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Abstract 

 

Regression analysis using the least squares (LS) method is widely used in 

research.When the existence of a large residual becomes a problem, it takes a 

regression method that minimizes the largest of absolute residual (MLAD). So 

far, the magnitude of the regression coefficient is not restricted and only 

depends entirely on the data processed. When there is information about the 

range of regression coefficients, this information should be included as a 

constraint in order to control the regression coefficients to be in the meaningful 

range. This study aimed to get MLAD regression method that the sign and value 

of regression coefficients can be controlled. The results of this study showed 

that the addition of the constraints on the MLAD regression able to control the 

regression coefficients to be in the meaningful range 

 

Keywords: Absolute residual, constraints, linear programming, MLAD 

regression  

 

 

INTRODUCTION 

Regression analysis is often used in research, either as a standalone analysis, or as a 

mid step analysis, eg principal component analysis [1] and structural equation modeling 

[2]. The usual method used to estimate the regression coefficient is a method that 

minimizes the sum of squared residual, that is commonly known as least squares 

method (LS). The next developing method is a method that minimizes the sum of 

absolute residual, that is commonly known as least absolute deviation method (LAD). 
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In general, both methods able to model the average response well, but does not 

guarantee the absence of large residual. If the presence of a large residual is a problem,  

it is necessary to use the method that minimize the maximum of absolute residual, that 

is called minimum largest absolute deviation method (MLAD). This later method has 

been pioneered by Rudolf et al [3] and Akcay and At [4], but has not been implemented 

in a computer program package for Statistics, such as SAS, Minitab, or R.  

 

In the linear model Y=β0+β1X1+β2X2+...+βpXp+ε, which have been commonly 

modeled are the distribution of response variable Y, covariates Xj involved, and 

functional relationship between Y with Xj, while the value of j never been modeled. 

The sign and magnitude of value j left entirely to the Y, Xj, and functional relationship 

between Y with Xj, whether linear, quadratic, exponential, or others. Thus, until now 

controlling sign and range of j values has not been done. 

 

In fact, the value of j is not infinite, because there is a decent value range of j. For 

example, demand (Q) is modeled as a function of the price (P) in the form Q=β0+β1P+  
on condition β1<0 [5], while supply (Q) is modeled as a function of the price (P) in the 

form Q=β0+β1P+  on condition β1>0.  So the linear model should also control the 

value range of the regression coefficients.  

 

Multiple linear regression assumes that among the independent variables do not occur 

multicolinear. In practice, this multicolinear is almost unavoidable. For example, the 

weight of fruit per plant is a function of plant height, number of branches, area of leaf, 

number of fruits, length of fruit, diameter of fruit, and so on, which acts as the 

independent variables (covariates). Among the independent variables occurred positive 

correlation, and between each of the independent variable with the weight of fruit per 

plant also occurred a positive correlation. Thus, simple linear regression between the 

weight of fruit per plant with each independent variable will obtain positive regression 

coefficient. But when be done multiple linear regression between fruit weight per plant 

with all of the independent variables, may be obtained regression coefficient which is 

not all positive. Consequently, sign of regression coefficient becomes unreasonable. 

 

Regression coefficients with a reasonable sign is important, because the regression is 

not only used to estimate the response variable (dependent variable) based on the values 

of independent variables, but also used to illustrate the functional relationships 

dependent variable as a function of the independent variables. Without control, in 

estimating the value of the response was no problem, but the regression coefficient 

becomes meaningless or give the wrong meaning. So the problem is how to control the 

signs and value ranges of regression coefficient. 

 

Based on the background described can be formulated the problem that needs to be 

handled is how to get the regression method which the sign and magnitude of the 

regression coefficient can be controlled to be in the meaningful range. Estimation of 

the regression coefficient for that problem is done by MLAD regression method,  with 

the consideration that the MLAD solution was done using linear programming, thereby 
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their constraints potentially be modified to achieve their intended objectives. 

Regression development through linear programming can be executed using the R 

program, because it has produced several libraries for linear programming. As a guide 

computing can refer to Rizzo [6], Givens and Hoeting [7], and Venables and Ripley [8]. 

 

The aim of this study is to get the regression coefficients estimation method that can 

produce regression coefficient that its sign and its value can be controlled to be in the 

meaningful range. 

 

 

METHODS 

Linier Programming for MLAD Regression 
Linear programming is used to maximize or minimize the objective function in the form 

of a linear combination of p variables, ie 𝑧 = 𝑐1𝑥1 + 𝑐2𝑥2 + ⋯ + 𝑐𝑝𝑥𝑝, with constraints 

𝑎11𝑥1 + 𝑎12𝑥2 + ⋯ + 𝑎1𝑝𝑥𝑝 >/=/< 𝑏1 

𝑎21𝑥1 + 𝑎22𝑥2 + ⋯ + 𝑎2𝑝𝑥𝑝 >/=/< 𝑏2 

… … … … … … … … 

𝑎𝑛1𝑥1 + 𝑎𝑛2𝑥2 + ⋯ + 𝑎𝑛𝑝𝑥𝑝 >/=/< 𝑏𝑛 

 

Linear programming solution that involves many constraints and many variables can 

be obtained using the simplex method [9]. Simplex method was introduced in 1947 by 

George B Danzig (1914-2005) in his book Linear Programming and Extensions, 

published in 1963 [10].  

 

In the regression model  𝑦𝑖 = 𝛽0 + 𝛽1𝑥𝑖 + 𝜀𝑖, suppose b0 is estimator of 0 and b1 is 

estimator of 1, then the estimator model is 𝑦𝑖 = 𝑏0 + 𝑏1𝑥𝑖 + 𝑒𝑖. The MLAD regression 

can be written in argument 𝑚𝑖𝑛{𝑚𝑎𝑥|𝑦𝑖 − 𝑏0 − 𝑏1𝑥𝑖|}.  Suppose yi is ith observation of 

response variable, xi is ith observation of independent variable, b0 and b1 are regression 

coefficients, and m0 is upper boundary of absolute residual, that is 0 ≤
|𝑦𝑖 − 𝑏0 − 𝑏1𝑥𝑖| ≤ 𝑚.  When residual is positive 0 ≤ 𝑦𝑖 − 𝑏0 − 𝑏1𝑥𝑖 ≤ 𝑚  

or 𝑏0 + 𝑏1𝑥𝑖 + 𝑚 ≥ 𝑦𝑖 and  when residual is negatif  – 𝑚 ≤ 𝑦𝑖 − 𝑏0 − 𝑏1𝑥𝑖 ≤ 0   
or  𝑏0 + 𝑏1𝑥𝑖 − 𝑚 ≤ 𝑦𝑖. In the linear programming, the  variables are  b0, b1, and m, 

while the value xi and yi are the coefficient of constraints. The objective function is 

minimize  𝑧 = 0. 𝑏0 + 0. 𝑏1 + 1. 𝑚 = 𝑚  with constraints  𝑏0 + 𝑏1𝑥𝑖 − 𝑚 ≤ 𝑦𝑖  and 

𝑏0 + 𝑏1𝑥𝑖 + 𝑚 ≥ 𝑦𝑖 . To study linear programming more detail can refer McCarl and 

Sprint [11], while for implementing them into the R language can refer to Rizzo [6].  

 

Controlling the Sign and Magnitude of Regression Coefficients 
In the simple regression model 𝑦𝑖 = 𝑏0 + 𝑏1𝑥𝑖 + 𝑒𝑖 , estimation of regression 

coefficients using MLAD method can be done by minimize z=m with constraints  

𝑏0 + 𝑏1𝑥𝑖 − 𝑚 ≤ 𝑦𝑖  and 𝑏0 + 𝑏1𝑥𝑖 + 𝑚 ≥ 𝑦𝑖. Controlling the regression coefficients 

can be done like following example: 
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1) Suppose desired that b0<2 then the objective function is minimize 𝑧 = 𝑚 with 

constraints  𝑏0 + 𝑏1𝑥𝑖 − 𝑚 ≤ 𝑦𝑖  ; 𝑏0 + 𝑏1𝑥𝑖 + 𝑚 ≥ 𝑦𝑖  ; and 1. b0 + 0. b1 +
0. m ≤ 2.  

2) Suppose desired that 0.2≤b1≤1 then the objective function is minimize 𝑧 = 𝑚 with 

constraints 𝑏0 + 𝑏1𝑥𝑖 − 𝑚 ≤ 𝑦𝑖;𝑏0 + 𝑏1𝑥𝑖 + 𝑚 ≥ 𝑦𝑖 ;  0. 𝑏0 + 1. 𝑏1 + 0. 𝑚 ≥ 0.2. 

and 0. 𝑏0 + 1. 𝑏1 + 0. 𝑚 ≤ 1. 
 

Standard Error Estimation Using Bootstrap 
In MLAD method, regression coefficients and their standard errors cannot be expressed 

in closed form. For the purposes of inference, it is required standard error estimates for 

regression coefficients based on a set of data size n. One way to estimate standard error 

is through bootstrapping. Bootstrap is taking a sample with replacement repeatedly. 

Bootstrap done in two ways, namely bootstrap  of observations and bootstrap of 

residuals [7]. Bootstrap of observation means considering the value of observation pairs 

(x, y) is a random sample of the population of observation pairs (x, y). Bootstrap of 

observations has been done by Setyono et al [12]. While the bootstrap of residuals 

means considering the design matrix is fixed, while the error is random. Bootstrap of 

residuals has been done by Zhu and Jing [13]. 

 

Estimation standard error of the regression coefficient is more appropriate to use the 

bootstrap of residuals. For that purpose, it is assumed that the distribution of residual ei 

represent the distribution of error 𝑖 , so it can be done bootstrap based on 𝑒𝑖 size n. Step 

details as follows: 

1.  Performed regression on the data to be analyzed, in order to obtain the regression 

coefficients  𝒃 and residual 𝒆.  

2.  Calculated  �̂� = X𝐛 

3.  Taken samples with replacement  of ei result of step 1 size of n, as value of di 

4.  Calculated value of  𝑧𝑖 =  �̂�𝑖 + 𝑑𝑖 

5.  Performed regression z on X, thus obtained regression coefficient a 

6.  Be repeated 1000 times to steps 3-5 

 

The standard deviation of a is considered as standard error of b [14] 

 

 

RESULT AND DISCUSSION 

MLAD Computation for Simple Linear Regression  
Suppose a set of pairs data (x, y) will be used to regression analysis is {(2,2), (4,3), 

(6,5), (8,7), (10,11)}. Simple linear regression y=b0+b1x using MLAD method is done 

with objective function minimize z=m and constraints: 

 b0+2b1-m≤2, b0+4b1-m≤3, b0+6b1-m≤5, b0+8b1-m≤7, b0+10b1-m≤11 
 b0+2b1+m≥2, b0+4b1+m≥3, b0+6b1+m≥5, b0+8b1+m≥7, b0+10b1+m≥11 

 

The resulting regression line equation is y= -1.125+1.125x with maximum absolute 

residual m=0.875. The value of m is the smallest compared to the values resulted other 

methods. For example, if using least squares (LS) the regression  line equation is 
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y=-1+1.1x with value m=1.0, if using median regression (LAD) the regression  line 

equation is y= -1+1x with value m=2.0. Residual value of the LS, LAD, and MLAD 

are presented in Table 1 

 

Table 1: Comparison residual values,  b0, b1, and m in LS, LAD, and MLAD 

 

 LS LAD MLAD 

b0 -1.000 -1.000 -1.125 

b1 1.100 1.000 1.125 

e1 0.800 1.000 0.875 

e2 -0.400 0.000 -0.375 

e3 -0.600 0.000 -0.625 

e4 -0.800 0.000 -0.875 

e5 1.000 2.000 0.875 

m 1.000 2.000 0.875 

 

Computation to Control Regression Coefficients 
Suppose that in the data set {(2,2), (4,3), (6,5), (8,7), (10,11)} will be done a simple 

linear regression y=b0+b1x with constraint b0≥-1 using MLAD method, then the linear 

program has the objective function to minimize z=m with constraints: 

 b0+2b1-m≤2, b0+4b1-m≤3, b0+6b1-m≤5, b0+8b1-m≤7, b0+10b1-m≤11 
 b0+2b1+m≥2, b0+4b1+m≥3, b0+6b1+m≥5, b0+8b1+m≥7, b0+10b1+m≥11 
 b0≥-1 

The regression  line equation is y= -1.000+1.111x and maximum absolute residual 

m=0.889. It appears that by adding constraints b0≥-1, the value of the intercept resulted 

by MLAD  be equal to the value of the intercept resulted by LS and LAD, but with 

different slop and smaller maximum absolute residual. 

For second example, suppose on that data will be done a simple linear regression 

y=b0+b1x with constraint b0+b1=0.5 using MLAD method, then the linear program has 

the objective function to minimize z=m with constraints: 

 b0+2b1-m≤2, b0+4b1-m≤3, b0+6b1-m≤5, b0+8b1-m≤7, b0+10b1-m≤11 
 b0+2b1+m≥2, b0+4b1+m≥3, b0+6b1+m≥5, b0+8b1+m≥7, b0+10b1+m≥11 
 b0+b1=0.5  

The regression line equation is y=-0.5625+1.0625x with maximum absolute residual 

m= 0.9375.  

 

Control Regression Coefficients on Stack Loss Data 
Regression analysis on the Stack Loss data has been done using several methods. This 

data consists of 21 observations of four variables, namely the stack loss (Y), water flow 
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(X1), water temperature (X2), and acid concentration (X3). Stack Loss data are presented 

in Table 2. 

 

Table 2: Stack Loss Data 

 

No Y X1 X2 X3  No Y X1 X2 X3 

1 42 80 27 89  11 14 58 18 89 

2 37 80 27 88  12 13 58 17 88 

3 37 75 25 90  13 11 58 18 82 

4 28 62 24 87  14 12 58 19 93 

5 18 62 22 87  15 8 50 18 89 

6 18 62 23 87  16 7 50 18 86 

7 19 62 24 93  17 8 50 19 72 

8 20 62 24 93  18 8 50 19 79 

9 15 58 23 87  19 9 50 20 80 

10 14 58 18 80  20 15 56 20 82 

       21 15 70 20 91 

 

The correlation between water flow, water temperature, and acid concentration with 

stack loss are 0.9197, 0.8755, and 0.3998. All of three independent variables have 

positive correlation with independent variables, so if be done a simple linear regression 

with model 

𝑌𝑖 = 𝛽0 + 𝛽1𝑋𝑖 + 𝜀𝑖 
using LS then the sign of b1 is positive, as presented in Table 3 

 

Table 3: Simple linear regression coefficient between stack loss with each 

independent variables 

 

Variable b0 b1 

water flow (X1)  -44.13 1.02 

water temperature (X2) -41.91 2.82 

acid concentration (X3) -47.96 0.76 

 

 

Furthermore, the three variables are used to model the stack loss in the multiple 

regression model 

𝑌𝑖 = 𝛽0 + 𝛽1𝑋1𝑖 + 𝛽2𝑋2𝑖 + 𝛽3𝑋3𝑖 + 𝜀𝑖 
 

using LS, LAD, and MLAD regression. The results are presented in Table 4. It appears 

that both LS, LAD, or MLAD regression can not maintain the regression coefficient 

signs such as its signs in simple linear regression. As the name implies, the LS method 

is superior in the sum of squared residual (the smallest value), LAD method is superior 

in the sum of absolute residual, and MLAD is superior in the maximum of absolute 

residual. 
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Table 4: Regression coefficients of  LS, LAD, and MLAD  for stack loss data 

 

Regression Coefficients LS LAD MLAD 

Intercept -39.92 -39.69 -27.18 

water flow (X1)  0.72 0.83 0.58 

water temperature (X2) 1.3 0.57 1.86 

acid concentration (X3) -0.15 -0.06 -0.34 

Maximum of absolute residual 7.24 9.48 4.74 

Sum of absolute residual  49.7 42.08 61.69 

Sum of squared residual 178.83 227.47 223.1 

 

To maintain the  signs of multiple regression coefficients as same as the sign of  simple 

linear regression coefficient, MLAD regression is done by adding the constraints 

b1≥0.1, b2≥0.1, and b3≥0.1. The result showed that the regression coefficient of each 

independent variable is not negative, the estimated model is  

𝑌𝑖 = −62.11 + 0.49𝑋1𝑖 + 1.93𝑋2𝑖 + 0.10𝑋3𝑖 + 𝑒𝑖 
 

Any observations on the above model generates a residual. If be done residual bootstrap 

1000 times, then the mean and standard error of regression coefficients might be as 

presented in Table 5. 

 

Table 5: The bootstrap MLAD regression coefficient for the stack loss data 

 

Variable Regression Coefficient  Standard Error 

Intercept -64.67 7.05 

water flow (X1)  0.48 0.10 

water temperature (X2) 1.90 0.28 

acid concentration (X3) 0.14 0.08 

 

The above results indicate that the modification of the constraints on MLAD regression 

can control the signs and range of regression coefficients as desired. However, the 

distribution of parameter estimator may be changed, for example, regression 

coefficients which previously did not have the lower limit and upper limit, will be 

bounded below or be bounded above. 

 

Simulation Study 
In this simulation experiment used three independent variables, namely X1={2, 5, 8}, 

X2={2, 4, 6, 8}, and X3={2, 3, 5, 7} arranged as factorial, so there are 48 pairs (x1, x2, 

x3). The regression model used was y=β0+β1X1+β2X2+β3X3+ε, with β0=40, β1=1.5, 
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β2=-1.0, and β3=2, whereas ε was generated from normal random numbers with zero 

mean and 3 standard deviation.  In this data will be done MLAD regression using four 

kinds of constraints, namely:  

 MLAD= without constraints  

 LMLAD= with constraints b0≥35, b1≥1.4, b2≥-1.1, b3≥1.9 

 RMLAD=with constraints b0≤45, b1≤1.6, b2≤-0.9, b3≤2.1 

 LMLADR=with constraints 35≤b0≤45, 1.4≤b1≤1.6, -1.1≤b2≤-0.9, 1.9≤b3≤2.1 

 

Simulation carried out 1000 replications, in order to obtain the empirical distribution of 

b0, b1, b2, and b3. 

 

The distribution of b0 is presented in Figure 1. With the addition of constraints on 

regression coefficients, the standard error of b0 becomes smaller. The standard error of 

b0 on LMLAD and the standard error of b0 on MLADR are almost the same, but their 

distributions are different. The smallest standard error of b0 is on LMLADR. 

 

 
 

Figure 1: Distribution of b0 
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Distribution of b1 is as presented in Figure 2. The highest standard error of b1 is on 

MLAD, while the smallest standard error of b1 is on LMLADR. The distribution of b1 

on LMLAD does not have the left tail, the distribution of b1 on MLADR does not have 

the right tail, while the distribution of b1 on LMLADR does not have the left tail and 

the right tail. 

 

 
 

Figure 2: Distribution of b1 

 

The addition of constraints on b2 decrease the standard error of b2. The distribution of 

b2 on LMLAD does not have the left tail, the distribution of b2 on MLADR does not 

have the right tail, while the distribution of b2 on LMLADR does not have the left tail 

and the right tail (Figure 3). 
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Figure 3: Distribution of b2 

 

Based on Figure 4 can be seen that the distribution of b3 on MLAD is the most wide, 

followed by LMLAD and MLADR, and the last is LMLADR. Figure 1-4 show that 

when there are informations about the range of regression coefficients, then enter those 

informations into the model will reduce the standard error and may also change the 

distribution of regression coefficients.  
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Figure 4: Distribution of b3 

 

 

Discussion 
The study that has been conducted shows that MLAD estimators for  measures of 

central tendency is unique. The maximum absolute residual is a concave function that 

is not diferentiable at its minimum point so that the solution of MLAD regression can 

not be expressed in closed form [14]. MLAD regression coefficient can be obtained 

through the linear programming for the solution of real numbers. If the package of 

computer program which is used only provide non-negative solutions, each regression 

coefficient is expressed as a reduction of two non-negative variables. The use of linear 

programming opportunities to modify the constraints on regression MLAD regression 

to become the maximum models and minimum models regression [15], and regression 

with additional constraints on the regression coefficients. 
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In MLAD regression the influential observations are observations those provide 

different restrictions or more stringent constraints than others. For example, on the set 

of constraints {k+m≥2, k+m≥3, k+m≥5, k+m≥7, k+m≥11, k+m≥13}, the usable 

constraint is only k+m≥13. The disadvantage of these properties is the MLAD 

regression ignore repeated observations, while the advantage of this properties is in 

MLAD regression can be obtained subsets observations which provide the same results 

with the results of all observations. This condition is very helpful because there is 

expectation that one of the samples provide statistic which have the same value with 

parameter, if it give the represented constraints. 

 

Standard error for the regression coefficient helpful when we make the confidence 

interval and hypothesis testing. The standard error is commonly used in the mean 

model. In MLAD regression, regression coefficients can not be obtained in the closed 

form, but rather needs to be sought through a linear programming. Therefore, the 

standard error of MLAD regression coefficient is obtained through bootstrapping. 

 

Variable selection  can be seen as a regression coefficient control, because do not enter 

the certain variable into the model have the same meaning with to control the regression 

coefficient of that variable to be equal to zero. Control of regression coefficients to be 

in a certain range can be done in MLAD regression, because the solution MLAD 

regression obtained through linear programming. However, this controlling will change 

the distribution of regression coefficients.  

 

 

CONCLUSIONS 

The MLAD regression is an altervative to the LS and LAD regressions when when 

desired no large residuals. The MLAD regression coefficients can be obtained through 

the linear program with real number solutions. Constraints modifications on MLAD 

regression able to control the regression coefficients to be in the meaningful range. The 

addition of constraints on the regression coefficients  can reduce the standard error and 

change the distribution of the regression coefficients. 
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