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Abstract
In this paper, combined exterior penalty function-modified partial quadratic interpolation technique (PMPQI) for a constrained optimal control problems for process
described by a parabolic equation with the control function in the equation and in
the additional restrictions. One of the approaches of building the gradient of the
modified functional using the solving of the adjoint problem is investigated. The
outlined of the algorithm for solving the optimal control problem and its convergence
is given. Numerical results for constrained optimal control parabolic problems are
presented in tables and figures.
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1.

Introduction

Control problems for systems governed by ordinary (or partial) differential equations
arise in many applications, e.g., in astronautics, aeronautics, robotics, and economics.
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Experimental studies of such problems go back recent years and computational approaches have been applied since the advent of computer age. Most of the efforts in
the latter direction have employed elementary strategies, but more recently, there has
been considerable practical and theoretical interest in the application of optimal control
strategies, e.g., multiple shooting methods [6], collocation methods [17], measure theoretical approaches [3], discretization methods [2], numerical methods and approximation
theory techniques [1], [14], etc.
Many processes occurring in nature and living organisms can be modelled by a
system of partial differential equations [15]. Models usually contain some unknown
parameters, which are to be determined from the given data in order to minimize the
differences between the experimental values and the values given by models. This
problem is known as the Parameter Identification Problem.There are several methods
developed for solving such problems (and they are usually difficult to implement on a
computer) for partial differential equations [12], [13], [16].
In this paper, a computational approach based on an exterior penalty function with
modified partial quadratic interpolation method (PMPQIM) is given for solving a class
of a constrained parabolic optimal boundary control problem which the final profile
can be a nonlinear or linear function. Also, MPQM is applied to solving the inverse
heat conduction problem requires to determine an unknown variable coefficient from
additional information.
1.1.

Constrained Optimal Control of Distributed Parameter Systems

We numerically study a class of constrained optimal control of distributed parameter
systems using the exterior penalty function with modified partial quadratic interpolation
method (PMPQIM). We consider the following problem of minimizing the cost functional
 l
 T
2
[v(t) − γ (t)]2 dt
(1)
uθ (v) =
[w(x, T ; v) − u0 (x)] dx + θ
0

0

under the following conditions:
∂
∂w
∂w
=
(κ(x)
) + U (x, t), 0 ≤ x ≤ l, 0 ≤ t ≤ T
∂t
∂x
∂x
w(x, 0) = ζ (x),
0≤x≤l
∂w
0 < t ≤ T,
|x=0 = 0,
∂x
∂w
|x=l = χ[G(w(l, t)) − v(t)],
0 < t ≤ T,
−κ(x)
∂x
0 ≤ w(x, t) ≤ 1 ,
on the set

(2)
(3)
(4)
(5)
(6)

V = {v : v = v(t) ∈ L2 [0, T ], 0 < vmin ≤ v(t) ≤ vmax < +∞, a.e∀0 ≤ t ≤ T }
where θ, l, T are positive numbers, U (x, t) ∈ L2 () and ζ (x), u0 (x) ∈ L2 [0, l], κ(x) ∈
L∞ [0, l] are given functions. The functions κ(x), G(w) are continuous and their derivativies are bounded.
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Discretization of State and Adjoint systems

In this section, we use forward finite difference approximation for discretiziting the state,
(1)–(3), for the above problem.
Therefore, we divide [0, l] by N − 1 equal subintervals x0 = 0, x1 = h, . . . , xi =
ih, . . . , xN = l, when h = 1/N and [0, T ] by M − 1 equal subintervals, t0 = 0, t1 =
α, tj = j α, . . . , tM = T . For a function f (x, t) ,defined on [0, l] × [0, T ], we set
j
fi := f (xi , tj ).
We discretize the state system (1)–(3) as follows: for 1 < i ≤ N − 1 and 1 < j ≤
M −1


j +1
j +1
j +1
j +1
j +1
j
wi+1 − wi
wi − wi−1
wi − wi
1
j +1
− κi
+ ui
(7)
=
κ i+1
h
h
α
h
wi0 = ϕ i , 1 < i ≤ N
j

j

(w0 )x = 0, ,

(8)

j

−κ N (wN )x = χ[G(wN ) − v j ], 1 < j ≤ M.

(9)

The system (7)–(9) may be written in the following form
j

j +1

j +1 (ν+1)

j

A((wi )(ν) )(wi−1 )(ν+1) − C((wi )(ν) )(wi

)

j

j +1

+ S((wi )(ν) )(wi+1 )(ν+1)

j

= −D((wi )(ν) )

(10)

where

α
κi,
h2
α
j
S((wi )(ν) ) = 2 κ i+1 ,
h
j

A((wi )(ν) ) =

j

j

(11)
(12)
j

(13)

j

(14)

C((wi )(ν) ) = A((wi )(ν) ) + S((wi )(ν) ) + 1,
j

j +1

D((wi )(ν) ) = αui

+ (wi )(ν)

Each iteration as ν require the solution of the system (10) by sweep method [9]. We
stop the iteration procedure on ν when
j

j

|(wi )(ν+1) − (wi )(ν) | < δ
where δ > 0 is given number.
The constrained optimal control problem (1)–(6) is converted to an unconstrained
control problem by adding a penalty function in [7], [10], [8], [19] to the cost functional
(1), yielding the modified function ϒθ,k (v, uk )
ϒθ ,k (v, uk ) ≡ ϒ(v) = uθ (v) + Pk (v),
where

1 (w) = [max{0 − w(x, t; v); 0}]2

(15)
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2 (w) = [max{w(x, t; v) − 1 ; 0}]2
 l T

 1
Pk (v) = uk
 (w) + 2 (w) dxdt
0

0

and uk > 0, k = 1, 2, . . . are positive numbers, lim uk = +∞.
k→∞

Also, We can write the discrete version of the modified functional (15) as:
N
[wiM − (u0 )i ]2 + θjM=1 [v j − γ j ]2
(v) = αi=1
j

j

N−1 M
j =1 {[max{0 − wi , 0}]2 + [max{wi − 1 , 0}]2
+hαuk i=0

(16)

The outlined of the algorithm for solving OCP problem are as follows:
1 Initialize, set I t = 0, δ  > 0, AI t > 0, δ > 0 and v (I t) ∈ V .
2 For every iteration I t repat the following steps:
3 Calculate w(., v (I t) ) and find (., v (I t) ) by solving (2)-(6).
4 Using PMPQIM [11].,compute optimal control v∗(I t+1)
5 Check stoping certiteria, if (v I t+1 ) − (v I t ) < δ then stop.
6 Put v (I t+1) = v (I t) and AI t+1 = δ  AI t
7 It = It + 1
8 Go to Step 2.
1.3.

Case Study and Numerical Results

Example I
In this section we illustrate PMPQIM technique for the optimal control problem (1)–(6)
with unconstrained (UOCP) and constrained (COCP) in the following example. Let ρ
2
be a number in (0, π]. Then w(x, t) = e−ρ t cos(ρx) is the solution of the problem
∂ 2 w(x, t)
∂w(x, t)
, 0 < x < 1, 0 < t < T ,
=
∂t
∂x 2

(17)

w(x, 0) = cos(ρx), 0 < x < 1,
(18)
∂w(1, t)
∂w(0, t)
2
= −ρe−ρ t sin(ρ), 0 < t < T
(19)
= 0,
∂x
∂x
0 ≤ w(x, t) ≤ 1
(20)
∂w(1, t)
2
2
Let v(t) = e−4ρ t cos 4 (ρ)−ρe−ρ t sin(ρ). We see that
= −w 4 (1, t)+v(t).
∂x
Thus, in this example we set G(y) = −w 4. To test our method we set u0 (x) = w(x, T ) =
2
e−ρ T cos(ρx).
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Figure 1: Control function v(t) values with UOCP.

Figure 2: Control function v(t) values with COCP
In this example, T is set to be 1 and the space and time gird sizes are taken to be 0.05
and 0.05, respectively. To analyze the effects of the initial guess on the reconstruction of
the control function, the algorithm was run with three initial guesses functions in figures
1 and 2 for UOCP and COCP respectively.
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Figure 3: Control function v(t) values with UPCP, COCP and exact control

Figure 4: Function F (t) values and iteration numbers
We tested our algorithm for ρ = π, then v(t) = e−4π t , u0 (x) = e−π T cos(πx). The
numerical results are given in figures. In figure 3 shows the estimated control function
compared with the exact one for UOCP and COCP.
But in figures 4 and 5 show the values of the functional and gradient functional U (v)
vs iterations numbers vare very close to one another and close to zero.
In Figures 6 and 7 show the comparison between the exact state results and the present
1
1
,α =
at N = M = 8
numerical results for fji in x = ih and t = j α when h =
20
20
for UOCP and COCP.
2

2

Study of variable coefficients in parabolic distributed systems

7185

Figure 5: The gradient values and iteration numbers

Figure 6: The values of state yji at i = j = 8 for UOCP.
Example II
∂w(1, t)
= −w4 (1, t) + v(t).
∂x
Thus, in this example we set G(w) = −w 4 . To test our method we set u0 (x) = w(x, T ) =
2
e−ρ T cos(ρx).
In this example, T is set to be 1 and the space and time gird sizes are taken to be 0.01
and 0.025, respectively.
To analyze the effects of the initial guess and the regularizing function y(t) on the
reconstruction of the control function, the algorithm was run with two the initial guesses
Let v(t) = e−4ρ t cos 4 (ρ) − ρe−ρ t sin(ρ). We see that
2

2
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Figure 7: The values of state yji at i = j = 8 for COCP.
v10 (t) = 0, v20 (t) = −1.85 + 1.4t, t ∈ [0, 1], and two different regularization functions
π
y10 (t) = 0, y20 (t) = −1.85 + 1.4t, t ∈ [0, 1]. We tested our algorithm for ρ = , then
2
π 2T
πx
π − π 2t
−
v(t) = − e 4 , u0 (x) = e 4 cos( ).
2
2
The numerical results are given in Table 1 and Figure 10 . The figures show the
estimated control function compared with the exact one.
In cases (I) and (III) ((II) and (IV) resp.), the algorithm was started at the same initial
guess v10 (t)(v20 (t)resp.) while in cases (I) and (II) ((III) and (IV) resp.) it used the same
regularization function y10 (t)(y20 (t)resp.). It is clear that in cases (III) and (IV) give
better reconstructions than the other two cases as the effect of the regularizing function
g(t), while the initial guess dos not effect so much the result.
However, as we can see from Table 1, the values of the modified functional are very
close to one another and close to zero. The all results of case (IV) are given in Table 2.

Table 1: Results for all cases I,II,III and IV.

Case #
Itrs #
Obj. fun. value
Gradient’s norm
Fun. eval. #

I

II

III

IV

30

27

23

19

0.24205926E-05

0.24283233E-05

0.13313733E-06

0.13321161E-06

0.64801484E-11

0.67264699E-12

0.11754868E-08

0.14073043E-08

16616

15165

12683

9263
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Table 2: Numerical results for case IV.

Itr #
Obj. fun. value
Gradient’s norm
No of fun. eval.
Itr #
Obj. fun. value
Gradient’s norm
No of fun. eval.
Itr #
Obj. fun. value
Gradient’s norm
No of fun. eval.
Itr #
Obj. fun. value
Gradient’s norm
No of fun. eval.

2.
2.1.

1

2

3

4

5

0.10667698E-01

0.85689369E-02

0.25717546E-02

0.60182920E-03

0.17146534E-03

0.51177892E-01

0.14102118E-01

0.11417020E-01

0.32702109E-02

0.71016203E-03

484

968

1451

1934

2417

6

7

8

9

10

0.64354615E-04

0.28390351E-04

0.11242679E-04

0.44480871E-05

0.19294924E-05

0.16995299E-03

0.53526216E-04

0.25319828E-04

0.98908139E-05

0.35358067E-05

2900

3383

3866

4349

4832

11

12

13

14

15

0.89412271E-06

0.46690923E-06

0.27869632E-06

0.19460292E-06

0.15876072E-06

0.14271009E-05

0.57458487E-06

0.24847477E-06

0.10901923E-06

0.45323179E-07

5315

5798

6281

6764

7247

16

17

18

19

0.14383312E-06

0.13757149E-06

0.13416361E-06

0.13321161E-06

0.18489521E-07

0.76744202E-08

0.45875046E-08

0.14073043E-08

7730

8213

8738

9263

Parameter Identification Problems
Problem Statement

In problems partial differential equations, we are usually facing a problem where, problem conditions, initial conditions and boundary conditions, are identified and in the main
equation only the equation main function is unknown. In fact, there is just one unknown
factor at the problem. These problems are called direct problems. On the contrary there
is another category of problems wherein, addition to unknown main factor at the equation, there are other characteristics at equation at its conditions. This type of problems,
are called inverse problems.
We consider the following inverse heat conduction problem with nonhomogeneous
unknown function
∂ 2 w(x, t)
∂w(x, t)
=
+ p(t)w(x, t) + u(x, t), 0 ≤ x ≤ l, 0 ≤ t ≤ T ,
∂t
∂x 2

(21)

with initial condition and boundary conditions:
w(x, 0) = ζ 0 (x), 0 ≤ x ≤ l,
w(0, t) = g0 (t), y(l, t) = g1 (t), 0 ≤ t ≤ T ,

(22)

with over extra additional condition
w(x1 , t) = ζ 1 (t), 0 < x < 1, 0 ≤ t ≤ T ,

(23)
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is assumed that ζ 0 , g0 , g1 , u(x, t) and ζ 1 are known functions, x1 , T and l are identified
positive numbers and w(x, t) and p(t) are unknown functions . In this type of equation
has many applications, for example, a study of heat conduction process, control theorem
and in uence of chemical. [4], [5]. Equation (22) is used to describe a heat converting
process with a source parameters and equation (23) displays temperature at point x1 at
the time of t. Therefore, the purpose of solving the inverse problem is to determine
the control parameters that are produced at any time t at the point x1 . Existence and
uniqueness of the solution problem has been proved in references [5], [18].
A quite natural formulation of this problem is the following optimization problem:
Minimize the functional J (p(t)) with respect to (21)-(22)
1
J (p(t)) =
2


0

T


[w(x1 , t) − ζ 1 (t)] dt +
2

T

[p(t) − z(t)]2 dt

(24)

0

The outlined of the algorithm for solving inverse problem are as follows:
1 Initialize p (0) , set I t = 0, δ > 0.
2 For every iteration I t repat the following steps:
3 Calculate the direct heat problem and evaluate values of y(., p(I t) ).
4 Using MPQIM, Minimize the functional J (pI t ) to compute p(I t+1) .
5 Check stoping certiteria, if J (pI t+1 ) − J (pI t ) < δ then stop.
6 Put p(I t+1) = p(I t) .
7 It = It + 1
8 Go to Step 2.

2.2.

Numerical Example

In this example, consider the following problem with 0 < x < l, t > 0 :
∂ 2 w(x, t)
∂w(x, t)
2
=
+ p(t)w(x, t) + e−t (π 2 − (1 + t)2 )(cos(πx) + sin(πx)), (25)
2
∂t
∂x
subject to:
w(x, 0) = cos(πx) + sin(πx), 0 ≤ x ≤ l,

(26)

w(0, t) = e−t , w(1, t) = −e−t , t ≥ 0,

(27)

2

2

with extra additional condition w(x1 , t) = e−t cos(πx1 ) + sin(πx1 ) is checked.
2
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Figure 8: The exact and approximation of p(t) for different values of T

Figure 9: The exact, approximation and initial values of p(t).
The numerical solution was realized on the grid with N × M = 11 × 11. To
determine the unknown source p(t) by the above numerical algorithm. The exact and
approximation of p(t) for different values of T is shown in Figure 8.
In Figure 9, the exact, approximation and initial values of p(t) for different initial
values is plotted.
Also the gradient values various iterations for the functional J (p) by the formula
∂J (p(t))
J k+1 − J k
=
is shown in figure 10.
∂t
α
2.3.

Conclusion

Our work is studied a class of optimal control problems of parabolic partial differential
equations.The exterior penalty function-modified partial quadratic interpolation technique (PMPQI) for a constrained optimal control problems are applied. The gradient of
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Figure 10: The gradient values various iterations for the functional J (t)

the cost function can be found by the adjoint problem approach. The partial quadratic
interpolation technique is applied to solvethis optimization problem and this algorithm
is given. The numerical results of two types of optimal control parabolic problems are
also given.
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