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Abstract 

 

In this paper anti-hesitant fuzzy set in the theory of nearring for the further 

development of hesitant fuzzy set on a theoretical model is introduced. An 

attempt was made to study the algebraic nature of interval-valued anti-hesitant 

fuzzy subnearring of a nearring. 
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1. INTRODUCTION  

Uncertainty is the very big challenge for all the fields in the real world problems. The 

uncertainty based information was first conceived in terms of classical set theory and 

later in terms of probability theory. The term information theory is almost invariably 

used to refer to a theory based upon the well known measure of probabilistic 

uncertainty established by Claude Shannon [1948]. In addition to classical set theory 

and probability theory uncertainty based information is now well understood in fuzzy 

set theory. In current scenario, the extension of fuzzy sets theory [28] so called 

hesitant fuzzy set which was introduced by Torra [22] deals with the general 
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complication that appears some possible values make to hesitate about selecting the 

right one. Many researchers are attracted by hesitant fuzzy sets because of its quick 

growth. So, there is a necessity to carry out development in the theoretical model. 

In this paper, the attempt was made to develop the HFS with the abstract 

mathematical notion as subnearring. Hence it is necessary to develop the planar 

nearring which is applied in various fields such as group theory geometry and its 

branches, combination, design of statistical experiments, coding theory and 

cryptography and construction of balanced incomplete block design through interval-

valued hesitant fuzzy set. 

The organisation of this paper as follows. Section 2 introduces the basic concepts of 

HFS. In section 3, the definitions of interval-valued hesitant fuzzy subnearring, 

interval-valued anti-hesitant fuzzy subnearring, interval-valued dual hesitant fuzzy 

subset, the anti - product of interval-valued hesitant fuzzy subsets and the strongest 

interval-valued anti-hesitant fuzzy relation are introduced. Section 4 presents the 

properties of interval-valued anti- hesitant fuzzy subnearring and 6the paper is finally 

concluded in section 5. 

 

2.  HESITANT FUZZY SET, INTERVAL-VALUED HESITANT FUZZY SET 

2.1 Definition: Let X be a reference set, a Hesitant Fuzzy Set (HFS) on  is a 

function  that returns a subset of values in [0,1]:  . A HFS can be 

also constructed from a set of Fuzzy Sets. 

 

2.2 Definition: Let be reference set, and  be a set of all closed subintervals 

of  . An Interval –Valued Hesitant Fuzzy Set on  is, 

 where  denotes all 

possible interval-valued membership degrees of the element   to the set   . 

For convenience,  is called an Interval- Valued Hesitant Fuzzy Element 

(IVHFE), where each  is an interval and   , being   

the lower and upper limits of   , respectively. 

 

2.3 Definition: Let X be a fixed set. A mapping   is called an 

Interval –Valued Hesitant Fuzzy Subset (briefly IVHFSS) of X, where Int[0,1] 

denotes the family of all closed subintervals of [0,1] and 

 for all x in , where  and  

 are Hesitant Fuzzy Subset of  such that   
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stands for the kth largest interval number in the interval – valued hesitant fuzzy 

element  

 

2.4 Definition: Let  ,  and  be three IVHFEs, then one has the following. 

(i) , 

(ii) , 

(iii) , 

(iv) ,  

(v) ,  

(vi) , 

(vii)  

 

3. INTERVAL-VALUED ANTI-HESITANT FUZZY SUBNEARRING 

The interval-valued hesitant fuzzy subnearring and interval-valued anti-hesitant fuzzy 

subnearring are defined as follows. 

3.1 Definition: Let  be a nearring. An interval-valued hesitant fuzzy 

subset  of R is said to be an interval-valued hesitant fuzzy subnearring of R if the 

following conditions are satisfied. 

(i)  

(ii)  

(iii)  

 

3.2 Definition: Let  be a nearring. An interval-valued hesitant fuzzy 

subset  of R is said to be an Interval-Valued Anti-Hesitant Fuzzy Subnearring 

(IVAHFS) of R if the following conditions are satisfied. 

(i)  

(ii)  

(iii )  
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3.3 Example: Consider the ring Z6.  defined by , 

, , , , . Consider  

 

 0.6 0.4.  Hence it is an interval-valued hesitant fuzzy subnearing. Also  

   

         

   Hence it is an interval-valued anti-hesitant fuzzy subnearring. 

 

3.4 Definition: Let X be a set, an Interval-Valued Dual Hesitant Fuzzy Set (IVDHFS) 

D on X is  defined as: 

 D =  where  are two sets of values in the interval 

[0,1], denoting the possible membership and non – membership degree of the element 

 to the set D respectively, with the following conditions, 

 where  

for all . The 

pair d(x)= (h(x), g(x)) is called Dual Hesitant Fuzzy Element (DHFE) and noted by 

d=(h,g). 

 

3.5 Definition: Let  and  be any two interval – valued hesitant fuzzy 

subsets R and , respectively. The anti product of  is defined as 

 where 

. 

 

3.6 Definition: Let  be an interval-valued hesitant fuzzy subset in a set S, the 

strongest interval-valued anti-hesitant fuzzy relation on S, that is an interval-valued 

anti-hesitant fuzzy relation  with respect to given by 

 for all  and  in S. 

 

4. PROPERTIES OF IVAHFS 

4.1 Theorem: If  is an interval – valued anti-hesitant fuzzy subnearring of a 

nearring  then  and  for x in R, the 

identity element e in R. 
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Proof: Let x and the identity element e be in R. 

Now  

                        

                  

Therefore  for all x in R. 

Now  

 

 

 

                

 

                 

Therefore  for  all  in R. 

 

4.2 Theorem: If  is an interval – valued anti-hesitant fuzzy subnearring of a 

nearring  and  then  for all x 

and y in R, the identity element e in R. 

Proof: Let  and y in R, the identity element e in R. Now  
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Therefore  for all x and y in R. 

 

4.3 Theorem: If  is an interval–valued anti-hesitant fuzzy subnearring of a 

nearring  then  is either empty or a subnearring 

of R. 

Proof: If no, the element satisfies this condition then  is empty. 

If x and y in  then  

 

 

                                    

 

 

 

Therefore  so get in . 

And   

                                     

                            

 

                   

 

 

Therefore  so get  in .  

Therefore  is a subnearring of R. Hence  is entire empty or a subnearring of R. 
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4.4 Theorem: If  is an interval–valued anti-hesitant fuzzy subnearring of a 

nearring  then  is a subnearring of R. 

Proof: Let x and y be in . 

Now  

          

                     

      

                                       

                                          

                                    =  

Therefore  

Hence  

Therefore  in . 

And  

                       

                           

 

 

                       =  

Therefore  

Hence  

Therefore  in . Hence  is a subnearring of R. 

 



1436  R.Poornima and M. M. Shanmugapriya 

4.5 Theorem: Let  is an interval–valued anti-hesitant fuzzy subnearring of a 

nearring . If  , then  for all x and y in 

R. 

Proof: 

Let x and y in R.  

 

 

 

 

 

 

 

 

 

Therefore   for all x and y in R. 

 

4.6 Theorem: Let  is an interval–valued anti-hesitant fuzzy subnearring of a 

nearring . If  then either  or 

 for all x and y in R. 

Proof: Let x and y in R. By the definition  

 

                          

                     

                   

which implies that  
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Therefore either    or  

 

4.7 Theorem: If  and  are two interval-valued anti-hesitant fuzzy subnearrings of a 

nearring R, then their union  is an interval-valued anti hesitant fuzzy 

subnearring of R. 

Proof: Let x and y belong to R. 

and  

Let  =  and  

(i)  

 

 

 

Therefore   

for all x and y in R. 

(ii)  

 

 

for all x and y in R. 

Hence  is an interval valued anti – hesitant fuzzy subnearring of the nearring R. 

 

4.8 Theorem: The union of a family of interval-valued anti-hesitant fuzzy 

subnearrings of a nearring R is an interval-valued anti-hesitant fuzzy subnearring of 

R. 

Proof: It is trivial. 
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4.9 Theorem: If  and  are interval-valued anti-hesitant fuzzy subnearrings 

of the nearrings R and , respectively, then  is an interval-valued anti-

hesitant fuzzy subnearring of . 

Proof: 

 

 

 

 

 

 

 

=  

Therefore  

 

Hence  is an interval-valued anti-hesitant fuzzy subnearring of  

 

4.10 Theorem: Let  be interval-valued fuzzy subset of the nearrings 

R and  respectively. Suppose that  and  are the identity elements of R and  

respectively. If  is an interval-valued anti-hesitant fuzzy subnearring of 

, then at least one of the following two statements must hold. 

(i) for all  in R. 

(ii) for all  in . 
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Proof: Let  be an interval-valued anti-hesitant fuzzy subnearring of 

. By contra positive, suppose that none of the statements (i) and (ii) holds. Then 

to find  in R and  in  such that  

  and 

 . 

Then it has, 

  

  

       

                                                 

                                                 

                                                

Thus  is not an interval-valued anti-hesitant fuzzy subnearring of 

 

Hence either  for all  in R. 

   for all  in . 

 

4.11 Theorem: Let  and  be interval-valued hesitant fuzzy subsets if the 

nearrings  and  respectively and  is an interval-valued anti-hesitant 

fuzzy subsets of  Then the following are true. 

(i)  If  then  is an interval-valued anti-hesitant fuzzy   

      subnearring of R. 

(ii)  If  then  is an interval-valued anti-hesitant fuzzy  

       subnearring of  

(iii)  Either  is an interval-valued anti-hesitant fuzzy subnearring of R or 

is an interval-valued anti-hesitant fuzzy subnearring of  
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Proof: Let  is an interval-valued anti-hesitant fuzzy subsets of  

and  and  be in  

Now using the property  for all  in  

Then it is  

  

  

  

  

  

  

Therefore  for all  and  in R. And  

  

   

   

   

   

   

   

Therefore  for all  in  

Hence  is an internal-valued anti-hesitant fuzzy subnearring of R. 

Thus (i) is proved. 

Now using the property 

 for all  in  Then it is 
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Therefore  for all x and y in  

And   

 

  

                          

        

                          

                         

Therefore   for all x and y in  

Hence  is an interval–valued anti-hesitant fuzzy subnearring of  

Thus (ii) is proved. (iii) is clear. 

 

4.12 Theorem: Let  be an interval-valued hesitant fuzzy subset of a nearing R 

and  

 be the strongest interval-valued anti-hesitant fuzzy relation of R with respect to 

 Then  is an interval-valued anti-hesitant fuzzy subnearring of R if and 

only if  is an interval-valued anti-hesitant fuzzy subnearring of R x R  

Proof: Suppose that  is an interval – valued anti – hesitant fuzzy subnearring of 

R. Then for any  and  are in R x R. Then it has  
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Therefore   for all x and y in R  

And then it has 

 

 

                    

 

 

 

 

Therefore   for all x and y in R  This 

proves that  

 is an interval-valued anti-hesitant fuzzy subnearring of R  

Conversely, assume that  is an interval-valued anti-hesitant fuzzy subnearring of 

R  

then for any  and  If  put , where e is the 

identity element of R then get  

 for all  and  in R. And  
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Suppose that , where e is the identity element of R which implies   

 for all  and  in R. 

Hence  is an interval-valued anti-hesitant fuzzy subnearring of R. 

 

5. CONCLUSION  

This paper is concluded that the concept of internal-valued hesitant and anti-hesitant 

fuzzy subnearrings are defined with proper example. Based on the definition of 

interval-valued anti-hesitant fuzzy subnearring, the properties of interval-valued anti-

hesitant fuzzy subnearring are proved. In forth coming paper, the discussion will be 

made on interval-valued Q hesitant fuzzy subnearring. 
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