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Abstract

Behavior of many important and interesting systems admits an analytical descrip-
tion in terms of algebraic, differential or difference equations over the real numbers
field. A similar description for organizational systems equipped with additional
neighborhood and hierarchical structures still remains unknown. In this paper, we
consider dynamics of hierarchical systems composed of several greedy agents in
unpredicted environment. To describe their dynamics analytically we introduce
new classes of mathematical models over tropical semifields and develop methods
of their identification based on Kaczmarz algorithm.
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1. Introduction

The problem of modelling of organizatinal systems equipped with additional neigh-
borhood and hierarchical structures is a very difficult task. There are no conventional
approaches to modelling because of their great complexity. A natural way of modelling
using conventional dynamical systems doesn’t provide adequate instruments for taking
into account additional neighborhood and hierarchical structure. We develop yet another
approach called neighborhood systems [1]. Our approach generalizes multidimensional
dynamical systems [2] and neural networks [3] in a some interesting way which could
be significantly pushed forward by using idempotent or tropical mathematics methods
[4, 5].
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Neural networks have been successfully applied to many hardly-formalized tasks
and formed the mainstream of machine learning, neigbourhood systems approach as the
generalization of the latter is less developed yet. In the article we study organizational
systems composed of several greedy agents in unpredicted environment equiped with
neighborhood and hierarchical structure. Such multiagent systems often are called or-
ganizational. This additional structures are essential for communication and the priority
of decision making. By analogy with computer science, agents making suboptimal de-
cisions are called greedy [6]. The phenomenon of greediness has sense only in discrete
setting thought the agents workspace and communication patterns could be represented
by dynamic graphs. Modelling of such systems require flexible machinery providing
adequate instruments for expressing this changes inside a mathematical model.

Our work relies on the existing results, but have some interesting and important fea-
tures. First, out approach admits an expressing in pure analytical terms of the dynamics
of organizational systems equipped additional neighborhood and hierarchical structures.
Second, our models combine linear and non-linear transformationa in terms of the trop-
ical semirings though we have to develop new methods for their identification based
on Kaczmarz algorithm. The results could be applied in many different situations with
complex interaction patterns in the areas of game theory, planning and machine learning

2. Tropical mathematics and it’s applications

Abstract algebra is a branch of mathematics studying algebraic structures and mor-
phisms between them [7]. Algebraic structure is a set equipped with operations sat-
isfying some axioms. For example, monoid is a set equipped with associative binary
operation and an identity element. A set equipped with addition and multiplication is
called a semiring if it is a commutative additive monoid and non-commutative multi-
plicative monoid where multiplication distributes addition from left and right, and zero
absorbs every element from the domain. A semiring is called additively idempotent if its
addition is idempotent, a⊕a = a. Tropical semiring Rmin is the set R∪{+∞} equipped
with addition x⊕ y = min(a,b) and multiplication x� y = a+b, zero 0=+∞ and unit
1= 0. In a dual formulation, tropical semiring Rmax is the set R∪{−∞} equipped with
addition x⊕ y = max(a,b) and multiplication x� y = a+ b, zero 0 = −∞ and unity
1= 0. The latter semifields are usually called tropical [8].

Z Rmax Rmax,min

N Q R

Q+ Rmin Rmin,max

Figure 1: Extension of algebraic structures
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The historical process of algebraic structures extension if presented in the diagram
2. The semiring N of natural numbers is extended to the ring Z of integer numbers or to
the semifield Q+ of nonnegative rational numbers; the semifield Q+ is extended to Q of
rational numbers; the field R is a completion of Q with respect to absolute value norm.
Tropical semifields Rmax,Rmin and subtropical semirings Rmax,min,Rmin,max could be
included in this extension scheme with the help of Litvinov-Maslov dequantization pro-
cedure usually treated as a logarithmically degeneration of the field R of real numbers.

Table 1: Tropical semifield and subtropical semirings

∑
T

Rmax Rmin Rmax,min Rmin,max

T R∪{−∞} R∪{+∞} R∪{±∞} R∪{±∞}
x⊕ y max(x,y) min(x,y) max(x,y) min(x,y)
x� y x+ y x+ y min(x,y) max(x,y)
0 −∞ +∞ −∞ +∞

1 0 0 −∞ +∞

This semirings are closely related to decision making and planning in artificial in-
telligence. Subtropical semirings are the basic tools for fuzzy control. There are several
approaches in artificial intelligence for decomposing processes: multi-agent and orga-
nizational [9]. The multi-agent systems theory has emerged as a powerful conceptual
paradigm in science and engineering, which poses many interesting and challenging
problems. Agent is an autonomous entity which observes through sensors, acts on the
environment, and directs his activity towards achieving his goal. The multiagent sys-
tem is called organizational when both neighborhood adn hierarchical are taken into
account.

The agent workspace and communication patterns are usually represented by dy-
namically changing graphs. The greediness is synonymous to a so called suboptimal
dynamics where the agents make decisions optimal in current moment of time accord-
ing to their position in the hierarchy. Such dynamical processes are not completely
understood in the mathematical sense: we still do not know the underlying equations
and the mathematical language in which terms they should be expressed. We develop
a new approach to describe the greedy agent’s motion analytically, i.e. in the form of
some neighborhood and neural systems over the tropical semirings.

3. Neighborhood and Neural Models

The notion of neighborhood systems is a generalization of the conventional dynamical
system which includes description of agents interconnection patterns [1]. The simplest
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descrete linear dynamical system is given by the system of equations
x[t] = A · x[t−1]+B · v[t],
y[t] =C · x[t]+D · v[t],
x[0] = x0, t ∈ N,

(3.1)

where x[t] ∈ Rn is a state vector, v[t] ∈ Rn is an input vector, A,B,C,D ∈ Rn×n are
parameters matrices.

The most perspective way to generalize the model (3.1) is to build symmetrical linear
neighborhood systems over the field R of real numbers in the form

∑
α∈Ov[a]

wv[a,α]v[α] = ∑
β∈Ox[a]

wx[a,β ]x[β ], (3.2)

where v[a]∈Rm,x[a]∈Rn are input and state vectors of the node α; wv[a,α]∈Rc×m,wx[a,α]∈
Rc×n are parameter matrices; Ov[a] Ox[a] input and state neighborhood sets of the node
a; a,α,β ∈ A, A = {a1,a2, . . . ,aN} is a domain of the discrete argument set, |A|= N.

The further developement of the last model leads to the mixed symmetrical linear
neighborhood model

∑
α∈Ov[a]

wv[a,α]v[α]+ ∑
β∈Ox[a]

wx[a,β ]x[β ]+ ∑
γ∈Oy[a]

wy[a,γ]y[γ] = 0, (3.3)

where v[a] ∈ Rm,x[a] ∈ Rn,y[a] ∈ Rq are the input, state and output of the node α;
wv[a,α] ∈ Rc×m,wx[a,β ] ∈ Rc×n,wx[a,β ] ∈ Rc×q are the parameter matrices; Ov[a],
Ox[a] and Oy[a] are input, state and output neighborhoods of the node a ; a,α,β ,γ ∈ A,
A = {a1,a2, . . . ,aN} is the finite domain of the descrete argument, |A|= N.

The artificial neural networks are considered as important particular cases of neigh-
borhood systems consisting of several layers of neurons [1]. In feed-forward neural
networks a signal is being distributed from the (m−1)-th layer to the m-th [3]. A neu-
ron is an information processing unit which nonlinearly transforms the vector input into
the scalar output in two steps. First, the neuron computes an activity level net(x,w)
by linear combination of the input vector x = [x1,x2, . . . ,xn]

T and the weight vector
w = [w1,w2, . . . ,wn]

T

net(x,w) =
n

∑
i=1

wixi = wT x.

Second, in the neuron net some nonlinear activation function is being applied to the
activity level y = ϕ(net). In the most general setting the lineary combiner is imple-
mented using higher-order polynomials which could be treated as finite-order Volterra
series approximations

net(x,w) = w0 +
n

∑
i=1

wixi +
n

∑
i=1

n

∑
j=1

wi jxix j +
n

∑
i=1

n

∑
j=1

n

∑
k=1

wi jkxix jxk + . . .
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An output of the m-th layer could be expressed evidentially as linear-nonlinear trans-
formation of the inputs given by the equation

y(m) = ϕ
(m)

(
w(m)y(m−1)

)
,

where W (m) is a weight matrix of the m-th layer neurons, y(m−1) is an output of the
(m− 1)-th layer neurons. Finally, the input-output relation could be expressed in a
superpositional form

y(m) = ϕ
(m)
(
w(m)

ϕ
(m−1)(. . .w(2)

ϕ
(1)(w(1)x

)
. . .
))
.

The existing classes of neighborhood and neural models have significant restrictions
which don’t allow to take into account additional neighborhood and hierarchical rela-
tions between agents [1]. This fact motivated us to build and investigate new kinds of
neighborhood systems and neural models in the tropical semiring setting. This models
generilize the existing ones and provide more sophisticated tools for expressing hierar-
chical relations between agents anaylitically [9].

In the spirit of N. Bohra’s correspondence principle there is a heuristic correspon-
dence between important, useful, and interesting constructions and results over fields
and similar results over idempotent semirings [8]. A systematic application of this cor-
respondence principle leads to a variety of theoretical and applied result. This principle
predicts that there should exist an analog of the neighborhood and neural models in the
tropical semirings setting.

In the tropical case linear mappings and operators are equivalent to multiplication
by a matrix. The main difference is that this multiplication is considered in terms of
semifield operations. A general linear equation with respect to the unknown vector
x ∈ Tn has the form Ax⊕ b = Cx⊕ d. The equations Ax = b and Ax⊕ b = x could be
treated as it’s particular cases. Because of non-invertability of sum operation we can’t
group up all equation components in the left side of equation. That’s why we have to
deal with two-sided asymmetrical linear neighborhood system over tropcal semifield T
in the form⊕
α∈Ov[a]

wv[a,α]v[α]⊕
⊕

β∈Ox[a]

wx[a,β ]x[β ] =
⊕

α∈OV [a]

WV [a,α]v[a]⊕
⊕

β∈Ox[a]

wx[a,β ]x[β ],

where v[a] ∈ Tm horizontal input (input from the nodes of the current hierarchy level),
x[a] ∈ Tn horizontal state (state of the nodes of the current hierarchy level); wv[α,a] ∈
Tc×n,wv[α,a] ∈ Tc×n,wx[β ,a] ∈ Tc×m are parameter matrices; Ov[a], Ox[a] and Ox[a]
are horizontal and vertical neighborhoods; a,α,β ∈ A, A = {a1,a2, . . . ,aN} – finite do-
main of the system argument equiped with additional hierarchical structure.

The introduced class of neighborhood systems over tropical semirings has some
essential differences from the classical ones. First, the model is asymmetrical and two-
sided. It couldn’t be reduced to the one-sided form without loosing of generality. Sec-
ond, it takes into account both neighborhood and hierarchical structures. Third, it is
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linear in the tropical sense and non-linear in the classical sense. Fourth, for it’s para-
metrical identification could be used Kaczmarz algorithm, or stochastic gradient descent
[10] adopted to the tropical case. The Moore-Penrose preudoinverse which is used in
the teaching procedures couldn’t be applied in the conventional manner becaue matri-
ces over tropical semirfields lack of von Neumann’s regularity property [11]. Conse-
quently, not all matrices over tropical semirings are being pseudoinvetible. There exists
an analogue of Moore-Penrose preudoinverse called Vorobyov or extremal preudoin-
verse which admits building efficient methods of parametrical identification procedures.

4. Conclusions

Behavior of many important and interesting systems admits an analytical description
in terms of algebraic, differential or difference equations over the field of real or com-
plex numbers. Both multi-agent and organizational systems theories lack mathematical
foundation. The major gap in the existing theories is a non-availability of reliable ana-
lytical methods for modelling, analysis and control of organizational systems. A natural
attempt to describe their dynamics analytically meets irresolvable difficulties caused by
the complexity of this processes.

To obtain an analytic description of the organizational systems we developed a new
approach based on the tropical mathematics and introduced a new classes of nonlinear
dynamical systems over them as desired models. In our terminology, an analytical de-
scription means a description in the form of some neighborhood or neural system. The
idea of this work is parallel to queuing systems theory, where many interesting systems
were described by linear dynamical systems over tropical semirings. Similar problems
were also concidered in the idempotent control theory. In artificial intelligence simi-
lar systems were widely investigated algorithmically by many authors under different
names (motion planning problem, navigation problem, piano mover’s problem, and peb-
ble motion problem) involving various mathematical machinery (graph theory, cellular
automata, Petri nets, neural networks, and fuzzy logics).

In the paper we showed how to construct the tropical neighborhood and neural mod-
els, which provide an adequate language for expressing the dynamics of organizational
systems. The structure of such systems gives new ideas for algorithmic and software im-
plementation of controlling systems based on Kaczmarz algorithm. Also the presented
results can be applied to investigation of other kinds of intelligent systems, particularly
to modeling of pursuit-evasion games, dynamical scheduling and queuing systems.
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