzy dynamic Programming, Generalized Trapezoidal Fuzzy
numbers, Least cost route problem
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1. INTRODUCTION
Dynamic programming is a mathematical technique of optimization using multistage
decision process. It is a process in which a sequence of interrelated decisions has to be
made. It provides a systematic procedure for determining the combination of
decisions which maximize overall effectiveness. Classical mathematics has proved
inadequate in handling many optimization problems that involve large number of
decision variables along with inequality constraints. The DP technique decomposed
the original problem in n-variables in to n-sub problems (stages) each in one variable.
The solution obtained in an orderly manner by starting from one stage to the next and
is completed after the final stage is reached.
In many situations, it is observed that the decision making process consists of
selecting a combination of plans from a large number of alternative combinations in a
fuzzy environment. Real situations are very often not crisp, deterministic and they
cannot be described precisely. Zadeh [14] introduced fuzzy theory which has become
an important tool in dealing with imprecision and ambiguity in the real world
problems. In 1970 Bellman and Zadeh [3] applied fuzzy set theory in decision making
process. Later, fuzzy concepts have been applied in all fields. The procedure of
solving optimization problems in dynamic programming with fuzzy parameters is
known as fuzzy dynamic programming (FDP). Many researchers contributed their
work in the field of FDP. The applications and developments in the field of FDP are
detailed by Kacprzyk [10,11,12], and Esogbue [4,12]. Other excellent applications
appear in [2, 5, 6-9, 13]
This paper is proposed to find an optimal solution to a fuzzy least cost route problem
with vague parameters. More specifically, the costs of transportation are taken as
GTrFNs. A generalized trapezoidal fuzzy number (𝑎1 , 𝑎2 , 𝑎3 , 𝑎4 ; 𝑤) is a four valued
argument where w is the height of the GTrFN, 0 < 𝑤 ≤ 1. In this paper, the fuzzy
forward and backward recursive equations are formed to arrive at an optimal solution
of the problem.
The paper is structured as the following manner. Section 2 discusses the introductory
part and operations of arithmetic of GTrFN. Section 3 and Section 4 structures
respectively a general least cost route problem and a general fuzzy least cost route
problem. Section 4 gives the formation of the forward and backward recursive
equations in a fuzzy environment. Section 5 illustrates an example and finally Section
6 concludes the remarks.

2. DEFINITION AND PRELIMINARIES:
2.1 Fuzzy set
If X is a collection of objects denoted generically by x then a fuzzy set 𝐴̃ in X is a set
of ordered pairs:
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𝐴̃ = {(𝑥, 𝜇𝐴̃ (𝑥)) / 𝑥𝜖𝑋}
where 𝜇𝐴̃ (𝑥) is called the membership function.

2.2 Trapezoidal Fuzzy Number:
A Trapezoidal fuzzy number (TrFN) denoted by 𝐴̃ is defined as (𝑎1 , 𝑎2 , 𝑎3 , 𝑎4 ) where
the membership function is given by
0,

𝑥−𝑎1

𝑎2 −𝑎1

,

𝑥 ≤ 𝑎1
𝑎1 ≤ 𝑥 ≤ 𝑎2

,

𝑎2 ≤ 𝑥 ≤ 𝑎3
𝑎3 ≤ 𝑥 ≤ 𝑎4

1,

𝜇𝐴̃ (𝑥) =

𝑎4 −𝑥

{

𝑎4 −𝑎3

0,

𝑥 ≥ 𝑎4

2.3 Generalized Fuzzy number (GFN):
A fuzzy set 𝐴̃ = (𝑎1 , 𝑎2 , 𝑎3 , 𝑎4 ; 𝑤) defined on the universal set of real numbers R, is
said to be generalized fuzzy number if its membership function has the following
characteristics:
(i)
𝜇𝐴̃ (𝑥) : R→ [0,1] is continuous.
(ii)
𝜇𝐴̃ (𝑥) = 0 for all 𝑥 ∈ (−∞, 𝑎1 ] 𝑈 [𝑎4 , ∞).
(iii)
𝜇𝐴̃ (𝑥) is strictly increasing on [𝑎1 , 𝑎2 ] and strictly decreasing on
[𝑎3 , 𝑎4 ].
(iv)
𝜇𝐴̃ (𝑥) = 𝑤 for all 𝑥 ∈ [𝑎2 , 𝑎3 ], where 0 < 𝑤 ≤ 1.
2.4 Generalized Trapezoidal Fuzzy number (GTrFN):
A Generalized Fuzzy Number 𝐴̃ = (𝑎1 , 𝑎2 , 𝑎3 , 𝑎4 ; 𝑤) is called a Generalized
Trapezoidal Fuzzy Number if its membership function is given by
0,
𝑥 ≤ 𝑎1
𝑥 − 𝑎1
𝑤
, 𝑎1 ≤ 𝑥 ≤ 𝑎2
𝑎2 − 𝑎1
𝑤,
𝑎2 ≤ 𝑥 ≤ 𝑎3
𝜇𝐴̃ (𝑥) =
𝑎4 − 𝑥
𝑤
, 𝑎3 ≤ 𝑥 ≤ 𝑎4
𝑎4 − 𝑎3
{
0,
𝑥 ≥ 𝑎4
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Fig:1 Comparison between membership function of TrFN and GTrFN

2.5 Properties of GTrFN (Generalized Trapezoidal Fuzzy number):
Let 𝐴̃ = (𝑎, 𝑏, 𝑐, 𝑑 ; 𝑤1 ) and

𝐵̃ = (𝑝, 𝑞, 𝑟, 𝑠 ; 𝑤2 ) be two GTrFNs then

1. Equality of two GTrFNs :
𝐴̃ = 𝐵̃ if and only if 𝑎 = 𝑝, 𝑏 = 𝑞, 𝑐 = 𝑟, 𝑑 = 𝑠 𝑎𝑛𝑑 𝑤1 = 𝑤2
2. Addition of two GTrFNs :
𝐴̃ + 𝐵̃ = (𝑎 + 𝑝, 𝑏 + 𝑞, 𝑐 + 𝑟, 𝑑 + 𝑠 ; 𝑤) where 𝑤 = min(𝑤1 , 𝑤2 )
3. Subtraction of two GTrFNs:
𝐴̃ − 𝐵̃ = (𝑎 − 𝑠, 𝑏 − 𝑟, 𝑐 − 𝑞, 𝑑 − 𝑝 ; 𝑤) where 𝑤 = min(𝑤1 , 𝑤2 )
4. Multiplication of two GTrFNs:
𝐴̃ ∗ 𝐵̃ = (𝑎𝑝, 𝑏𝑞, 𝑐𝑟, 𝑑𝑠 ; 𝑤) where 𝑤 = min(𝑤1 , 𝑤2 )
5. Division of two GTrFNs:
𝑎 𝑏 𝑐 𝑑
𝐴̃ ÷ 𝐵̃ = ( 𝑠 , 𝑟 , 𝑞 , 𝑝 ; 𝑤) where 𝑤 = min(𝑤1 , 𝑤2 )

6. Scalar Multiplication of GTrFN :
𝑘𝐴̃ = (𝑘𝑎, 𝑘𝑏, 𝑘𝑐, 𝑘𝑑 ; 𝑤) where 𝑤 = min(𝑤1 , 𝑤2 ) if 𝑘 ≥ 0
𝑘𝐴̃ = (𝑘𝑑, 𝑘𝑐, 𝑘𝑏, 𝑘𝑎 ; 𝑤) where 𝑤 = min(𝑤1 , 𝑤2 ) if 𝑘 < 0, k is a scalar.
2.6 Ranking method: Let 𝐴̃ = (a, b, c, d; w) be the GTrFN, then the crisp value given
by [1] is
R (𝐴̃ )= w (a+b+ c+ d)/4.
Section-3
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3.1 LEAST COST ROUTE PROBLEM
The original least cost route problem focuses on the allocation of financial resources
among available routes with the aim of obtaining a minimum cost of transportation
from one city to another. It is required to find the shortest route from the initial city to
the destination city. Suppose if a company has to transport its products from city 𝐴1 to
city 𝐴𝑛 . The transportation costs is given along the lines which connects the nodes.
Each node represents each city. It is required to determine the optimal route i.e least
cost route connecting the cities 𝐴1 and 𝐴𝑛 .
The problem is divided to stages. In each stage decision will be made to select a path
out of many alternatives. For example, at stage 1 one of the two paths 𝐴1 𝐴2 and 𝐴1 𝐴3
is to be selected and at stage 2 one of the four paths 𝐴3 𝐴4 , 𝐴3 𝐴5 , 𝐴2 𝐴5 , and 𝐴2 𝐴6 is to
be selected. The optimal policy will consist of a set of paths connecting 𝐴1 with 𝐴𝑛 .
The basic components of the DP model are (1) stages, (2) states at each stage and (3)
decision alternatives at each stage. The problem can be solved by Forward or
backward recursive equations. The computations starts from the first stage and ends at
the last stage in a forward recursion and vice-versa in the backward recursion.
Forward and Backward recursive equations
The DP model consist of
1. If 𝑥𝑖 represents the state, then 𝑥1 = 𝐴1 and 𝑥1 will have two values 𝐴2 and 𝐴3
at 𝑖 = 2.
2. The paths from one stage to the next stage will be referred to as decision
alternatives.
3. That is, d represent the decision variable from state 𝑖 − 1 to 𝑖 thereby the
state changes from 𝑥𝑖−1 to 𝑥𝑖
4. The return from a decision 𝑑(𝑥𝑖−1 , 𝑥𝑖 ) will be represented by 𝑓𝑖 (𝑥𝑖 )
5. The minimum transportation cost from 𝑥1 to 𝑥𝑖 will be denoted by 𝑓𝑖 ∗ (𝑥𝑖 )
The forward recursive equation is
𝑓1 (𝑥1 ) = 𝑑(𝑥1 , 𝑥2 )
𝑓𝑖 (𝑥𝑖 ) = 𝑀𝑖𝑛 {𝑑(𝑥𝑖 , 𝑥𝑖+1 ) + 𝑓𝑖−1 (𝑥𝑖−1 )} where 𝑖 = 2,3 … 𝑛
The backward recursive equation is
𝑓𝑛 (𝑦𝑛 ) = 𝑑(𝑦𝑛 , 𝑦𝑛+1 )
𝑓𝑖 (𝑦𝑖 ) = 𝑀𝑖𝑛{𝑑(𝑦𝑖 , 𝑦𝑖+1 ) + 𝑓𝑖+1 (𝑦𝑖+1 )} where 𝑖 = 𝑛, 𝑛 − 1, … .1
3.2 Fuzzy Least Cost Route Problem
The above stated problem is considered in a fuzzy environment. That is,
specifically the costs of transportation of products of the company is considered as
Generalized Trapezoidal Fuzzy Numbers.
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Fuzzy Forward and Fuzzy Backward recursive equations
The DP model consist of
1. If 𝑥𝑖 represents the state, then 𝑥1 = 𝐴1 and 𝑥2 will have two values 𝐴2 and 𝐴3
at 𝑖 = 2.
2. The paths from one stage to the next stage will be referred to as decision
alternatives.
3. That is, d represent the decision variable from state 𝑖 − 1 to 𝑖 thereby the
state changes from 𝑥𝑖−1 to 𝑥𝑖
4. The fuzzy return from a decision 𝑑̃ (𝑥𝑖−1 , 𝑥𝑖 ) will be represented by 𝑓̃𝑖 (𝑥𝑖 )
5. The minimum fuzzy transportation cost from 𝑥1 to 𝑥𝑖 will be denoted by
̃𝑖 ∗ (𝑥𝑖 )
𝑓
The fuzzy forward recursive equation is
𝑓̃1 (𝑥1 ) = 𝑑̃ (𝑥1 , 𝑥2 )
𝑓̃𝑖 (𝑥𝑖 ) = 𝑀𝑖𝑛 {𝑑̃(𝑥𝑖 , 𝑥𝑖+1 ) + 𝑓̃𝑖−1 (𝑥𝑖−1 )} where 𝑖 = 2,3 … 𝑛
The fuzzy backward recursive equation is
𝑓̃𝑛 (𝑦𝑛 ) = 𝑑̃(𝑦𝑛 , 𝑦𝑛+1 )
𝑓̃𝑖 (𝑦𝑖 ) = 𝑀𝑖𝑛{𝑑̃ (𝑦𝑖 , 𝑦𝑖+1 ) + 𝑓̃𝑖+1 (𝑦𝑖+1 )} where 𝑖 = 𝑛 − 1, 𝑛 − 2 … .1

4. ILLUSTRATIVE EXAMPLE
Let us consider the following numerical example of a company that wants to transport
its goods from city 𝐴1 to 𝐴10 . The optimal route connecting the routes 𝐴1 and 𝐴10 is to
be determined.
The cost of transportation is taken as GTrFNs as given below:
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Table 1: Cost of transportation
Cost variable
C1
C2
C3
C4
C5
C6
C7
C8

Values
Cost variable
Values
(3,4,5,6;0.2)
C9
(4,5,6,7;0.2)
(5,6,7,8;0.3)
C10
(6,7,8,9;0.3)
(3,4,5,6;0.2)
C11
(4,5,6,7;0.2)
(2,3,4,5;0.1)
C12
(7,8,9,10;0.3)
(1,2,3,4;0.1)
C13
(9,10,11,12;0.3)
(5,6,7,8;0.3)
C14
(6,7,8,9;0.3)
(2,3,4,5;0.1)
C15
(1,2,3,4;0.1)
(5,6,7,8;0.3)
C16
(5,6,7,8;0.3)

The problem is divided into 4 stages where each stage decision will consist of
selecting a path out of a number of alternatives. Starting with node 𝐴10 at stage 4,
𝑓̃4 (𝑥4 ) has three values C14, C15, C16 leading back to state 𝑥3 which has three values
𝐴7 , 𝐴8 , and 𝐴9 . The smallest of the values 𝑓̃4 (𝑥4 ) is to be selected and the optimal
solution 𝑥5 ∗ is noted.
Solution by fuzzy backward recursive equations
Stage 4:

𝑓̃4 (𝑦4 ) = 𝑑̃(𝑦4 , 𝑦5 )
Table 2: Stage 4
𝑦4 𝑦5 =𝐴10
𝑓̃4 (𝑦4 ) 𝑦5 ∗
𝐴7 (6,7,8,9;0.3) (6,7,8,9;0.3) 𝐴10
𝐴8 (1,2,3,4;0.1) (1,2,3,4;0.1) 𝐴10
𝐴9 (5,6,7,8;0.3) (5,6,7,8;0.3) 𝐴10

Stage 3:

𝑓̃3 (𝑦3 ) = 𝑀𝑖𝑛{𝑑̃(𝑦3 , 𝑦4 ) + 𝑓̃4 (𝑦4 )}

Table 3: Stage 3
𝑦4 = 𝐴7
𝑦4 =𝐴8
𝑦4 =𝐴9
𝑦3
𝑦4 ∗
𝑓̃3 (𝑦3 )
(6,8,10,12;0.1) 𝐴8
𝐴4 (8,10,12,14;0.1) (6,8,10,12;0.1)
𝐴5 (10,12,14,16;0.2) (7,9,11,13;0.1) (9,11,13,15;0.2) (7,9,11,13;0.1) 𝐴8
(8,10,12,14;0.1) (14, 16,18,20;0.3) (8,10,12,14;0.1) 𝐴8
𝐴6
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Stage 2:

𝑓̃2 (𝑦2 ) = 𝑀𝑖𝑛{𝑑̃(𝑦2 , 𝑦3 ) + 𝑓̃3 (𝑦3 )}
Table 4: Stage 2

𝑦3 =𝐴4
𝑦3 =𝐴5
𝑦3 =𝐴6
𝑦2
𝑦3 ∗
𝑓̃2 (𝑦2 )
(9,12,15,18;0.1) 𝐴4 or 𝐴5
𝐴3 (9,12,15,18;0.1) (9,12,15,18;0.1)
(8,11,14,17;0.1) (13,16,19,22;0.1) (8,11,14,17;0.1)
𝐴2
𝐴5
Stage 1:

𝑓̃1 (𝑦1 ) = 𝑀𝑖𝑛{𝑑̃ (𝑦1 , 𝑦2 ) + 𝑓̃2 (𝑦2 )}
Table 4: Stage 2

𝑦1

𝑦2 =𝐴3

𝑦2 =𝐴2

𝑓̃1 (𝑦1 )

𝑦2 ∗

𝐴1

(14,18,22,26;0.1)

(11,15,19,23;0.1)

(11,15,19,23;0.1)

𝐴2

The minimum fuzzy cost of the route connecting 𝐴1 to 𝐴10 is (11,15,19,23;0.1). We
follow the back ward procedure to determine the optimal route. The optimal route is
given by 𝐴1 → 𝐴2 → 𝐴5 → 𝐴8 → 𝐴10 . It is also observed that the same minimum
fuzzy cost and the optimal route is obtained by using fuzzy forward recursive
equations. By the ranking function [1] of the GTrFN, the minimum crisp cost is given
by 1.7.

CONCLUSION
A new fuzzy approach has been proposed in this paper to solve a fuzzy least cost
route problem. The cost values of transporting goods are expressed as generalized
trapezoidal fuzzy numbers. The fuzzy forward and backward recursive equations are
formulated and the optimal solution is obtained from the same. This approach will be
eminent in tackling complicating fuzzy least cost route problems. Fuzzy Dynamic
Programming is a significant optimization procedure that is specifically useful to
many interesting problems which involves a order of interrelated decisions in a fuzzy
circumstances in the future. Therefore, it has wide range of applications.
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