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Abstract

Free convection in a porous non-rectangular vertical cavity with a sloping upper
boundary has been considered. It is assumed that the cavity is filled with porous
material subject to hydrodynamical and thermal anisotropy. Assuming Darcy law
to hold, together with Boussinesq approximation, the governing partial differen-
tial equations have been solved numerically. To facilitate the computation, the
non-rectangular physical domain has been transformed to a square computational
domain using an algebraic grid generation method. The effect of a range of pa-
rameters of interest such as slope of the upper boundary, Darcy-Rayleigh number
and aspect ratio, has been illustrated through plots of streamlines and isotherms.
Furthermore, the variation of the average Nusselt number has also been discussed
in relation to the anisotropic parameters and inclination of the upper surface.
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1. Introduction

The free convective flows of viscous fluids in finite enclosures, e.g., rectangular or square
cavities, have been subjected to extensive investigations in the literature, primarily be-
cause of numerous applications in a number of areas of engineering interest. Some of the
applications worth mentioning are heating and cooling of buildings, thermal insulation,
systems requiring storage of energy, electronic devices used for cooling purposes, pro-
duction of geothermal energy from reservoirs, and filtration, to name a few. In a number
of applications, it is imperative to analyze momentum and energy transport characteris-
tics in porous cavities filled with anisotropic porous material and/or subject to anisotropy
in thermal properties because anisotropy properties are known to be of vital importance
in the assessment of quality and efficiency of the related systems. Several experimen-
tal and theoretical studies involving anisotropic features have, as a result, been carried
out for a variety of enclosures and a range of wall thermal conditions. As is known,
anisotropy in porous media is a consequence of the orientation and shape of the pores
constituting the porous bed. In such media, the permeability is reported to vary with the
direction of fluid flow or pressure gradient [1].

A number of mathematical models have been employed in the literature to account for
the presence of anisotropic properties of permeable materials in free convective flows,
including suitable boundary and matching conditions, e.g. [2–7]. In mathematical
investigations involving natural convection in the anisotropic porous material, it is well
known that the orientation of the principal axes assumes great significance. However,
the orientation of principal axes varies from one application to another. In this regard, it
is worth mentioning that in several studies, including some of the works cited earlier, one
of the principal axes of the anisotropic permeable medium has been assumed to be in the
vertical direction. On the other hand, in several applications involving porous materials,
the orientation of the principal axes has been assumed to be variable [8, 9]. Heat transfer
characteristic in free convective flows of viscous fluids in vertical enclosures, subject to a
variety of thermal conditions at the side walls of the enclosures, e.g., adiabatic condition,
have been reported by several researchers [see, for instance, 10–13]. Among a number
of interesting conclusions drawn in such investigations, one specific observation is worth
mentioning. This is related to the attainment of the extrema of heat transfer rates which
have been duly attributed to the orientation of the principal directions of the porous
matrix. It has in fact been shown that if the principal axis of the porous matrix is oriented
in such a manner so that its principal axis corresponding to the larger permeability is
parallel to the direction of gravity, then maximum heat transfer rate can be realized.
However, on the contrary, one can expect heat transfer rate to be a minimum if the
principal axis corresponding to the higher permeability is in the horizontal direction
orthogonal to that of gravity. The onset of convection in anisotropic porous media has
also received attention in the literature. In one of the earlier studies, Mamou et al. [14]
investigated, through linear stability analysis, the onset of convection in a porous layer
heated from below and cooled at the top, assuming a constant heat flux. In a later study
by this group of researchers [15], the onset of convection in a horizontal permeable fully
saturated layer subject to anisotropic features, was analyzed through a linear stability
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approach. They assumed this layer to be of finite lateral extent. The investigations
of anisotropic free convective flows when the enclosure is a two-dimensional square
cavity, have also been reported in the literature. For instance, Nithiarasu et al. [16]
discussed one such convective flow when the cavity under consideration is made up
of hydrodynamically and thermally anisotropic porous medium. These authors solved
the governing equations numerically using a generalized non-Darcy model. More non-
Darcian approaches in free convective flows in anisotropic porous media have, in later
years, been employed by Wang et al. [17], Degan et al. [18] and Jaya Krishna et al. [19].
In one of the recent studies, Chandra and Satyamurty [20] devoted their study to the free
convective flow and heat transfer, subject to Boussinesq approximation, in an anisotropic
fluid-filled porous rectangular cavity assuming end-to-end temperature difference. They
used Brinkman extended non-Darcy flow model to analyze simultaneous presence of
hydrodynamic and thermal anisotropy. Using SAR numerical scheme, they obtained
numerical solutions for a range of values of the governing parameters. Lately, Tiwari
et al. [21] have investigated heat transfer characteristics in a 2-dimensional natural
convective flow in a non-rectangular vertical permeable enclosure assuming a sloping
upper boundary. They assumed the cavity to be filled with anisotropic permeable material
and subject to thermal anisotropy, with isothermal temperature conditions on the side
walls and adiabatic conditions on the other walls. Assuming Darcian approach, these
authors solved the governing set of partial differential equations numerically, using an
algebraic grid generation method to transform the physical domain to a unit square
computational domain.

In this study, we have extended the work reported in [21] to investigate free con-
vective flow of a viscous incompressible fluid assuming that the side vertical walls of
the enclosure are subject to adiabatic thermal conditions while lower horizontal side and
upper sloping boundary are both kept at a constant but different temperatures. Physi-
cally, this means that the lower plate, relative to upper plate, experiences heating, while
side walls allow no heat flux. The system of governing momentum and energy equa-
tions has been solved numerically by first non-dimensionalising the field variables and
then transforming the non-rectangular physical domain to a unit square computational
domain. Having solved the transformed equations, we have exhibited a number of plots
for (a) streamlines and (b) isotherms and discussed them in relation to a set of govern-
ing non-dimensional parameters, namely, permeability ratio, thermal diffusivity ratio,
Darcy-Rayleigh number, angle of inclination of the upper surface, and aspect ratio.

2. Governing Equations

It is well-known that the flow and heat transfer features of a fluid passing through a porous
medium are complex, and are considerably modified from the conventional flows. The
complexity of the flows arise due primarily to the nonlinear nature of the governing partial
differential equations and the associated boundary conditions. When the underlying
medium is subject to anisotropic features, the analysis of the ensuing flow becomes
much more complicated. However, as indicated in the previous section, flows through
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anisotropic media are widely encountered in a number of practical applications. In the
following, we have thus analyzed the steady free convective flow in a non-rectangular
trapezoidal cavity of width L and height H , which is filled with a porous material whose
permeability and thermal conductivity are both assumed to be anisotropic. With respect
to the 2-D Cartesian coordinate system Oxy, we assume that the y-axis is along the left
vertical wall of the cavity while the x-axis is along the horizontal lower side. The sloping
upper surface of the cavity is inclined at an angle θ to the horizontal. As regards the
thermal conditions on the walls of the enclosure, the vertical surfaces of the enclosure
are taken as adiabatic while the lower and upper surfaces are maintained at constant
temperatures Th and Tc, respectively. It is further assumed that Th > Tc, which induces
free convection within the enclosure. Since the porous material is anisotropic in both
permeability and thermal diffusivity, they are denoted by the tensor quantities Kxy and
αxy , respectively, and are given by

Kxy =
[

Kx 0
0 Ky

]
, αxy =

[
αx 0

0 αy

]
(2.1)

where the quantities with the subscripts have their usual meanings. We have carried out
our free convection study for fluids subject to the widely used Boussinesq approximation
so that the density ρ of the fluid can be expressed as

ρ = ρ0 [1 − β(T − Tc)] (2.2)

where β is the coefficient of thermal expansion. Under the above assumptions and the
Darcy law, the basic equations of motion for the flow through the anisotropic porous
medium are given by

∇ · V = 0 (2.3)

µV + Kxy (∇p + ρg � ) = 0 (2.4)

(V · ∇) T − ∇ · (
αxy∇T

) = 0 (2.5)

where V is the flow velocity, µ the viscosity, p the pressure, g the gravitational acceler-
ation, and T is the temperature.

In order to re-set the governing equations in non-dimensional forms, we introduce
the quantities

(x̃, ỹ) = (x/L, y/L) , (ũ, ṽ) = (Lu/αy, Lv/αy)

T̃ = T − Tc

Th − Tc

, K = Kx/Ky

α = αx/αy , Da = Kx/L
2

Ra = ρgβL3(Th − Tc)/(µαy) , � = (Da)(Ra) (2.6)

In the above set of non-dimensional quantities, K and α are the ratios of the corresponding
quantities (resp. permeability and thermal diffusivity) in the longitudinal and transverse
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Figure 1: Grid points

directions, Da is the Darcy number, and Ra is the Rayleigh number. The Rayleigh-Darcy
number � exhibits the combined effects of buoyancy and permeability.

We now introduce the stream function � defined by u = ∂�/∂y, v = −∂�/∂y, so
that the continuity equation is satisfied by �. Using Eq (2.6) and the stream function,
Eqs (2.3)–(2.5) can be re-cast in the non-dimensional forms (neglecting the “tilde” on
the quantities, for convenience)

K
∂2�

∂x2
+ ∂2�

∂y2
= −�

∂T

∂x
(2.7)

u
∂T

∂x
+ v

∂T

∂y
= α

∂2T

∂x2
+ ∂2T

∂y2
(2.8)

The boundary conditions relevant to the problem, in non-dimensional form, become

� = 0 on all boundaries

T = 1 at f3(x, y) = 0 and T = 0 at f4(x, y) = 0
∂T

∂n
= 0 at f1(x, y) = 0 and f2(x, y) = 0 (2.9)

where the functions f1 , f2 , f3 and f4 represent boundaries of the physical domain as
shown in Fig. 1(a), and n is the normal to the corresponding boundaries.
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3. Solution Procedure

In order to numerically solve the transformed partial differential equations (2.7) and
(2.8) together with the boundary conditions (2.9) using an algebraic grid generation
method combined with a suitable finite difference method, we first transform the physical
trapezoidal domain to a regular unit square domain (cf. Fig. 1(b)). To facilitate this, we
introduce a new set of independent variables ξ and η by the transformation

ξ = ξ(x, y), η = η(x, y) (3.10)

where 0 ≤ ξ, η ≤ 1. Following [21, 22], ξ and η can be written as

ξ = x − f1(x, y)

f2(x, y) − f1(x, y)
(3.11)

η = y − f3(x, y)

f4(x, y) − f3(x, y)
(3.12)

where, as stated before, fi(x, y) = 0, (i = 1 . . . 4) represent the boundaries of the phys-
ical domain. A detailed description of the algebraic grid generation method is available
in [23]. Using the transformations (3.2) and (3.3), one can obtain the relation between the
physical and computational domains [21]. We shall first perform the numerical compu-
tation in the transformed unit square domain. To this end, we transform Eqs (2.7)–(2.9)
from the physical xy−domain to the computational ξη−domain using the transformation




∂ϕ

∂x

∂ϕ

∂y


 =




∂ξ

∂x

∂η

∂x

∂ξ

∂y

∂η

∂y







∂ϕ

∂ξ

∂ϕ

∂η


 (3.13)

Using Eq (3.4), Eqs (2.7) and (2.8) can be transformed in the forms

b1(K)
∂2�

∂ξ2
+ b2(K)

∂2�

∂η2
+ b3(K)

∂2�

∂ξ∂η
+ b4(K)

∂�

∂ξ
+ b5(K)

∂�

∂η

= −�

(
a1

∂T

∂ξ
+ a2

∂T

∂η

)
(3.14)

{a1u + a3v − b4(α)} ∂T

∂ξ
+ {a2u + a4v − b5(α)} ∂T

∂η

= b1(α)
∂2T

∂ξ2
+ b2(α)

∂2T

∂η2
+ b3(α)

∂2T

∂ξ∂η
(3.15)
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where the functionals a1, . . . , a4, b1, . . . , b4 are defined as

a1 = ∂ξ

∂x
, a2 = ∂η

∂x
, a3 = ∂ξ

∂y
, a4 = ∂η

∂y
,

b1(s) = sa2
1 + a2

3 , b2(s) = sa2
2 + a2

4 , b3(s) = 2(sa1a2 + a3a4) ,

b4(s) = 2

(
s
∂2ξ

∂x2
+ ∂2ξ

∂y2

)
, b5(s) = 2

(
s
∂2η

∂x2
+ ∂2η

∂y2

)
, (3.16)

s being either of K or α. The components of velocity, u and v, can be obtained using

u = a3
∂�

∂ξ
+ a4

∂�

∂η
, v = −

(
a1

∂�

∂ξ
+ a2

∂�

∂η

)
(3.17)

The physical boundary conditions, when transformed into the unit square domain, be-
come

� = 0 on all boundaries ,

T = 1 at η = 0 and T = 0 at η = 1 ,

(a1ηx + a3ηy)
∂T

∂ξ
+ (a2ηx + a4ηy)

∂T

∂η
= 0 at ξ = 0 and ξ = 1 (3.18)

We are now in a position to numerically integrate Eqs (3.5) and (3.6) along with the
boundary conditions (3.9). It may be noted that these solutions are obtained in the unit
square domain which, in turn, have been transformed back to the physical non-rectangular
domain. The details of the numerical solution procedure using a suitable finite difference
method are available in our earlier work [21], and are not given here, for brevity.

Nusselt number

An important quantity of practical importance arising in heat transfer problems is the rate
of heat transfer at a boundary, given by the Nusselt number Nu. In the present problem,
the local Nusselt number Nu(x) at the lower boundary is given by

Nu(x) = qL

ky

= − ∂T

∂y

∣∣∣∣
y=0

(3.19)

The overall Nusselt number Nu is then obtained by integrating Nu(x) in the interval
[0, L].

4. Discussion of Numerical Results

We now set out to discuss variations of a number of physical quantities of interest with
the governing non-dimensional parameters of our study, namely, K (permeability ratio),
α (thermal diffusivity ratio), � (Rayleigh-Darcy number), θ (inclination of upper surface
to horizontal) and, finally, Ar (aspect ratio).
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Figure 2: Streamlines (left) and Isotherms (right) for Ar = 2, � = 100, α = 1.2, θ =
10◦ : Top: K = 0.25, Middle: K = 0.5, Bottom: K = 1.0
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Figure 3: Streamlines (left) and Isotherms (right) for Ar = 2, � = 100, α = 1.2, θ =
10◦ : Top: K = 1.5, Bottom: K = 2.0

In natural convection studies involving finite enclosures, e.g., rectangular regions,
trapezoidal cavities, etc, it is instructive to plot contours of streamlines and isotherms, and
analyze their variations with the key flow parameters. In what follows, we have exhibited
such contours by varying one of the five parameters while keeping the remaining four
fixed. These plots have been shown in the Figs. 2–9: variations with K in Figs. 2, 3; with
α in Figs. 4, 5; with � in Fig 6; with θ in Figs. 7, 8, and with Ar in Fig. 9. It is worth
remarking here that most of our results have been discussed assuming Ar = 2 which
means that the length L of the cavity is twice the height H; geometrically, this implies
convection in a rectangular cavity for θ = 0 while the non-rectangular effect will be
exhibited by varying θ . Besides, we have also included a table showing the computed
values of a quantity of great engineering interest, namely, average Nusselt number Nu.
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Figure 4: Streamlines (left) and Isotherms (right) for Ar = 2, � = 100, K = 1.2, θ =
10◦ : Top: α = 0.25, Middle: α = 0.5, Bottom: α = 1.0
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Figure 5: Streamlines (left) and Isotherms (right) for Ar = 2, � = 100, K = 1.2, θ =
10◦ : Top: α = 1.5, Bottom: α = 2.0

In order to focus our attention on the anisotropy of the material parameters, we have
computed Nu for a range of values of K and α.

Effect of anisotropy in permeability

The effect of the parameter K on the streamlines and isotherms has been shown in Figs 2
and 3 for fixed values of α(= 1.2), �(= 100), θ(= 10◦) and, finally, Ar(= 2). It is
interesting to note that contours of both streamlines and isotherms show distinct patterns
for K ≤ 1 versus K > 1. This feature is apparently characterized by formation of three
distinct elliptic cells in the case of streamlines for K ≤ 1 as compared to a single cell
formation for K > 1, thus indicating different circulation patterns in the region of the
flow. For instance, when K = 0.25, which means permeability in the y−direction is
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Figure 6: Streamlines (left) and Isotherms (right) for Ar = 2, K = 1.2, α = 1.2, θ =
10◦ : Top: � = 10, Middle: � = 100, Bottom: � = 500
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Figure 7: Streamlines (left) and Isotherms (right) for Ar = 2, � = 100, K = 1.2, α =
1.2, : Top: θ = 0◦, Bottom: θ = 10◦

far more dominant than that in the x−direction, the cells can be seen to alternate from
anticlockwise to clockwise circulation. By a closer examination of the streamlines, one
notices that contours for streamlines are nearly vertical ellipses for K ≤ 1 as against
circular type of contours occupying the central space of the fluid domain. Interestingly,
as K approaches 0 we notice a kind of boundary layer formation for isotherms near lower
horizontal and upper inclined walls indicating dominance of heat transfer by conduction
in comparison to convection.

Effect of anisotropy in thermal diffusivity

In the Figs 4 an 5, we have exhibited the anisotropic effect of the parameter α on the
streamlines and isotherms for fixed set of values of K(= 1.2), �(= 100), θ(= 10◦) and



4812 Pallath Chandran et al.

Figure 8: Streamlines (left) and Isotherms (right) for Ar = 2, � = 100, K = 1.2, α =
1.2, : Top: θ = 20◦, Bottom: θ = 30◦

Ar(= 2). It is worth mentioning that overall broad patterns observed earlier in Figs 2
and 3 are conspicuously as well as interestingly present in this case too; yet again,
both streamlines and isotherms show distinct contours depending upon whether the
governing parameter α is less than or greater than unity. However, on a closer analysis
of plots of streamlines and isotherms for values of α closer to 0.25 (see, for instance, top
contours in Fig 4), we can observe some interesting phenomena: (i) the number of cells
for streamlines almost doubles the corresponding number of cells present for the similar
value of the parameter K (compare the streamlines in the top row in Figs. 2 and 4.),
and (ii) contours of isotherms show as many as five extrema vis-à-vis only two extrema
for the case of K = 0.25 (compare again, the corresponding top contours (isotherms) in
Figs. 2 and 4). It seems that streamlines and isotherms are more sensitive to changes in
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Figure 9: Streamlines (left) and Isotherms (right) for � = 100, K = 1.2, α = 1.2, θ =
10◦ : Top: Ar = 1, Middle: Ar = 2, Bottom: Ar = 4
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the values of the thermal diffusivity parameter α in comparison to the permeability ratio
parameter K.

Effect of the Rayleigh-Darcy number

The effect of the variation in the Rayleigh-Darcy number �, which is related to the cou-
pled effects of buoyancy and permeability on the flow, has been exhibited in Fig. 6. Three
specific values of � ranging from 10 (low) to 500 (relatively high) have been considered
in our analysis. Other parameters, as before, have been assigned fixed values: α(= 1.2),
K(= 1.2), θ(= 10◦) and Ar(= 2). It is apparent from the contours of streamlines that not
only the number of cells increases from a mere 1 to 3 for the set of � values chosen for our
study, the orientation of the cells too undergoes significant changes including tendency
to become partly irregular with increasing value of the Rayleigh-Darcy number. In other
words, fluid circulation shows rapid changes with �. As regards the variation in the
isotherms is concerned, one can interestingly notice as to how the flat contours (slightly
inclined straight lines) drastically change their shapes, particularly in the central part of
our non-rectangular flow domain (for instance, compare the isotherm contours in the top
and bottom of Fig. 6) and show the presence of either maxima alone or both maxima and
minima. It follows that convection currents are quite prominent in the region away from
the walls.

Effect of the slope of the upper surface

In Figs. 7 and 8, we have included plots of streamlines and isotherms to assess the effect of
the variation in the angle θ on them, assuming other four parameters are fixed: α(= 1.2),
K(= 1.2), �(= 100) and Ar(= 2). It may be recalled that this parameter is a measure of
the deviation of the flow domain considered in our analysis from a rectangular domain,
commonly considered in the literature on free convection studies in confined enclosures.
We have chosen four specific values of this parameter, including θ = 0 for comparison
of our results with corresponding results for a rectangular domain. One can observe that
both streamlines and isotherms show distinct patterns depending on whether the angle
of inclination is fairly small (in the vicinity 10 degrees) or relatively large.

Effect of the variation in the aspect ratio

The aspect ratio parameter for both rectangular and non-rectangular flow domains is
considered an important parameter in free convection studies. In our analysis, we have
chosen three specific values of this parameter, ranging from Ar = 1 to Ar = 4, while
keeping remaining parameters fixed with the same values as in the above discussions.
It is quite apparent from the Fig. 9 that this parameter indeed brings about significant
changes in the contours of streamlines and isotherms as it increases from 1 to 4. Clearly,
the number of cells increases and the shape as well as the orientation of the cells change
significantly with the increase of Ar, thus showing the combined effects of conduction
and convection.



Steady free convection in an anisotropic porous non-rectangular 4815

Table 1: Average Nusselt Number for Ar = 1, Ra = 200
θ K α Nuav

0 0.5 0.5 2.7177

0 1.0 0.5 2.1217

0 1.0 1.0 4.0987

0 1.0 1.5 5.1396

0 1.5 1.0 3.3369

0 1.5 1.5 3.6137

10 0.5 0.5 3.2220

10 1.0 0.5 2.5962

10 1.0 1.0 4.1458

10 1.0 1.5 6.1470

10 1.5 1.0 3.7033

10 1.5 1.5 5.5422

Average Nusselt Number

In heat transfer problems, the relative influence of convective heat transfer versus conduc-
tive heat transfer is assessed through the Nusselt number Nu. For the present problem,
we have thus computed the average Nusselt number on the heated surface for unit aspect
ratio and Ra = 200. The influence of the thermal process and the physical features of
the flow problem on the average Nusselt number are presented in Table 1. It is seen that
the average Nusselt number increases with the increasing values of the ratio of thermal
diffusivities, while it decreases with the permeability ratio. This indicates the onset of
increased convection with higher values of α which in turn is suppressed by higher values
of K. Finally, we observe from Table 1 that Nuav increases with increase in the slope of
the upper surface of the enclosure.

5. Conclusions

Steady free convection in a vertical porous trapezoidal cavity with anisotropic properties
and heated from below, has been analyzed in this paper. The governing non-linear
boundary value problem has been solved numerically. The main features of the study
are the investigations of the effects of a host of parameters characterizing the properties
of the porous medium, inclination of the upper surface of the cavity, buoyancy force and
aspect ratio, on the streamlines and isotherms. Detailed discussions have been presented
to showcase the influence of each of the physical and geometric parameters on the flow
and heat transfer in the cavity. We have also computed the average Nusselt number on



4816 Pallath Chandran et al.

the heated boundary and analyzed the relative effects of some key parameters on the
convective heat transfer.
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