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Abstract 

In this paper, we apply homotopy perturbation transform method (HPTM) 

with the Elzaki Transform Method to obtain the solution of Newell-Whitehead 

Segel equation. homotopy perturbation Transform Method is powerful and 

efficient technique in finding exact and approximate solutions for nonlinear 

differential equations The Newell-Whitehead-Segel equation is an important 

model arising in fluid mechanics. Various researchers worked on approximate 

solution of this model by using different methods .The result reveals that the 

proposed method is very efficient, simple and can be applied to linear and 

nonlinear problems. 
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INTRODUCTION 

The nonlinear equations play an important role in modeling various phenomena 

arising in applied science. Several systems are modeled by partial differential 

equations and most of them are nonlinear. Solving nonlinear system is an important 

task in mathematical analysis and applications [7-8].In recent years, many research 

workers have paid attention to study the solutions of nonlinear partial differential 

equations by using various methods. Among these are the Adomian decomposition 

method (ADM) [9-14], the homotopy perturbation method (HPM), the differential 

transform method and the variational iteration method (VIM) . One of the most 

important of amplitude equations is the Newell-Whitehead-Segel equation [1-6] 

which describes the appearance of the stripe pattern in two dimensional systems. 
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Moreover, this equation was applied to a number of problem in a variety systems, 

e.g., Rayleigh-Benard convection, Faraday instability, nonlinear optics, chemical 

reactions and biological systems. The approximate solutions of the Newell-

Whitehead-Segel equation were presented by Adomian decomposition, differential 

transformation method, reduce differential transformation. Recently, Tarig M. Elzaki 

and Sailh M. Elzaki in [15-21], showed Elzaki transform, was applied to partial 

differential equations, ordinary differential equations, system of ordinary and partial 

differential equations and integral equations. Elzaki Transform is a powerful tool for 

solving some differential equations which cannot solve by Sumudu transform in this 

paper a reliable homotopy perturbation transform method with the Elzaki transform is 

applied for solving Newell-Whitehead-Segel equation. The method can be employed 

to linear and nonlinear problems, and The major advantage of this method is its 

capability of combining the two powerful method to obtain exact solution for 

nonlinear equation. Moreover, some examples are illustrative for demonstrating the 

advantage of the method. 

 

 

BASIC IDEA OF HOMOTOPY PERTURBATION TRANSFORM METHOD 

Let us consider the initial value problem in Newell-Whitehead-Segel equation in the 

form: 

                  ut(x , t) = Kuxx(x , t) + au(x , t) − bum(x , t)                     (1) 

 with the initial condition 

                                       u(x ,0) = f(x)                                                     (2) 

where a and b are real numbers and k and m are positive integers. 

By applying the Elzaki transform on both sides of the equation (1) and using the 

linearity of the Elzaki transform gives: 

                                    𝐸{ut(x , t)} = KE{uxx} + aE{u(x , t)} − bE[um]              (3) 

Using the differential property of Elzaki transform, Eq.(3) can be written as: 

                     
1

𝑣
𝐸[𝑢(𝑥 , 𝑡)] − 𝑣u(x ,0) = KE{uxx} + aE{u(x , t)} − bE[um]              (4) 

Using initial condition (2), Eq. (4) can be written as                                                       

                     
1

𝑣
𝐸[𝑢(𝑥 , 𝑡)] − 𝑣f(x) = KE{uxx} + aE{u(x , t)} − bE[um]  

                    𝐸[𝑢(𝑥 , 𝑡)] =
v2 f(x)

1−𝑎𝑣
+

K v

1−𝑎𝑣
E{uxx} −

bv

1−𝑎𝑣
E[um]                              (5) 

Taking the inverse Elzaki transform on equation (5), we obtain 

     𝑢(𝑥 , 𝑡) = E−1 {
v2 f(x)

1−𝑎𝑣
} + E−1 {

K v

1−𝑎𝑣
E{uxx}} − E−1 {

bv

1−𝑎𝑣
E[um]}              (6) 
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In the homotopy perturbation method (HPM), the basic assumption is that the 

solutions can be written as a power series in p : 

                                    𝑢(𝑥, 𝑡) = ∑ 𝑝𝑛𝑢𝑛(𝑥, 𝑡)∞
𝑛=0                                      (7) 

and the nonlinear term 𝑁(𝑢) = 𝑢𝑚 , 𝑚 > 1 can be presented by an infinite series 

                           𝑁𝑢(𝑥, 𝑡)  = ∑ 𝑝𝑛𝐻𝑛(𝑢)∞
𝑛=0                                          (8) 

where 𝑝 ∈ [0,1] is an embedding parameter and  the He’s polynomials that can be  

generated by   

                  𝐻𝑛(𝑢0, 𝑢1, 𝑢2 …  𝑢𝑛) =
1

𝑛!

𝜕𝑛

𝜕𝑝𝑛
[𝑁(∑ 𝑝𝑖𝑢𝑖

∞
𝑛=0 )]

𝑝=0
  , 𝑛 = 0,1,2, …       (9) 

Substituting (7) and (8) in (6), we get 

∑ 𝑝𝑛𝑢𝑛(𝑥, 𝑡)∞
𝑛=0 = E−1 {

v f(x)

1−𝑎𝑣
} + 𝑝𝐸−1[

K v

1−𝑎𝑣
𝐸[∑ 𝑝𝑛(𝑢𝑛(𝑥, 𝑡))

𝑥𝑥
∞
𝑛=0 −

bv

1−𝑎𝑣
𝐸{∑ 𝑝𝑛𝐻𝑛(𝑢)∞

𝑛=0 }]                                                                                     (10) 

which is the coupling of the Elzaki transform and the homotopy perturbation method 

using He’s polynomials. Comparing the coefficient of like powers of p, the following 

approximations are obtained. 

                                          𝑝0 ∶   𝑢0(𝑥, 𝑡) =  E−1 {
v2 f(x)

1−𝑎𝑣
} , 

 𝑝1 ∶   𝑢1(𝑥, 𝑡)  = 𝐸−1 [
K v

1−𝑎𝑣
𝐸 {(𝑢0(𝑥, 𝑡))

𝑥𝑥
} −

bv

1−𝑎𝑣
𝐸(𝐻0(𝑢))] , 

      𝑝2 ∶    𝑢2(𝑥, 𝑡) = 𝐸−1 [
K v

1−𝑎𝑣
𝐸 {(𝑢1(𝑥, 𝑡))

𝑥𝑥
} −

bv

1−𝑎𝑣
𝐸(𝐻1(𝑢))]],                  (11) 

... 

Proceeding in this same manner, the rest of the components un(x, t ) can be 

completely obtained and the series solution is thus entirely determined. Finally, we 

approximate the analytical solution u(x, t ) by truncated series: 

      𝑢(𝑥, 𝑡) = lim
𝑛→∞

∑ 𝑢𝑛(𝑥, 𝑡)𝑁
0 = 𝑢0(𝑥, 𝑡)+𝑢1(𝑥, 𝑡) + 𝑢2(𝑥, 𝑡)  + ⋯                     (12) 

The above series solutions generally converge very rapidly. 

 

APPLICATION 

In this section, some initial value problems are presented to show the advantages of 

the proposed method which can be applied to linear and nonlinear problem. 
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Example 3.1: Consider linear Newell-Whitehead-Segel equation 

                              ut = uxx − 3u                                                                (13) 

subject to initial condition 

                        u(x ,0) = e2x.                                                              (14) 

property of Elzaki transform one obtains 

                                    
T(v)

v
− vf(0) = E{uxx} − 3E{u} 

Applying initial condition (14) becomes 

                      T(v) =
v2e2x

1+3v
+

v

1+3v
E{uxx}                                                    (15) 

Taking the inverse Elzaki transform on equation (15), we obtain 

                     u(x , t) = E−1 [
v2e2x

1+3v
] + E−1 [

v

1+3v
E{uxx}]                  

                         u(x , t) = e2xe−3t + E−1 [
v

1+3v
E{uxx}]                                             (16) 

Now, applying the homotopy perturbation method, we get 

      ∑ 𝑝𝑛𝑢𝑛(𝑥, 𝑡)∞
𝑛=0 = e2xe−3t + 𝑝𝐸−1[

v

1+3v
𝐸[∑ 𝑝𝑛(𝑢𝑛(𝑥, 𝑡))

𝑥𝑥

∞
𝑛=0 ]             (17) 

 

Comparing the coefficients of like powers of  𝑝 , we have 

               𝑝0 ∶   𝑢0(𝑥, 𝑡) =  e2xe−3t, 

                 𝑝1 ∶   𝑢1(𝑥, 𝑡) = 𝐸−1 [
v

1+3v
𝐸 [(𝑢0(𝑥, 𝑡))

𝑥𝑥
]] = 4te2xe−3t 

                  𝑝2 ∶    𝑢2(𝑥, 𝑡) = 𝐸−1 [
v

1+3v
𝐸 [(𝑢1(𝑥, 𝑡))

𝑥𝑥
]] = 8t2e2xe−3t        

               𝑝3 ∶    𝑢3(𝑥, 𝑡) = 𝐸−1 [
v

1+3v
𝐸(𝑢2(𝑥, 𝑡))

𝑥𝑥
] =

32

3
t3e2xe−3t                       (18) 

 

Therefore the solution u(x , t) is given by 

        u(x , t) = e2xe−3t [1 + 4t + 8t2 +
32

3
t3 + ⋯ . ]                                        (19) 

                             = e2xe−3te4t 

                                = e2x+t                                                                                      (20) 
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Example 3.2: Consider nonlinear Newell-Whitehead-Segel equation 

                             ut = 5uxx + 2u + u2                                                    (21) 

subject to initial condition  

                                u(x ,0) = α                                                                      (22) 

where α is arbitrary constant. Taking the Elzaki transform on both sides of equation 

(21), we have 

                                    
T(v)

v
− vF(0) = 5E{uxx} + 2E{u} + E{u2} 

Applying initial condition (22) becomes 

              T(v) =
αv2

1−2v
+

5v

1−2v
E{uxx} +

v

1−2v
E{u2}                                (23) 

Taking the inverse Elzaki transform on equation (23), we obtain 

     u(x , t) = E−1 [
αv2

1−2v
] + E−1 [

5v

1−2v
E{uxx}] + E−1 [

v

1−2v
E{u2}]                  

     u(x , t) = αe2t + E−1 [
5v

1−2v
E{uxx}] + E−1 [

v

1−2v
E{u2}]                                    (24) 

Now, applying the homotopy perturbation method, we get 

  ∑ 𝑝𝑛𝑢𝑛(𝑥, 𝑡)∞
𝑛=0 = αe2t − 𝑝𝐸−1[

5v

1−2v
𝐸 {∑ 𝑝𝑛(𝑢𝑛(𝑥, 𝑡))

𝑥𝑥
∞
𝑛=0 } +

v

1−2v
𝐸{∑ 𝑝𝑛𝐻𝑛(𝑢)∞

𝑛=0 }]    

                                                                                                                                 (25) 

Comparing the coefficients of like powers of p , we have 

                                          𝑝0 ∶   𝑢0(𝑥, 𝑡) = αe2t 

 𝑝1 ∶   𝑢1(𝑥, 𝑡)  = 𝐸−1 [
5v

1−2v
𝐸[(𝑢0(𝑥, 𝑡))

𝑥𝑥
] +

v

1−2v
𝐸{𝐻0(𝑢)}] 

 =
α2

2
e2t[e2t − 1] 

                  𝑝2 ∶    𝑢2(𝑥, 𝑡) = 𝐸−1 [
5v

1−2v
𝐸[(𝑢1(𝑥, 𝑡))

𝑥𝑥
] +

v

1−2v
𝐸{𝐻1(𝑢)}]       

                                         =
α3

4
e2t[e2t − 1]2 

                𝑝3 ∶    𝑢3(𝑥, 𝑡) = 𝐸−1 [
5v

1−2v
𝐸[(𝑢2(𝑥, 𝑡))

𝑥𝑥
] +

v

1−2v
𝐸{𝐻2(𝑢)}]      

                                      =
α4

8
e2t[e2t − 1]3                                                          (26) 
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Therefore the solution u(x , t) is given by 

          u(x , t) = u0 + u1 + u2 + ⋯ 

                      = e2t [α +
α2

2
[e2t − 1] +

α3

4
[e2t − 1]2 +

α4

8
[e2t − 1]3 + ⋯ . ] 

                      = e2t [
α

1−
α(e2t−1)

2

] 

                      =
2αe2t

2+α(1−e2t)
                                                                                       (27) 

 

 

CONCLUSION 

In this work, the homotopy perturbation transform method (HPTM) was successfully 

used for solving Newell- Whitehead-Segel equation with initial condition. The results 

show that the homotopy perturbation transform method is powerful and efficient 

technique in finding exact and approximate solutions for nonlinear differential 

equations. It is worth mentioning that HPTM is capable of reducing the volume of the 

computational work as compared to the classical methods while still maintaining the 

high accuracy of the numerical result. In conclusion, The result reveals that the 

proposed method is very efficient, simple and can be applied to linear and nonlinear 

problems. 
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