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Abstract

This article focus on solving special class of mixed integer nonlinear programming
problem (MINLPs) has a structure characterized by a subset of variables resticted
to assume discrete values wich separable from the continuous variables. In this
article has presented an approach using active constraint for tackling a particular
class of MINLPs. The strategy of releasing nonbasic variables from their bounds
used combined active constraint with the notion superbasic has been developed for
efficiently tackling the problem. A study of criteria for choosing a nonbasic variable
to work with in the integerizing process has also been made. Numerical example
result shows that the solution and overcome the problem well.
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1. Introduction

Up to this present, the discussion about mixed integer non linear programming pro- blems
(MINLPs) is still interesting to be solved in order to easy the solving and acquire the better
result in short time. It is due to several reasons, problem in a real life can be modeled into
MINLP, and used as a means of solving problems in the field of optimization There are
various applications for the MINLP model including process system synthesis problem
[1–4], analysis in chemical process [5], industrial sector [6, 7]. Transmition network
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sectors, i.e water network [8, 9], gas network [10]. In engineering and construction
sectors [11, 12, 13], and transportation sector [14].

Mixed Integer Nonlinear Programming refers to mathematical programming with
continuous and discrete variables and nonlinearities in the objective function and con-
straints.

This problem is defined by the following model.

Min Z = cT y + f (x) (1)

Subject to h(x) � 0 (2)

g(x) + by � 0 (3)

x ∈ X ⊂ R
n+, y ∈ Y ⊂ Z

n+ (4)

where f : R
n → R, h : R

n → R
p, dan g : R

n → R
q are continuous and generally

well-behaved functions defined on the n-dimensional compact polyhedral convex set,
X = {x : x ∈ R

n, A1 x � a1}, U = {y : y ∈ Y , integer A2 y � a2} ais a discrete
set, where for most applications Y is the unit hypercube, A1, A2, B, and c, a1, a2, are
respectively matrices and vectors of comfortable dimensions, the vectors are column
vectors unless specified otherwise.

Theoretically, MINLPs is NP − hard [15, 16, 17]. Some of performed methods
with linearized objective function and nonlinear constraint to find master of MILP to
estimate and represent original solving MINLPs, they are Outer Approximation [18, 19,
11, 20], Qeneralized Bender’s Decomposition [21], Cutting Plane [22], Branch-And-
Bound [23–28], Improve-and-Branch algorithm [29–32], and Deterministic stochastic
method [33, 34].

In this paper we addresed an approach for solving MINLPs using active constraints
base on notion of the superbasic variable for tackling a particular class of MINLP prob-
lems. Several solving MINLPs base on constraint, such as identifying the active con-
straints by partial smootness and prox-regularity, and active set [35] and [36]. Searching
for a local minimum constraints with penalty methods [37], external active set strategy
[38] algorithm Lagragean [39]. Searching for feasible region with genetic algorithm
[40], and local search [41]. Realeasing nonbasic variable from its bound using active
constraint [16], and finding integer feasible solusion by active constraints [42, 43].

This paper is organized as follows. In Section 2 is presented active constraint. Section
3 we give a brief notion of superbasic variable. Solving nonlinear programming problem
is presented in section 4. Derivation of approach is presented in section 5. To find integer
solution process is presented in section 6. The algorithm is presented in section 7. Section
8 addresses numerical example. The conclusions can be found in Section 9.

2. Active Constraint

Active constraint covers all boundaries inequality and equality constraints at the point of
similarity. Simplex method developed by Dantzig (1956) is an active constraint method
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for solving linear programming problems. A constraint will be active when the inequality
and equality constraints value equal to value its bound.

Definition 2.1. An inequality constraints gi(x) � 0 said active at the point x∗, when
gi(x

∗) = 0, is constantly active constraints at a point x∗ which fulfill it. An inequality
constraint gi(x) � 0 is said to be active at the point x∗, when gi(x

∗) = 0 is constantly a
constraint is active at a point x∗ which fulfill it. More detailed discussion of the active
constraints can be seen in [44].

3. Superbasic Variable

One virtue of the concept of basic solutions is the emphasis thereby given to the upper
and lower bounds, l � x � u,. It is misleading to regard these as “sparse constraints”;
more importantly, they serve directly to eliminate a large percentage of the variables. The
simplex method is therefore free to focus its attention on transforming (factorizing) just
B, rather than the whole of A. When B is large and sparse, this is problem enough. With
nonlinear problems we cannot expect an optimal point to be a basic solution. However,
if the number of nonlinear variables is small, it seems reasonable to suppose that an
optimal solution will be “nearly” basic. Thus, as a simple generalization Murtagh and
Shaunders [45] introducing the notion of superbasic variables and partition the set of
general constraints as follows;

Ax = B S N




xB

xS

xN


 = b

The matrix B is m × m and nonsingular as in the simplex method, S is m × n, with
0 � s � n − m, and N is n − m − s is the remaining columns of A. The associated
variables XB, XS, XN are called the basics (B), superbasics (S), and nonbasics (N )
respectively. Both basics and superbasics are free to vary between their bounds. The
name is chosen to highlight the superbasics’ role as "driving force"; they may be moved
in any direction at all and the basics are then obliged to change in a definite way to
maintain feasibility with respect to the constraints Ax = b.

4. Solving Nonlinear Programming Problem

To develop a nonlinear programming algorithm for problems characterized by a large
sparse set of linear constraints and a significant degree of nonlinearity in the objective
function. It has been our experience that many linear programming problems are inor-
dinately large because they are attempting to approximate, by piecewise linearization,
what is essentially a nonlinear problem [45]. Thus we are led to consider problems which
have the following standard form:

Min F(x) = f (xN) + cT x (5)
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Subject to Ax = b (6)

l � x � u (7)

where A is m × n, m � n. The components of xN will normally be called the nonlinear
variables. Note that A and c operate on all variables x. In some cases the part of cT x

involving xN may be incorporated into f(xN ), in other cases c may be zero.
We partition x into a linear portion xL and a nonlinear portion xN such that;

x =
[

xL

xN

]
(8)

Assume that the function f (xN)) is continuously differentiable in the feasible region,
with gradient; ∇f (xN) = g(xT ) and that both f and g can be computed at any feasible
point xN. Futhermore, Partitioning x and F(x) into linear and nonlinear terms is of
considerable practical importance for descriptive purposes, however, it is convenient to
denote, F(x) and ∇F(x) simply by f (x) and g(x).

5. Derivation of Approach

Assume that f (x) can be expanded in a Taylor’s series with remainder of second order:

F(x + �x) = f (x) + g (x)T �x + 1

2
� xT G(x + γ�x)�x (9)

where 0 � γ � 1 and G(x + γ�x) is the Hessian matrix of second partial derivatives
evaluated at some point between x and x + �x. Note that G is a constant matrix if f(x)
is a quadratic function.

Let us partition �x and g(x) corresponding to the partitioning of A. Base on notion
superbasic variable, thus partitioning A be basic (B), superbasic (S), and nonbasic (N )
variable. Assume that f(x) were truly quadratic, we could obtain a constrained stationary
point at x + �x by requiring two properties of the step �x as follows;

Property (1) :
[

B S N

0 0 1

] 


� xB

� xS

� xN


 = 0 (10)

It’s mean, the step remains on the surface given by the intersection of the active con-
straints.

Property (2):




gB

gS

gN


 + G




� xB

� xS

� xN


 =




B
T 0

S
T 0

N
T 1




[
π

λ

]
(11)

It’s mean, the gradient at x +�x, given by the left hand-side of (11) is orthogonal to the
surface of active constraints and is therefore expressible as a linear combination of the
active constraint normals.
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For a more general function f(x), the step �x mmay not lead directly to a stationary
point, but we shall use properties (1) and (2) to determine a feasible descent direction as
follows;

From property (1) in Eqn. (10) we have �xN = 0 and �xB = B
−1 S �xS, thus;

�x =
[

B
−1 S I

0

]
� xS (12)

From property (2) in Eqn. (11) simplifies when multiplied by the matrix


I 0 0

−(B−1S)
T

I 0

0 0 I


 (13)

First it provides an expression for estimates of the Lagrange multipliers for the general
constraints:

B
T µ = gB + [I 0 0] G




−(B−1S)

I

0


 � xS (14)

Note that when ‖� xS‖ = 0, its mean x is stationary, we have B
T µ = gB . In which

case µ is analogous to the pricing vector π in the revised simplex method.
Next, from Eqn. (11) we have that;

λ = gN − N
T π + [I 0 0] G




−(B−1S)

I

0


 � xS (15)

where, if ‖� xS‖ = 0, than λ = gN − N
T π , which is analogous to the vector of reduced

costs in linear programming.
The third result from Eqn. (11), following pre-multiplication by the matrix (13), is

an expression for the appropriate step:

[
−(B−1S)

T
I 0

]
G




−(B−1S)

I

0


 � xS = −h (16)

where h =
[
−(B−1S)

T
I 0

]
g = gS − (B−1S)

T
gB = gS − S

T π.

The form of Eqn. (16) suggests that;

[
−(B−1S)

T
I 0

]
G




−(B−1S)

I

0


 (17)
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Futermore, Eqn. (17) can be regarded as a “reduced” Hessian andh =
[
−(B−1S)

T
I 0

]
g

is a reduced gradient, with Eqn. (16) giving a Newton step in the independent variables
� xS . If ‖h‖ = 0, than a necessary condition for a stationary point on the current set of
active constraints, which, if the reduced Hessian is nonsingular, implies that ‖� xS‖ = 0.

Thus, a class of algorithms in which the search direction along the surface of active con-
straints is characterized as being in the range of a matrix Z which is orthogonal to the
matrix of constraint normals. If Z is an n × s matrix such that, ÂZ = 0 than the current
set of n − s active constraints as follows;

ÂX = b̂ (18)

A sub problema contains matrix equation in the form ÂX = b̂. Futhermore, partitioning
Â be matrix basic (B), superbasic (S), and nonbasic (N ) wich associated variables xB ,
xs , xN are called the basics, superbasics and nonbasics respectively.

The m × m “basic” matrix B is square and nonsingular and its columns correspond
to the basic variables (xB). The matrics N with r columns correspond to the nonbasic
variable (xN ), and the matrics S with n − m − r columns correspond to the remaining
variables wich are called superbasic variables (xS).

Followwing Eqn. (18), the active constraints can be presented as follows;

Âx =
[

B S N

0 0 1

] 


xB

xS

xN


 =

[
b

bN

]
(19)

or

B xB +S xS +N xN = b (20)

xN = bN (21)

The basic matrix B is assumed to be square and nonsingular, we get:

xB = B−1b − B−1SxS − B−1NxN (22)

Expression Eqn. (21) indicates that the nonbasic variables are being held equal to their
bound. It is evident through the “nearly” basic exp ression of Eqn. (22). Particularly,
we would be able to release a nonbasic variable from its bound, Eqn. (21) and exchange
it with a corresponding basic variable in the integerizing process, although the solution
would be degenerate.

6. To Find Integer Solution

Base on Eqn. (22), a component of the optimal basic feasible vector (xB)k, to solving
mixed integer linear programming as continuous can be written as;

(xB)k = βk−αk1(xN)1−· · ·−αkj (xN)j −· · ·−αkn−m(xN)Nn−m (23)
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If (xB)k is an integer variable and assume that βk is not an integer, the partitioning of βk

ke into the integer and fractional components is that given;

βk = [βk] + fk, 0 � fk � 1 (24)

Suppose we wish to increase (xB)k to its nearest integer ([β] + 1), on the idea of subop-
timal solutions [see 46], we may elevate a particular nonbasic variable, say (xN)j∗ above
its bound of zero, provided αkj∗ as one of the element of the vector αj∗ is negative. Let
�j∗ be amount of movement of the non variable nonbasic (xN)j∗ such that the numerical
value of scalar (xB)k is integer. Referring to Eqn. (23), �j∗ , then can expressed as

�j∗ = 1 − fk

−αkj∗
(25)

while the remaining nonbasic stay at zero. It can be seen that after substituting (24) into
(25) for (xN)(j

∗) and taking into account the partitioning of βk given in (24), we obtain
(xB)k = [βk] + 1. Thus, (xB)k an integer.

It is clear that a nonbasic variable plays an important role to integerized the corre-
sponding basic variable. Therefore, the following result is necessary in order to confirm
that must be a non-integer variable to work with in integerizing process. It is clear that
the other components, (xB)i �=k, of vector xB will also be affected as the numerical value
of the scalar (xN)j∗ increases to �j∗ . Consequently, if some element of vector αj∗ ,
i.e., αi∗ for i �= k are positive, then the corresponding element of xB will decrease, and
eventually may pass through zero. However, any component of vector x must not go
below zero due to the non-negativity restriction. Therefore, a formula, called the mini-
mum ratio test is needed in order to see what is the maximum movement of the nonbasic
(xN)j∗ , such that all components of x remain feasible.

This ratio test would include two cases.

(1) A basic variable, (xB)i �=k, decreases to zero (lower bound) first.

(2) The basic variable, (xB)k increases to an integer.

Specifically, corresponding to each of these two cases above, one would compute;

θ1 = min
i �=k|αj∗>0

{
βi

αj∗

}
(26)

θ2 = �j∗ (27)

How far one can release the nonbasic (xN)j∗ from its bound of zero, such that vector x

remains feasible, will depend on the ratio test θ∗ given below

θ∗ = min(θ1, θ2) (28)

If θ∗ = θ1, one of the basic variable (xB)i �=k will hit the lower bound before (xB)k
becomes integer. If θ∗ = θ2, the numerical value of the basic variable (xB)k will be
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integer and feasibility is still maintained. Analogously, we would be able to reduce the
numerical value of the basic variable (xB)k to its closest integer [βk]. In this case the
amount of movement of a particular nonbasic variable, (xN)j∗ corresponding to any
positive element of vector αj∗ is given by

�j∗ = fk

αkj

(29)

In order to maintain the feasibility, the ratio test θ∗ is still needed.
Consider the movement of a particular nonbasic variable as expressed in Eqns. (25)

and (29). The only factor that one needs to calculate is the corresponding element of
vector α. A vector αj can be expressed as αj = B

−1 αj , j = 1, . . . , n − m. Therefore,
in order to get a particular element of vector α we should be able to distinguish the
corresponding column of matrix B−1. Suppose we need the value of element αkj∗ ,
letting vT

k be the k−th column vector of B−1, we then have

vT
k = eT

k B
−1 (30)

Subsequently, the numerical value of αkj∗ can be obtained from

αkj∗ = vT
k αj∗ (31)

In linear programming terminology the operation conducted in Eqns. (32) and (33) is
called the pricing operation. The vector of reduced costs dj is used to measure the
deterioration of the objective function value caused by releasing a nonbasic variable
from its bound. Consequently, in deciding which nonbasic should be released in the
integerizing process, the vector dj must be taken into account, such that deterioration is
minimized. Recall that the minimum continuous solution provides a lower bound to any
integer feasible solution. Nevertheless, the amount of movement of particular nonbasic
variable as given in Eqns. (25) or (29), depends in some way on the corresponding
element of vector αj . Therefore it can be observed that the deterioration of the objective
function value due to releasing a nonbasic variable (xN)j∗ . So as to integerize a basic
variable (xB)k may be measured by the ratio;∣∣∣∣ dk

αkj∗

∣∣∣∣ (32)

where |α| means the absolute value of scalar α. In order to minimize the detonation of
the optimal continuous solution we then use the following strategy for deciding which
nonbasic variable may be increased from its bound of zero, that is,

min
j

{∣∣∣∣ dk

αkj∗

∣∣∣∣
}

, j = 1, . . . , n − m (33)

Suppose the maximum movement of (xN)j∗ , realeased from its bound of zero, satisfies
θ = �j∗ such that (xB)k is integer valued to exploit the manner of changing the basis
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in linear programming, we would be able to move (xN)j∗ into B (to replace (xB)k)

and integer-valued (xB)k into S in order to maintain the integer solution. We now have
a degenerate solution since a basic variable is at its bound. The integerizing process
continues with a new set [B, S]. In this case, eventually we may end up with all of the
integer variables being superbasic.

7. The Algorithm

After solving the relaxed problem, the procedure for searching a suboptimal but integer
feasible solution from an optimal continuous solution can be described as follows.

Let x = [x]+f, 0 � f � 1, be the (continuous) solution of the relaxed problem, [x]
is the integer component of non-integer variable x and f is the fractional component.

Stage 1.
Step 1. Get row i∗ the smallest integer infeasibility, such that δi∗ = min{fi, 1 − fi}
Step 2. Calculate vT

i∗ = eT
i∗ B

−1, this is a pricing operation.

Step 3. Calculate σij = vT
i∗ αj with j corresponds to min

j

{∣∣∣∣ dj

σij

∣∣∣∣
}

. Calculate the maxi-

mum movement of nonbasic j at lower bound (LB) and upper bound (UB). Otherwise
go to next non-integer nonbasic or superbasic j (if available). Eventually the column j∗
is to be increased form LB or decreased from UB. If none go to next i∗.
Step 4. Calculate σj∗ = B

−1 αj∗ and solve B σj∗ = αj∗
Step 5. Do ratio test for the basic variables in order to stay feasible due to the releasing
of nonbasic j∗ from its bounds.
Step 6. Exchanging basis
Step 7. If row i

∗ = {∅} go to Stage 2, otherwise repeat from step 1.
Stage 2. Do integer lines search to improve the integer feasible solution Step 1. Choose
f ′ ∈ JS , the criterion for selecting f ′ will be that of maximum reduce cost, λf ′ .
Step 2. Calcuate αf ′ . determine direction of move with check sign of λf ′ .
Step 3. Check that a unit move is possible, i.e;

(1)
µi − xi

+ αif ′
� 1, ∀i |i ∈ JB | αif ′ < 0

(2)
xi − Li

− αif ′
� 1, ∀i |i ∈ JB | αif ′ < 0

Step 4. Move by one unit, check that objective function improves with neigbourhood
system:
(1) If [xk] or [xk] + 1 satisfies the constraints and yields a minimum deterioration of the
optimal objective value we move to another component, if not we have integer feasible
solution.
(2) If [xk] implies that the point [xk]+1 ∈ N([xk]) is either infeasible or yields an inferior
value to objective function obtained with respect to [xk]. In this case [xk] is said to be
an optimal integer feasible solution.
Stage 3. STOP
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8. Numerical Example

Consider system reliability problem formulated by Luus [47] as follows;

Maximize R =
15∑

j=1

{
1 − (

1 − rj
)xj

}
(34)

Subject to

5∑
j=1

cjxj � 400 (35)

Where the reliability factors, ri (j = 1,…,15)= 0.9, 0.75, 0.65, 0.80, 0.85, 0.93, 0.78, 0.66,
0.78, 0.91, 0.79, 0.77, 0.67, 0.79, and 0.67 respectively, cost factors ci (j = 1,...,15)= 5,
4, 9, 7, 7, 5, 6, 9, 4, 5, 6, 7, 9, 8, and 6, respectively, and weight factors, wi (j = 1,...,15)=
8, 9, 6, 7, 8, 8, 9, 6, 7, 8, 9, 7, 6, 5, and 7. The initial value for each xj , j=1,…,15, was
chosen as 2.0.

8.1. Solution Procedure

It can be observed that the problem is a pure integer nonlinear programming problem.
The integerizing procedure is designed specifically for mixed-integer programs cannot
be used to tackle such a class of problem. Particularly, due to the nature of the objective
function, Eqn. (34) and constraint, Eqn. (35), we cannot expect that any of the integer
variable would be at its bound of zero. Instead we would have more superbasic variables
than basic variables at the optimal continuous solution, since the number of row (m)
is much less than the number of variables (n). This situation can be seen clearly from
the constraints, Eqn. (35). Consequently, we will not have enough non-integer slack
variables to work with in the integerizing process. We therefore use a different strategy
for tackling such a class of problem. We adopt the approach of examining a reduced
problem in which most of the integer variables are held constant and only a small subset
allowed varying in discrete steps.

The steps of the procedure can be summarized as follows.

Step 1. Solve the problem ignoring integrality requirements.
Step 2. Obtain a (sub-optimal) integer-feasible solution, using heuristic rounding of the
continuous solution.
Step 3. Divide the set I of integer variables into the set I1, at their bounds that were
nonbasic at the continuous solution, and the set I2, I = I1 + I2
Step 4. Perform a search on the objective function, maintaining the variables in I1 non-
basic and allowing only discrete changes in the values of the variables in I2
Step 5. At the solution in step 4, examine the reduced costs of the variables in I1.

If any should be released from their bounds, add them to the set I2 and repeat from
step 4, otherwise terminate. It should be noted that the above procedure provides a
framework for the development of specific strategies for particular classes of problems.
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In tackling the reliability problem, Eqns. (34)–(35), step 2 of the above procedure may
be implemented by using a straightforward round down the continuous optimal solution.
The result is feasible, due to the nature of the constraints, Eqn. (35). Since all of the
variables are not allowed to be at their bound of zero, we can then consider the set I1 as
an empty set. Therefore, in this case, we can combine the step 4 and 5; we perform the
discrete changes in the values obtained from step 2 by examining the reduced costs of
the variables.

8.2. Discussion of the Result

We solved this problem using PC with processor Intel(R) Core (TM) i5-2300 CPU @
280 GHZ and RAM 4.00GB. The continuous optimal solution was obtained by sing NLP
software. The result of this procedure for tackling the system reliability problem above
is presented in Table 1.

It can be seen that our result is an agreement with the result obtained by [47]. The
total computational time by using our approach is 7.36 seconds which is better than by
[47] viz 7.8 seconds.

Table 1: Results for the Reliability Problem

Allocation (xj ) Allocation (xj )
Stage j Activity in cont. Activity After

Soln. Intg. Process
1 2.64483 3.0
2 3.94357 4.0
3 5.32838 5.0
4 3.64478 3.0
5 4.10837 3.0
6 2.34418 2.0
7 3.66858 4.0
8 5.21032 5.0
9 3.83400 4.0
10 2.54777 3.0
11 3.57855 3.0
12 3.92977 4.0
13 5.09433 5.0
14 3.95416 5.0
15 4.95609 5.0

Obj.V alue(R) 0.95401 0.94475
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9. Conclusion

This paper presents a solving using active constraint for tackling a particular class of
MINLPs. Solving constituted notion superbasic variable is the variable that is not nearest
its bound to get active constraints from nonlinear objective and constraints function.
Active Constraints are used to search global optimal point so that a feasible solution is
close to its bound. A study of criteria for choosing a nonbasic variable to work with in the
integerizing process has been made such that through integerizing process is acquired
integer feasible solution. Numerical example result shows that the approach was made to
solve the problem well. Thus solving approach developed can be used to solve problems
MINLPs.
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