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Abstract

In this paper, generalizing soft group (ring, module), soft subgroup and normal
subgroup (subring and left/right ideal, sub module), we introduce the notions of
f-soft τ -algebra, (strong) f-soft ω-subalgebra of an f-soft τ -algebra and study some
(lattice) algebraic properties of f-soft ω-subalgebras of an f-soft τ -algebra. In ad-
dition, the above notions are further generalized to those of f-fuzzy soft τ -algebra,
(strong) f-fuzzy soft ω-subalgebra of an f-fuzzy soft τ -algebra and study some (lat-
tice) algebraic properties of f-fuzzy soft ω-subalgebras of an f-fuzzy soft τ -algebra.
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1. Introduction

By the end of 19th century, it became clear that neither Boolean logic nor the Mathematics
based on it can be used for modeling several problems in the fields of Information Sci-
ence, Economics, Engineering, Social Science, Environmental Sciences etcetera because
of various structurally inherent uncertainties to be dealt within these problems. Conse-
quently the theories Probability and Statistics, the Interval Mathematics and Fuzzy Sets
and Fuzzy Logic evolved addressing some of the uncertainty issues in the modeling
mentioned in the above.

1Corresponding Author.
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However, Molodtsov [28] observes, Probability and Statistics Theory is applicable
only for a stochastically stable system; Interval Mathematics is not sufficiently adaptable
for problems with several types of uncertainties and setting the membership function
value has always been a problem in Fuzzy Set Theory. Moreover all these techniques lack
in the parameterization of the tools and hence they could not be applied successfully in
tackling still many problems involving uncertainties in the above said fields. Molodtsov
[28] feeling that the reason for this difficulties being, possibly, the inadequacy of the
parametrization tool of the theory, developed the so called Soft Set Theory.

Thus, Molodtsov [28] introduced the new concept of Soft Set as a completely generic
mathematical tool for modeling uncertainties. There is no limited condition to the de-
scription of objects, so researchers can choose the form of parameters they need, which
greatly simplifies the decision-making process and make the process more efficient in
the absence of partial information.

Ever since the soft sets came into existence, some mathematicians started imposing
and studying algebraic structures on soft sets. Since any soft set involves two compo-
nent sets, namely, a universal set and a parameter set, interestingly, some researchers
algebrized universal set and others algebrized parameter set.

For parameter set algebrised research papers, one can refer to Wen [37] and Yin-
Liao [39] for soft groups; Atagun-Sezgin [8] for soft substructures of rings, fields and
modules.

For universal set algebrised research papers, one can refer to Aktas-Cagman [3] for
soft groups; Feng-Jun-Zhao [15] for soft semi rings; Acer-Koyuncu-Tanay [1] for soft
rings; Sun-Zhang-Liu [36] for soft modules; Sezgin-Atagun [33] for soft groups and
normalistic soft groups; Sezgin-Atagun-Ayugn [34] for soft near-rings and idealistic soft
near-rings; Changphas-Thongkam [13] for soft algebras in a general viewpoint; Jun [19]
for soft BCK/BCI-algebras; Jun-Lee-Park [20] for soft set theory applied to ideals in
d-algebras; Jun-Lee-Zhan [21] for soft p-ideals of soft BCI-algebras; Zhu [41] for soft
BL-algebras and soft logic system BL; Burak Kurt [11] for soft algebraic structures;
Kazanci-Yilmaz-Yamak [23] for soft BCH-algebras; Jun-Sun [22] for soft sets in BE-
algebras; Alshehri-Akram-Al-ghamdi [7] for soft K-algebras and Khameneh-Kilicman
[24] for soft σ-algebras etcetera.

In 2001, Maji-Biswas-Roy [25] introduced the notion of fuzzy soft set by fuzzyfying
the soft set and defined some algebraic operations in the Fuzzy Soft Set Theory.

Ever since the fuzzy soft sets came into existence, some mathematicians started
imposing and studying well known algebraic structures and the interested reader can
refer to Yang [38] for fuzzy soft semigroups; Manemaran [27] and Aygunoglu-Aygun
[9] for fuzzy soft groups; Pazar-Aygunoglu-Aygun [30] for fuzzy soft rings and Ghosh-
Dinda-Samanta [16] for both fuzzy soft rings and fuzzy soft ideals etcetera.

Now in this paper, algebrising the parameter set in a soft set, f-soft algebras of type τ
or f-soft τ -algebras and f-soft subalgebras of type ω or f-soft ω-subalgebras of an f-soft
τ -algebra, where ω is a subtype of τ , are introduced and some of their (lattice) algebraic
properties are studied and in Section 3, we further generalize these notions to fuzzy soft
sets to introduce f-fuzzy soft algebras of type τ or f-fuzzy soft τ -algebras and f-fuzzy
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soft subalgebras of type ω or f-fuzzy soft ω-subalgebras of an f-fuzzy soft τ -algebra,
where ω is a subtype of τ , and study some of their (lattice) algebraic properties.

For all the notions and results of universal algebra used in this paper, one can refer
to any of the books Burris-Sankappanavar [12], Cohn [14], Gratzer [18] and for all the
lattice theoretic notions and results, one can refer to any of the books Szasz [32] and
Birkhoff [10]. However, some notions and results of universal algebra are recalled in
Section 2.3 for the sake of completeness.

1.1. Remarks about the notation.

(1) Since τ -algebras, soft sets and fuzzy soft sets, dealt in this paper are all ordered
pairs and f-soft τ -algebras and f-fuzzy soft τ -algebras, again dealt in this same
paper are all ordered triplets, naturally we had a notational drought running into
run-out of symbols and typing difficulties in the representation of all these notions.
Consequently, in each of these cases, in the concerned section, while recalling
the standard notions, first we gave the so far standard definition in its common-
already-journal appeared (CAJA) notation and then gave a corresponding new
notation used in this paper which most suited, for a collective representation of
all these concepts together without notational conflicts, with remarks after each
definition whenever needed.

(2) It may be useful to know that in general the notations of the type (A, αA), where A is
a set and αA is some structure on A, can actually lead to such technical difficulties
as A = B implies αA = αB-assuming that the relation A R αA is a function, which
in most cases is so because it is a replacement relation (!), implying that one set
A will permit one and only one such structure, namely, αA, which in most cases is
not expected so.

Having observed (2), however we prefer to use the notation (A, αA) because at
any given instance we deal with one and only one underlying set A and one and
only one such structure αA.

2. Preliminaries

In what follows, we recall some of the elementary results in Set Theory, Lattice Theory
and some definitions and results in the Theory of Universal Algebras, making the paper
more self complete.

Proofs are omitted for two reasons: 1. to minimize the size of the document and 2. in
most cases, they are either easy or, straight forward and a little involving.

2.1. Set Theory

The following are some of the frequently used results with out explicit mentions.

Lemma 2.1.1. For any pair of sets A, B and for any f ∈ BA, the following are true:
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(a) BA = φ iff B = φ and A �= φ

(b) |BA| ≤ 1 iff |B| ≤ 1 or A = φ

(c) |BA| = 1 iff |B| = 1 or A = φ

(d) f = φ iff A = φ

(e) B = φ implies f = φ but not conversely.

Lemma 2.1.2. For any set A and for any family of sets (Bi)i∈I , the following are true:

(a) (∩i∈IBi)A = ∩i∈IB
A
i

(b) (∪i∈IBi)A = ∪i∈IB
A
i whenever (Bi)i∈I is a chain and |A| is finite.

The following Example shows that a strict containment can hold in (b) of the above
Lemma if, only |A| is finite but (Bi)i∈I is not a chain.

Example 2.1.3. Let B1 = {b1}, B2 = {b2} and |A| = 2. Then B2
1 ∪ B2

2 = {(b1, b1),
(b2, b2)} ⊂ {(b1, b1), (b1, b2), (b2, b1), (b2, b2)} = (B1∪B2)2 and B2

1 ∪B2
2 �= (B1∪B2)2.

The following Example shows that a strict containment can hold in (b) of the above
Lemma if, only (Bi)i∈I is a chain but |A| is not finite.

Example 2.1.4. Let Bi = {1
n

/n = 1, 2, . . . , i} for all i ∈ N and A = N. Then (Bi)i∈N

is a chain and |A| is not finite.

Let b : N → ∪i∈NBi be defined by b(n) =
1
n

. Since b(n) ∈ Bn ⊆ ∪i∈NBi for all

n ∈ N, b ∈ (∪i∈NBi)N.
On the other hand, b /∈ ∪i∈NBN

i because otherwise there is an i0 ∈ N such that

b ∈ BN

i0
or b : N → Bi0 , which is a contradiction because b(i0 + 1) =

1
i0 + 1

/∈ Bi0 =

{1,
1
2
, . . . ,

1
i0

}.

Lemma 2.1.5. For any index sets I, J and for any family of sets (Aij)i∈I,j∈J , the fol-
lowing are true:

(a) ∩i∈I(∩j∈JAij) = ∩j∈J(∩i∈IAij)

(b) ∪i∈I(∪j∈JAij) = ∪j∈J(∪i∈IAij)

(c) ∪i∈I(∩j∈JAij) ⊆ ∩j∈J(∪i∈IAij)

(d) ∩i∈I(∪j∈JAij) ⊇ ∪j∈J(∩i∈IAij).
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A strict containment can hold in (c) and (d) of the above Lemma even if, for each
j ∈ J , (Aij)i∈I is a chain of sets and I is finite and it is easy.

Notice that in examples, we will be using John-Von-Neumann ordinal notation, ac-
cording to which 0 = φ and n = {0, 1, . . . , n − 1}.

2.2. Lattice Theory

In this section, we recall the following Lattice Theory results that are frequently used in
this paper.

Definitions 2.2.1.

(a) Let L be a meet complete semi lattice with the greatest element 1L. For any subset
φ �= S ⊆ L define ∨S = ∧{α ∈ L/α ∧ β = β for all β ∈ S}. Then, L is a
complete lattice, where the join is given by ∨.

(b) For any meet complete semi lattice L with the greatest element 1L, the join defined
as above is called the meet induced join on L and the complete lattice L defined as
above is called the associated complete lattice for the meet complete semi lattice
L.

Lemma 2.2.2. For any index sets I, J and for any subset (aij)i∈I,j∈J ⊆ [0, 1], the fol-
lowing are true:

(a) ∧i∈I(∧j∈Jaij) = ∧j∈J(∧i∈Iaij)

(b) ∨i∈I(∨j∈Jaij) = ∨j∈J(∨i∈Iaij)

(c) ∨i∈I(∧j∈Jaij) ≤ ∧j∈J(∨i∈Iaij)

(d) ∧i∈I(∨j∈Jaij) ≥ ∨j∈J(∧i∈Iaij).

A strict containment can hold in (c) and (d) of the above Lemma even if, for each
j ∈ J , (aij)i∈I is a chain of sets and I is finite and it is easy.

2.3. Algebras

In this section, the notions of arity of a function, type τ , sub type of a type τ are recalled.
Further, we recall the notions of algebra of type τ or τ -algebra, ω-sub algebra of a τ -
algebra and some (lattice) algebraic properties of the collection of all ω-subalgebras of
a τ -algebra, for the sake of completeness.

Notice that the advantage of the notion of subtype ω of a type τ is that τ and ω can be so
chosen that, for a subtype ω of a type τ , a τ -algebra is a ring while all the ω-subalgebras
of this τ -algebra are precisely all the additive subgroups of this ring; a τ -algebra is a
ring while all the ω-subalgebras of this τ -algebra are precisely all the left ideals of this
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ring etcetera. Observe that in the above all the τ -subalgebras are precisely all the sub
rings of the ring.

Defintions and Statements 2.3.1.

(a) [35] A type τ is a function from a set d(τ), the domain of τ , called the set of
operation/function symbols for the type τ , into a collection of sets.

Notice that d(τ) can be the empty set in which case τ is called the empty type. For
each operation symbol f ∈ d(τ), the set τ(f) is called the arity of f or f is said
to be a τ(f)-ary operation symbol.

If τ(f) = 0 = φ, then f is called the nullary operation symbol, if τ(f) = 1 = {0},
then f is called the unary operation symbol, if τ(f) = 2 = {0, 1}, then f is called
the binary operation symbol etcetera.

(b) The type τ is finitary iff for each f ∈ d(τ), τ(f) is a finite set.

(c) The type τ is finite iff d(τ) is a finite set.

(d) [29] For any pair of types ω and τ on sets of function symbols d(ω) and d(τ)
respectively, ω is a subtype of τ iff d(ω) ⊆ d(τ) and ω(f) = τ(f) for all f ∈ d(ω).

(e) Let τ be a type, f ∈ d(τ) be of arity τ(f). If τ(f) = φ, the empty set, then
Xτ(f) = {φ}, the singleton set consisting of the empty set alone, whether X = φ
or X �= φ. If τ(f) �= φ, then Xτ(f) = φ whenever X = φ and Xτ(f) = {x/x :
τ(f) → X}, the set of τ(f)-tuples of elements from X , whenever X �= φ. Some
times, for convenience, any x ∈ Xτ(f) is also written as x = (xk)k∈τ(f).

(f) Let τ be a type and f ∈ d(τ) be of arity τ(f). Then for any non empty set X ,
a τ(f)-ary operation on X is any function from Xτ(f) into X . An operation on
X is called a nullary (or constant) operation, if its arity is φ and it is completely
determined by its image of φ in X .

Now in view of (e) the empty function defines a τ(f)-ary operation on the empty
set whenever τ(f) �= φ but it does not define a τ(f)-ary operation whenever τ(f)
= φ.

(g) For any type τ , d(τ)0 = {f ∈ d(τ) / τ(f) = φ} is the set of all nullary operations.

(h) An algebra X of type ω or an ω-algebra is an ordered pair X = (X,FX ), where
X is a non empty set, called the underlying set of X and FX = (fX )f∈d(ω) is
a collection of operations on X , called the ω-structure on X , such that for each
f ∈ d(ω), fX is an ω(f)-ary operation on X . Some times fX is also called the
fundamental operation on X corresponding to the operation symbol f ∈ d(ω).
Thus an ω-algebra is uniquely determined by both its underlying set and the ω-
structure on the underlying set and not by any one of them.
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Notice that as mentioned earlier in 1.1(2), here onwards our ω-algebras look like
X = (X,FX) and not as X = (X,FX ) as defined in 2.3.1(h) above.

If d(ω) is finite, say d(ω) = {f1, f2, . . . , fn} and (ω(fi))i=1,...,n are ordinals, then
we often write (X; f1X

, f2X
, . . . , fnX

) for (X,FX), where the arities of fiX ’s are
in decreasing order.

(i) Let Y and X be two algebras of types ω and τ respectively. Then Y is an ω-
subalgebra of X iff (i) ω is a subtype of τ (ii) Y ⊆ X (iii) for each f ∈ d(ω)
and for each y ∈ Y ω(f), fY y = fXy.

Note: Whenever ω is a subtype of τ and X is a τ -algebra, Xω = (Xω, FXω), where
Xω = X , FXω = (fX)f∈d(ω) is called the ω-restriction of X and is an ω-algebra,
an ω-subalgebra of X and X is a τ -subalgebra of X .

(j) Let ω be a subtype of τ , X be a τ -algebra and A ⊆ X . A is ω-closed iff for all
f ∈ d(ω) and for all a ∈ Aω(f), fXa ∈ A.

Note: For any subtype ω of type τ and for any τ -algebra X , a subset A of X is an
ω-subalgebra of X iff A is ω-closed.

(k) For any pair of ω-subalgebras Y and Z of a τ -algebra X , Y = Z iff Y = Z and
for each f ∈ d(ω), fY = fZ .

Definition 2.3.2. For any family of ω-subalgebras (Yi)i∈I of a τ -algebra X , the ω-
subalgebra Y of X , if it exists, with the properties (a) Yi is an ω-subalgebra of Y for all
i ∈ I (b) whenever Z is an ω-subalgebra of X such that Yi is an ω-subalgebra of Z for
all i ∈ I , Y is an ω-subalgebra of Z , is called the union of ω-subalgebras (Yi)i∈I and is
denoted by ∪i∈IYi.

Proposition 2.3.3. For any τ -algebra X and for any family of ω-subalgebras (Yi)i∈I of
X , the pair (Y, FY ) = Y , where Y = ∪i∈IYi and FY = (fY )f∈d(ω), fY : Y ω(f) → Y is
defined by fY y = fXy for all y ∈ Y ω(f), is an ω-subalgebra of X such that Y = ∪i∈IYi

whenever (Yi)i∈I is a chain of ω-subalgebras of X and ω is finitary.

Proof. It follows from 2.3.1(h), 2.1.2(b), 2.3.1(i) and 2.3.2. �

The following Example shows that the above Proposition is not true if, only ω is
finitary but (Yi)i∈I is not a chain of ω-subalgebras of X .

Example 2.3.4. Let d(τ) = {f}, τ(f) = 2 = {0, 1}, ω = τ , X = ({x1, x2, x3};
{((x1, x1), x1), ((x1, x2), x3), ((x1, x3), x3), ((x2, x1), x3), ((x2, x2), x2), ((x2, x3), x3),
((x3, x1), x3), ((x3, x2), x3), ((x3, x3), x3)})be a τ -algebra, Y1 = ({x1}; {((x1, x1), x1)})
and Y2 = ({x2}; {((x2, x2), x2)}).

Then Y1 and Y2 are ω-subalgebras of X and the pair (Y, FY ) defined as in 2.3.3 above
is not an ω-subalgebra of X .
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The following Example shows that the above Proposition is not true if, only (Yi)i∈I

is a chain of ω-subalgebras of X but ω is not finitary.

Example 2.3.5. Let d(τ) = {f}, τ(f) = N, ω = τ , X = (X,FX), where X = N∪{∞}
and FX = (fX)f∈d(τ), fX : XN → X is defined by, for each x = (xk)k∈N ∈ XN, fXx =
∨∞

k=1xk ∈ X , be a τ -algebra and Yi = (Yi, FYi
), where Yi = {n/n = 1, 2, ..., i} and FYi

=
(fYi

)f∈d(ω), fYi
: Y N

i → Yi is defined by, for each y = (yk)k∈N ∈ Y N

i , fYi
y = ∨∞

k=1yk ∈ Yi,
for all i ∈ N.

Then (Yi)i∈N is a chain of ω-subalgebras of X and the pair (Y, FY ) defined as in 2.3.3
above is not an ω-subalgebra of X .

Definition 2.3.6. For any family of ω-subalgebras (Yi)i∈I of a τ -algebra X , the ω-
subalgebra Y of X , if it exists, with the properties (a) Y is an ω-subalgebra of Yi for all
i ∈ I (b) whenever Z is an ω-subalgebra of X such that Z is an ω-subalgebra of Yi for
all i ∈ I , Z is an ω-subalgebra of Y , is called the intersection of ω-subalgebras (Yi)i∈I

and is denoted by ∩i∈IYi.

Proposition 2.3.7. For any subtype ω of a type τ such that d(ω)0 �= φ and for any
τ -algebra X , the following are true:

(1) For any family of ω-subalgebras (Yi)i∈I of X , the pair (Y, FY ) = Y , where Y =
∩i∈IYi, FY = (fY )f∈d(ω), fY : Y ω(f) → Y is defined by fY y = fXy for all y ∈ Y ω(f),
is an ω-subalgebra of X such that Y = ∩i∈IYi.

(2) For any subset A of the underlying set X of X , the intersection of all ω-subalgebras
of X whose underlying sets contain A is the unique smallest ω-subalgebra of X
containing A.

Proof. (1) follows from 2.3.1(h), 2.1.2(a), 2.3.1(i) and 2.3.6. (2) follows from (1). �

Definition 2.3.8. For any subtype ω of a type τ such that d(ω)0 �= φ, for any τ -algebra X
and for any subset A of the underlying set X of X , the unique smallest ω-subalgebra of
X defined as in (2) above is called the ω-subalgebra generated by A of X and is denoted
by (A)X .

The following Example shows that (1) of the above Proposition is not true if d(ω)0=φ.

Example 2.3.9. Let d(τ) = {f}, τ(f) = 2 = {0, 1}, ω = τ , X = ({x1, x2};
{((x1, x1), x1), ((x1, x2), x2), ((x2, x1), x2), ((x2, x2), x2)}) be a τ -algebra, Y1=({x1};
{((x1, x1), x1)}) and Y2 = ({x2}; {((x2, x2), x2)}).

Then Y1 and Y2 are ω-subalgebras of X and the pair (Y, FY ) defined as in 2.3.7(1)
above is not an ω-subalgebra of X .

Corollary 2.3.10. For any subtype ω of a type τ such that d(ω)0 �= φ and for any
τ -algebra X , the set Sω(X ) of all ω-subalgebras of X is a complete lattice with

(1) the largest element 1Sω(X ) = Xω, the ω-restriction of X
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(2) the least element 0Sω(X ) = X0 = (X0)X , where X0 = {fX(φ)/f ∈ d(ω)0} and

for any family (Yi)i∈I of ω-subalgebras of X ,

(3) ∧i∈IYi = ∩i∈IYi and with

(4) ∨i∈IYi = ∩{Z ∈ Sω(X )/Yi ∩ Z = Yi for all Yi in (Yi)i∈I}.

Proof. It follows from Note after 2.3.1(i), 2.3.7 and 2.2.1(a). �

Proposition 2.3.11. For any families of ω and τ -subalgebras (Yi)i∈I and (Zi)i∈I respec-
tively of the τ -algebra X such that Yi is an ω-subalgebra of Zi for all i ∈ I , ∪i∈IYi is an
ω-subalgebra of ∪i∈IZi whenever (Yi)i∈I and (Zi)i∈I are chains of ω and τ -subalgebras
respectively of X and τ is finitary.

Proof. It follows from 2.3.3 and 2.3.1(i). �

The following Example shows that the above Proposition is not true if, only (Yi)i∈I is
a chain of ω-subalgebras of X and τ is finitary but (Zi)i∈I is not a chain of τ -subalgebras
of X .

Example 2.3.12. Let d(τ) = {f}, τ(f) = 2 = {0, 1}, ω = τ , X = ({x1, x2, x3, x4};
{((x1, x1), x1), ((x1, x2), x2), ((x1, x3), x3), ((x1, x4), x4), ((x2, x1), x2), ((x2, x2), x2),
((x2, x3), x4), ((x2, x4), x4), ((x3, x1), x3), ((x3, x2), x4), ((x3, x3), x3), ((x3, x4), x4),
((x4, x1), x4), ((x4, x2), x4), ((x4, x3), x4), ((x4, x4), x4)})be a τ -algebra, Z1=({x1, x3};
{((x1, x1), x1), ((x1, x3), x3), ((x3, x1), x3), ((x3, x3), x3)}) andZ2=({x1, x2}; {((x1, x1),
x1), ((x1, x2), x2), ((x2, x1), x2), ((x2, x2), x2)}).

Then Z1 and Z2 are τ -subalgebras of X and Z1 is not a τ -subalgebra of Z2.
Let Y1 = ({x1}; {((x1, x1), x1)}) and Y2 = Z2.
Then Y1 and Y2 are ω-subalgebras of X , Y1 is an ω-subalgebra of both Y2 and Z1

and Y2 is an ω-subalgebra of Z2.
Since (Yi)i=1,2 is a chain of ω-subalgebras of X and ω is finitary, by 2.3.3, Y1 ∪ Y2

= Y is an ω-subalgebra of X . However, the τ -subalgebra Z1 ∪ Z2 = Z of X does not
exist.

The following Example shows that the above Proposition is not true if, only (Zi)i∈I is
a chain of τ -subalgebras of X and τ is finitary but (Yi)i∈I is not a chain of ω-subalgebras
of X .

Example 2.3.13. Let τ , ω, X , Y1 and Y2 be as in 2.3.4. Then Y1 and Y2 are ω-
subalgebras of X and Y1 is not an ω-subalgebra of Y2. Let Z1 = Y1 and Z2 = X . Then
Z1 is a τ -subalgebra of both X and Z2 and Z2 is a τ -subalgebra of X .

Since (Zi)i=1,2 is a chain of τ -subalgebras of X and τ is finitary, by 2.3.3, the τ -
subalgebra Z1 ∪Z2 = Z of X exists. However, the ω-subalgebra Y1 ∪Y2 = Y of X does
not exist.
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The following Example shows that the above Proposition is not true if, only (Yi)i∈I

and (Zi)i∈I are chains of ω and τ -subalgebras respectively of X but τ is not finitary.

Example 2.3.14. Let τ , ω, X and (Yi)i∈N be as in 2.3.5. Then (Yi)i∈N is a chain of
ω-subalgebras of X .

Let Zi = (Zi, FZi
), where Zi = {n/n = 1, 2, ...., i + 1} and FZi

= (fZi
)f∈d(τ), fZi

:
ZN

i → Zi is defined by, for each z = (zk)k∈N ∈ ZN

i , fZi
z = ∨∞

k=1zk ∈ Zi, for all i ∈ N.
Then (Zi)i∈N is a chain of τ -subalgebras of X .

Now each Yi is an ω-subalgebra of Zi and the ω and τ -subalgebras ∪i∈NYi = Y and
∪i∈NZi = Z respectively of X do not exist.

Proposition 2.3.15. For any families of ω and τ -subalgebras (Yi)i∈I and (Zi)i∈I respec-
tively of the τ -algebra X such that Yi is an ω-subalgebra of Zi for all i ∈ I , ∩i∈IYi is an
ω-subalgebra of ∩i∈IZi whenever d(ω)0 �= φ.

Proof. It follows from 2.3.7(1) and 2.3.1(i). �

The following Example shows that the above Proposition is not true if d(ω)0 = φ.

Example 2.3.16. Let d(τ) = {f, g}, τ(f) = 2 = {0, 1}, τ(g) = φ, d(ω) = {f} and
ω(f) = 2 = {0, 1}. Then ω is a subtype of τ , d(τ)0 = {g} and d(ω)0 = φ.

Let X = (X; fX , gX) = ({x1, x2, x3}; {((x1, x1), x1), ((x1, x2), x1), ((x1, x3), x1),
((x2, x1), x1), ((x2, x2), x2), ((x2, x3), x2), ((x3, x1), x1), ((x3, x2), x2), ((x3, x3), x3)},
{(φ, x3)}) be a τ -algebra, Z1 = (Z1; fZ1 , gZ1) = ({x1, x3}; {((x1, x1), x1), ((x1, x3), x1),
((x3, x1), x1), ((x3, x3), x3)}, {(φ, x3)}) and Z2 = (Z2; fZ2 , gZ2) = ({x2, x3}; {((x2, x2),
x2), ((x2, x3), x2), ((x3, x2), x2), ((x3, x3), x3)}, {(φ, x3)}).

Then Z1 and Z2 are τ -subalgebras of X .
Let Y1 = ({x1}; {((x1, x1), x1)}) and Y2 = ({x2}; {((x2, x2), x2)}). Then Y1 is an

ω-subalgebra of both X and Z1 and Y2 is an ω-subalgebra of both X and Z2.
Since d(τ)0 is non empty, by 2.3.7(1), the τ -subalgebra Z1 ∩ Z2 = Z of X exists.

However, the ω-subalgebra Y1 ∩ Y2 = Y of X does not exist.

2.4. Soft Sets

In this section, the basic notions in Soft Set Theory are recalled and the notions of (d-
total, strong) soft subsets of a soft set are introduced. Further, some (lattice) algebraic
properties of soft subsets of a soft set and lattice theoretic relations between (crisp)
subsets of the underlying set of a soft set, Goguen fuzzy subsets of the underlying set of
the soft set and soft subsets of the soft set are studied.

Definition 2.4.1. [28] Let U be a universal set, P (U) be the power set of U and E be
a set of parameters. A pair (F,E) is called a soft set over U iff F : E → P (U) is a
mapping defined by, for each e ∈ E, F (e) is a subset of U . In other words, a soft set
over U is a parametrized family of subsets of U .
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Remarks 2.4.2.

(1) In order to facilitate the ordered pair notation for a soft set along with that of a
fuzzy soft set and a τ -algebra, as we deal with all of them in this same paper in
Section 4, we deviate from the above notation for soft set and adapt the following
notation for convenience:

Let U be a universal set. A typical soft set over U is an ordered pair E = (σE, E),
where E is a set of parameters, called the underlying set for E, P (U) is the power
set of U and σE : E → P (U) is a map, called the underlying set valued map for
E. Some times σE is also called the soft structure on E.

Notice that (i) a soft set is determined by all three namely, the universal set U , the
parameter set E and the map σE : E → P (U) and not by any one or two of them
(ii) two different soft sets can very well have exactly the same underlying set (iii)
as mentioned earlier in 1.1(2), here onwards our soft sets look like E = (σE, E)
and not as E = (σE, E) or (F,E) as defined in 2.4.2 or 2.4.1.

(2) [17] An L-fuzzy subset (or) an L-subset of a set X , is any function γ : X → L,
where L is a complete lattice. Thus, a soft set may be regarded as a P (U)-fuzzy
subset of E because σE : E → P (U) is a map and P (U) is always a complete
lattice.

Defintions and Statements 2.4.3.

(a) [5] The empty soft set is a soft set with the empty parameter set, denoted by Φ =
(σφ, φ). Clearly, it is unique.

(b) [5] A soft set E is said to be a null soft set, denoted by ΦE , iff σEe = φ, the empty
set, for all e ∈ E.

(c) [4] A soft set E is said to be a whole soft set, denoted by UE , iff σEe = U for all
e ∈ E.

(d) [31] For any pair of soft sets A and B, A is a soft subset of B, denoted by A ⊆ B,
iff (i) A ⊆ B (ii) σAa ⊆ σBa for all a ∈ A.

The following are easy to see:

(1) Always the empty soft set Φ is a soft subset of every soft set A

(2) A = B iff A ⊆ B and B ⊆ A iff A = B and σA = σB.

(e) Let A, B be a pair of soft sets.

(1) A is a d-total soft subset of B iff A is a soft subset of B and A = B

(2) A is a strong soft subset of B iff A is a soft subset of B and σAa = σBa for all
a ∈ A.
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For any family of soft subsets (Ai)i∈I of E,

(f) [15] the soft union of (Ai)i∈I , denoted by ∪i∈IAi, is defined by the soft set A, where

(i) A = ∪i∈IAi (ii) σAa = ∪i∈IaσAi
a, where Ia = {i ∈ I/a ∈ Ai}, for all a ∈ A

(g) the soft intersection of (Ai)i∈I , denoted by ∩i∈IAi, is defined by the soft set A,
where

(i) A = ∩i∈IAi (ii) σAa = ∩i∈IσAi
a for all a ∈ A.

Lemma 2.4.4. For any families of soft subsets (Ai)i∈I and (Bi)i∈I of a soft set E such
that Ai ⊆ Bi for all i ∈ I , (a) ∪i∈IAi ⊆ ∪i∈IBi (b) ∩i∈IAi ⊆ ∩i∈IBi.

Proof. It is straight forward and follows from 2.4.3(d). �

Proposition 2.4.5. The set S(E) of all soft subsets of a soft set E is a complete lattice
with

(1) the largest element 1S(E) = E, the soft set

(2) the least element 0S(E) = Φ, the empty soft set and

for any family (Ai)i∈I of soft subsets of E,

(3) ∧i∈IAi = ∩i∈IAi and with

(4) ∨i∈IAi = ∪i∈IAi.

Proof. It is straight forward. �

Proposition 2.4.6. For any soft set E, the following are true:

(a) The complete lattice of all (crisp) subsets of the underlying set E is complete
isomorphic to the complete sub lattice of all strong soft subsets of E

(b) Whenever E is a whole soft set, the complete sub lattice of all d-total soft subsets
of E is complete isomorphic to the complete lattice of all P (U)-fuzzy subsets of
E (in the sense of Goguen[17]).

Proof. It is tedious but straight forward. �

2.5. Fuzzy Soft Sets

In this section, the basic notions in Fuzzy Soft Theory are recalled and the notions of
(d-total, strong) fuzzy soft subsets of a fuzzy soft set are introduced. Further, some
(lattice) algebraic properties of fuzzy soft subsets of a fuzzy soft set and lattice theoretic
relations between (crisp) subsets of the underlying set of a fuzzy soft set, Goguen fuzzy
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subsets of the underlying set of the fuzzy soft set and the fuzzy soft subsets of the fuzzy
soft set are studied.

Definition 2.5.1. [25] Let U be a universal set, Z(U) be the set of all (Zadeh) fuzzy
subsets of U , E be a set of parameters and A ⊆ E. A pair (F,A) is called a fuzzy soft set
over U iff F : A → Z(U) is a mapping defined by, for each a ∈ A, F (a) : U → [0, 1]
is a (Zadeh) fuzzy subset of U . In other words, a fuzzy soft set over U is a parametrized
family of (Zadeh) fuzzy subsets of U .

Remark 2.5.2.

(1) In order to facilitate the ordered pair notation for a fuzzy soft set along with that of
a soft set and a τ -algebra, as we deal with all of them in this same paper in Section
4, we deviate from the above notation for fuzzy soft set and adapt the following
notation for convenience:

Let U be a universal set. A typical fuzzy soft set over U is an ordered pair E =
(ϕE, E), where E is a set of parameters, called the underlying set for E, Z(U) is the
set of all fuzzy subsets of U and ϕE : E → Z(U) is a map, called the underlying
fuzzy set valued map for E. Some times ϕE is also called the fuzzy soft structure
on E.

Notice that (i) a fuzzy soft set is determined by all three namely, the universal
set U , the parameter set E and the map ϕE : E → P (U) and not by any one or
two of them (ii) two different fuzzy soft sets can very well have exactly the same
underlying set (iii) as mentioned earlier in 1.1(2), here onwards our fuzzy soft sets
look like E = (ϕE, E) and not as E = (ϕE, E) or (F,E) as defined in 2.5.2 or 2.5.1.

(2) [17] Let us recall that an L-fuzzy subset (or) an L-subset of a set X , is any function
γ : X → L, where L is a complete lattice. Thus, a fuzzy soft set may be regarded
as a Z(U)-fuzzy subset of E because ϕE : E → Z(U) is a map and Z(U) is
always a complete lattice.

Defintions and Statements 2.5.3.

(a) [5] The empty fuzzy soft set is a fuzzy soft set with the empty parameter set denoted
by Φ = (ϕφ, φ). Clearly, it is unique.

(b) [5] A fuzzy soft set E is said to be a null fuzzy soft set, denoted by ΦE , iff ϕEe is
the null fuzzy set 0 of Z(U) for all e ∈ E, where 0(u) = 0 for all u ∈ U .

(c) [5] A fuzzy soft set E is said to be a whole fuzzy soft set, denoted by UE , iff ϕEe
is the whole fuzzy set 1̄ of Z(U) for all e ∈ E, where 1̄(u) = 1 for all u ∈ U .

(d) [25] For any pair of fuzzy soft sets A and B, A is a fuzzy soft subset of B, denoted
by A ⊆ B, iff (i) A ⊆ B (ii) ϕA ≤ ϕB for all a ∈ A.

The following are easy to see:
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(1) Always the empty fuzzy soft set Φ is a fuzzy soft subset of every fuzzy soft
set A

(2) A = B iff A ⊆ B and B ⊆ A iff A = B and ϕA = ϕB.

(e) Let A, B be a pair of fuzzy soft sets.

(1) A is a d-total fuzzy soft subset of B iff A is a fuzzy soft subset of B and A =
B

(2) A is a strong fuzzy soft subset of B iff A is a fuzzy soft subset of B and ϕAa
= ϕBa for all a ∈ A.

For any family of fuzzy soft subsets (Ai)i∈I of E,

(f) [2] the fuzzy soft union of (Ai)i∈I , denoted by ∪i∈IAi, is defined by the fuzzy soft
set A, where

(i) A = ∪i∈IAi (ii) ϕAa = ∨i∈IaϕAi
a, where Ia = {i ∈ I/a ∈ Ai}, for all a ∈ A

(g) the fuzzy soft intersection of (Ai)i∈I , denoted by ∩i∈IAi, is defined by the fuzzy
soft set A, where

(i) A = ∩i∈IAi (ii) ϕAa = ∧i∈IϕAi
a for all a ∈ A.

Lemma 2.5.4. For any families of fuzzy soft subsets (Ai)i∈I and (Bi)i∈I of a fuzzy soft
set E such that Ai ⊆ Bi for all i ∈ I ,

(a) ∪i∈IAi ⊆ ∪i∈IBi (b) ∩i∈IAi ⊆ ∩i∈IBi.

Proof. It follows from 2.5.3(d). �

Proposition 2.5.5. The set S(E) of all fuzzy soft subsets of a fuzzy soft set E is a
complete lattice with

(1) the largest element 1S(E) = E, the fuzzy soft set

(2) the least element 0S(E) = Φ, the empty fuzzy soft set and

for any family (Ai)i∈I of fuzzy soft subsets of E,

(3) ∧i∈IAi = ∩i∈IAi and with

(4) ∨i∈IAi = ∪i∈IAi.

Proof. It is straight forward. �

Proposition 2.5.6. For any fuzzy soft set E, the following are true:
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(a) The complete lattice of all (crisp) subsets of the underlying set E is complete
isomorphic to the complete sub lattice of all strong fuzzy soft subsets of E

(b) Whenever E is the whole fuzzy soft set, the complete sub lattice of all d-total fuzzy
soft subsets of E is complete isomorphic to the complete lattice of all Z(U)-fuzzy
subsets of E (in the sense of Goguen [17]).

Proof. It is tedious but straight forward. �

3. Soft Algebras

In 2008, Wen [37] introduced the notion of soft group which is different from the soft
group introduced by Aktas-Cagman [3]. According to him, a soft group over U, is a pair
(µ, G), where G is a group and µ : G → P (U) such that (i) µ(xy) ⊇ µ(x) ∩ µ(y) for all
x, y ∈ G (ii) µ(x−1) ⊇ µ(x) for all x ∈ G.

In 2011, Atagun-Sezgin [8] introduced the notion of soft subring which is different
from the soft ring introduced by Acar-Koyuncu-Tanay [1]. According to them, a soft
subring over a ring R, is a pair (F, S), where S ⊆ R and F : S → P (R) such that for
all x, y ∈ S, (i) F (x − y) ⊇ F (x) ∩ F (y) (ii) F (xy) ⊇ F (x) ∩ F (y).

In 2013, Yin-Liao [39] developed some theoretical aspects of soft groups defined by
Wen [37]. They modified the definition of a soft group defined by Wen [37]. According
to them, a soft group over U, is a pair (µ, G), where G is a group and µ : G → P (U)
such that (i) µ(xy) ⊇ µ(x) ∩ µ(y) for all x, y ∈ G (ii) µ(x−1) ⊇ µ(x) for all x ∈ G and
µ(e) = U .

3.1. f-Soft τ -Algebras and f-Soft ω-Subalgebras

In this section, generalizing the above notions of soft substructures of a soft algebraic
structure, f-soft algebra of type τ or f-soft τ -algebra, (strong) f-soft ω-subalgebra of an
f-soft τ -algebra are introduced.

Defintions and Statements 3.1.1.

(a) Let U be a universal set and P (U) be the power set of U . An f-soft ω-algebra E
is a triplet E = (σE, E, FE), where (σE, E) is a soft set over U and (E, FE) is an
ω-algebra such that the compatibility condition, namely, for each f ∈ d(ω) and e
= (ek)k∈ω(f) ∈ Eω(f), σEfEe ⊇ ∩k∈ω(f)σEek is satisfied.

Notice that (1) whenever f ∈ d(ω)0, since the intersection of an empty collection
of subsets of any set is the set itself, σEfE(φ) = U

(2) as mentioned earlier in 1.1(2), here onwards our f-soft ω-algebras look like E =
(σE, E, FE) and not as E = (σE, E, FE) as defined in 3.1.1(a) above.

(b) For any pair of f-soft algebras A and B of types ω and τ respectively, A is an f-soft
ω-subalgebra of B iff (i) (σA, A) is a soft subset of (σB, B) (ii) (A, FA) is an ω
subalgebra of (B,FB).
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Note: Wheneverω is a subtype of τ and E is an f-soft τ -algebra, Eω = (σEω , Eω, FEω),
where Eω = E, σEω = σE , FEω = (fE)f∈d(ω) is called the ω-restriction of E and is
an f-soft ω-algebra, an f-soft ω-subalgebra of E and E is an f-soft τ -subalgebra of
E.

(c) For any pair of f-soft algebras A and B of types ω and τ respectively, A is a
strong f-soft ω-subalgebra of B iff (i) (σA, A) is a strong soft subset of (σB, B)
(cf. 2.4.3(e)(2)) (ii) (A, FA) is an ω-subalgebra of (B, FB).

(d) Let ω be a subtype of τ , B be an f-soft τ -algebra and (σA, A) = A is a soft subset
of the underlying soft set B of B. A is ω-closed iff for all f ∈ d(ω) and for all
a = (ak)k∈ω(f) ∈ Aω(f), fBa ∈ A and σAfBa ⊇ ∩k∈ω(f)σAak.

Note: For any subtype ω of type τ and for any f-soft τ -algebra B, a soft subset A
of B is an f-soft ω-subalgebra of B iff A is ω-closed.

(e) For any pair of f-soft ω-subalgebras A and B of an f-soft τ -algebra E, A = B iff
(σA, A) = (σB, B) and (A, FA) = (B, FB) iff A = B, σA = σB and FA = FB.

3.2. Algebra of f-Soft ω-subalgebras

In this section, some (lattice) algebraic properties of f-soft ω-subalgebras of an f-soft
τ -algebra are studied.

Definition 3.2.1. For any family of f-soft ω-subalgebras (Ai)i∈I of an f-soft τ -algebra
E, the f-soft ω-subalgebra A of E, if it exists, with the properties (a) Ai is an f-soft ω-
subalgebra of A for all i ∈ I (b) whenever B is an f-soft ω-subalgebra of E such that
Ai is an f-soft ω-subalgebra of B for all i ∈ I , A is an f-soft ω-subalgebra of B, is called
the union of f-soft ω-subalgebras (Ai)i∈I and is denoted by ∪i∈IAi.

Proposition 3.2.2. For any f-soft τ -algebra E and for any family of f-soft ω-subalgebras
(Ai)i∈I of E, the triplet (σA, A, FA) = A, where (σA, A) = ∪i∈I(σAi

, Ai) and (A, FA) =
∪i∈I(Ai, FAi

), is an f-soft ω-subalgebra of E such that A = ∪i∈IAi whenever (Ai)i∈I is a
chain of strong f-soft ω-subalgebras of E and ω is finitary.

Proof. It follows from 3.1.1(a), 2.4.3(f), 2.3.3, 2.1.5(c), 3.1.1(b) and 3.2.1. �

Notice that for all examples in this section U is an arbitrary but fixed set.
The following Example shows that the above Proposition is not true if, only (Ai)i∈I

is a family of strong f-soft ω-subalgebras of E and ω is finitary but (Ai)i∈I is not a chain
of f-soft ω-subalgebras of E.

Example 3.2.3. Let τ , ω, (X,FX), (Y1, FY1) and (Y2, FY2) be as in 2.3.4. Let (σX , X),
(σY1 , Y1) and (σY2 , Y2) be the whole soft sets over U .

ThenY1 andY2 are strong f-soft ω-subalgebras of X, Y1 is not an f-soft ω-subalgebra
ofY2 and the triplet (σY , Y, FY ) =Y defined as in 3.2.2 above is not an f-soft ω-subalgebra
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of X.

The following Example shows that the above Proposition is not true if, only (Ai)i∈I

is a chain of strong f-soft ω-subalgebras of E but ω is not finitary.

Example 3.2.4. Let τ , ω, (X,FX) and ((Yi, FYi
))i∈N be as in 2.3.5. Let (σX , X),

((σYi
, Yi))i∈N be the whole soft sets over U .

Then (Yi)i∈N is a chain of strong f-soft ω-subalgebras of X and the triplet (σY , Y, FY )
= Y defined as in 3.2.2 above is not an f-soft ω-subalgebra of X.

Definition 3.2.5. For any family of f-soft ω-subalgebras (Ai)i∈I of an f-soft τ -algebra
E, the f-soft ω-subalgebra A of E, if it exists, with the properties (a) A is an f-soft ω-
subalgebra of Ai for all i ∈ I (b) whenever B is an f-soft ω-subalgebra of E such that
B is an f-soft ω-subalgebra of Ai for all i ∈ I , B is an f-soft ω-subalgebra of A, is called
the intersection of ω-subalgebras (Ai)i∈I and is denoted by ∩i∈IAi.

Proposition 3.2.6. For any subtype ω of a type τ such that d(ω)0 �= φ and for any f-soft
τ -algebra E, the following are true:

(1) For any family of f-soft ω-subalgebras (Ai)i∈I of E, the triplet (σA, A, FA) =
A, where (σA, A) = ∩i∈I(σAi

, Ai) and (A, FA) = ∩i∈I(Ai, FAi
), is an f-soft ω-

subalgebra of E such that A = ∩i∈IAi

(2) For any soft subset (σA, A) = A of the underlying soft set E of E, the intersection
of all f-soft ω-subalgebras of E whose underlying soft sets contain A is the unique
smallest f-soft ω-subalgebra of E containing A.

Proof. (1) follows from 3.1.1(a), 2.4.3(g), 2.3.7(1), 2.1.5(a), 3.1.1(b) and 3.2.5. (2)
follows from (1). �

Definition 3.2.7. For any subtype ω of a type τ such that d(ω)0 �= φ, for any f-soft
τ -algebra E and for any soft subset A of the underlying soft set E of E, the unique
smallest f-soft ω-subalgebra of E defined as in (2) above is called the f-soft ω-subalgebra
generated by A of E and is denoted by (A)E.

The following Example shows that (1) of the above Proposition is not true if d(ω)0=φ.

Example 3.2.8. Let τ , ω, (X,FX), (Y1, FY1) and (Y2, FY2) be as in 2.3.9. Let (σX , X),
(σY1 , Y1) and (σY2 , Y2) be the whole soft sets over U .

Then Y1 and Y2 are f-soft ω-subalgebras of X and the triplet (σY , Y, FY ) = Y defined
as in 3.2.6(1) above is not an f-soft ω-subalgebra of X.

Corollary 3.2.9. For any subtype ω of a type τ such that d(ω)0 �= φ and for any f-soft
τ -algebra E, the set Sf

ω(E) of all f-soft ω-subalgebras of E is a complete lattice with

(1) the largest element 1S
f
ω(E) = Eω, the ω-restriction of E
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(2) the least element 0S
f
ω(E) = E0 = (E0)E, where E0 = {fE(φ)/f ∈ d(ω)0}, σE0e = U

for all e ∈ E0 and

for any family (Ai)i∈I of f-soft ω-subalgebras of E,

(3) ∧i∈IAi = ∩i∈IAi and with

(4) ∨i∈IAi = ∩{B ∈ Sf
ω(E)/Ai ∩ B = Ai for all Ai in (Ai)i∈I}.

Proof. It follows from Note after 3.1.1(b), 3.2.6 and 2.2.1(a). �

Proposition 3.2.10. For any families of f-soft ω and τ -subalgebras (Ai)i∈I and (Bi)i∈I

respectively of the f-soft τ -algebra E such that Ai is an f-soft ω-subalgebra of Bi for
all i ∈ I , ∪i∈IAi is an f-soft ω-subalgebra of ∪i∈IBi whenever (Ai)i∈I and (Bi)i∈I are
chains of strong f-soft ω and τ -subalgebras respectively of E and τ is finitary.

Proof. It is straight forward and follows from 3.2.2 and 3.1.1(b). �

The following Example shows that the above Proposition is not true if, only (Bi)i∈I

is a chain of strong f-soft τ -subalgebras of E, (Ai)i∈I is a family of strong f-soft ω-
subalgebras of E and τ is finitary but (Ai)i∈I is not a chain of f-soft ω-subalgebras
of E.

Example 3.2.11. Let τ , ω, X, Y1 and Y2 be as in 3.2.3. Let Z1 = Y1 and Z2 = X.
Then Z1 and Z2 are strong f-soft τ -subalgebras of X, Z1 is an f-soft τ -subalgebra of Z2,

Y1 is a (strong) f-soft ω-subalgebra of both X and Z1,Y2 is a (strong) f-soft ω-subalgebra
of both X and Z2 and Y1 is not an f-soft ω-subalgebra of Y2.

Since (Zi)i=1,2 is a chain of strong f-soft τ -subalgebras of X and τ is finitary, by 3.2.2,
Z1 ∪ Z2 = Z is an f-soft τ -subalgebra of X. However, the f-soft ω-subalgebra Y1 ∪Y2 =
Y of X does not exist.

The following Example shows that the above Proposition is not true if, only (Ai)i∈I

is a chain of strong f-soft ω-subalgebras of E, (Bi)i∈I is a family of strong f-soft τ -
subalgebras of E and τ is finitary but (Bi)i∈I is not a chain of f-soft τ -subalgebras of
E.

Example 3.2.12. Let τ , ω, (X,FX), (Z1, FZ1), (Z2, FZ2), (Y1, FY1) and (Y2, FY2) be as
in 2.3.12. Let (σX , X), (σZ1 , Z1), (σZ2 , Z2), (σY1 , Y1) and (σY2 , Y2) be the whole soft
sets over U .

Then Z1 and Z2 are strong f-soft τ -subalgebras of X, Z1 is not an f-soft τ -subalgebra
of Z2, Y1 and Y2 are strong f-soft ω-subalgebras of X, Y1 is an f-soft ω-subalgebra of
both Y2 and Z1 and Y2 is an f-soft ω-subalgebra of Z2.

Since (Yi)i=1,2 is a chain of strong f-soft ω-subalgebras of X and ω is finitary, by
3.2.2, Y1 ∪ Y2 = Y is an f-soft ω-subalgebra of X. However, the f-soft τ -subalgebra
Z1 ∪ Z2 = Z of X does not exist.
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The following Example shows that the above Proposition is not true if, only (Ai)i∈I

and (Bi)i∈I are chains of strong f-soft ω and τ -subalgebras respectively of E but τ is not
finitary.

Example 3.2.13. Let τ , ω, X and (Yi)i∈N be as in 3.2.4. Then (Yi)i∈N is a chain of strong
f-soft ω-subalgebras of X.

Let ((Zi, FZi
))i∈N be as in 2.3.14 and ((σZi

, Zi))i∈N be the whole soft sets over U .
Then (Zi)i∈N is a chain of strong f-soft τ -subalgebras of X.

Now eachYi is an f-soft ω-subalgebra of Zi and the f-soft ω and τ -subalgebras ∪i∈NYi

= Y and ∪i∈NZi = Z respectively of X do not exist.

Proposition 3.2.14. For any families of f-soft ω and τ -subalgebras (Ai)i∈I and (Bi)i∈I

respectively of the f-soft τ -algebra E such that Ai is an f-soft ω-subalgebra of Bi for all
i ∈ I , ∩i∈IAi is an f-soft ω-subalgebra of ∩i∈IBi whenever d(ω)0 �= φ.

Proof. It follows from 3.2.6(1) and 3.1.1(b). �

The following Example shows that the above Proposition is not true if d(ω)0 = φ.

Example 3.2.15. Let τ , ω, (X,FX), (Z1, FZ1), (Z2, FZ2), (Y1, FY1) and (Y2, FY2) be as
in 2.3.16. Let (σX , X), (σZ1 , Z1), (σZ2 , Z2), (σY1 , Y1) and (σY2 , Y2) be the whole soft
sets over U .

Then Z1 and Z2 are f-soft τ -subalgebras of X, Y1 is an f-soft ω-subalgebra of both X
and Z1 and Y2 is an f-soft ω-subalgebra of both X and Z2.

Since Z1 and Z2 are f-soft τ -subalgebras of X and d(τ)0 �= φ, by 3.2.6(1), Z1 ∩ Z2

= Z is an f-soft τ -subalgebra of X. However, the f-soft ω-subalgebra Y1 ∩ Y2 = Y of X
does not exist.

4. Fuzzy Soft Algebras

In 2009, Aygunoglu-Aygun [9] introduced the notions of fuzzy soft group and normal
fuzzy soft group which are generalizations of soft group and normal soft group introduced
by Aktas-Cagman [3].

In 2011, Ghosh-Dinda-Samanta [16] introduced the notions of fuzzy soft rings, fuzzy
soft ideals and studying some of their elementary algebraic properties.

4.1. f-Fuzzy Soft τ -algebras and f-Fuzzy Soft ω-subalgebras

In this section, in lines similar to the above, we introduce the notions of f-fuzzy soft
algebra of type τ or f-fuzzy soft τ -algebra which is a generalization of f-soft τ -algebra
introduced in Section 3, (strong) f-fuzzy soft ω-subalgebra of an f-fuzzy soft τ -algebra
which is a generalization of (strong) f-soft ω-subalgebra of an f-soft τ -algebra.

Defintions and Statements 4.1.1.
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(a) Let U be a universal set and Z(U) be the set of all Zadeh fuzzy subsets of U . An f-
fuzzy soft ω-algebra E is a triplet E = (ϕE, E, FE), where (ϕE, E) is a fuzzy soft set
over U and (E, FE) is an ω-algebra such that the compatibility condition, namely,
for each f ∈ d(ω) and for each e = (ek)k∈ω(f) ∈ Eω(f), ϕEfEe ≥ ∧k∈ω(f)ϕEek is
satisfied.

Notice that (1) whenever f ∈ d(ω)0, since ∧φ = 1, ϕEfE(φ) = 1 of Z(U)

(2) since for all subsets A, B of U , χA ≤ χB iff A ⊆ B, where χA, χB are the
characteristic functions of A, B, the above condition reduces to the one in f-soft
ω-algebras namely, σEfEe ⊇ ∩k∈ω(f)σEek. Hence it follows that f-fuzzy soft
ω-algebra is a generalization of f-soft ω-algebra

(3) as mentioned earlier in 1.1(2), here onwards our f-fuzzy soft ω-algebras look like
E = (ϕE, E, FE) and not as E = (ϕE, E, FE) as defined in 4.1.1(a) above.

(b) For any pair of f-fuzzy soft algebras A and B of types ω and τ respectively, A is
an f-fuzzy soft ω-subalgebra of B iff (i) (ϕA, A) is a fuzzy soft subset of (ϕB, B)
(ii) (A, FA) is an ω-subalgebra of (B,FB).

Note: Whenever ω is a subtype of τ and E is an f-fuzzy soft τ -algebra, Eω = (ϕEω ,

Eω, FEω), where Eω = E, ϕEω = ϕE , FEω = (fE)f∈d(ω) is called the ω-restriction
of E and is an f-fuzzy soft ω-algebra, an f-fuzzy soft ω-subalgebra of E and E is
an f-fuzzy soft τ -subalgebra of E.

(c) For any pair of f-fuzzy soft algebras A and B of types ω and τ respectively, A is a
strong f-fuzzy soft ω-subalgebra of B iff (i) (ϕA, A) is a strong fuzzy soft subset
of (ϕB, B) (cf. 2.5.3(e)(2)) (ii) (A, FA) is an ω-subalgebra of (B,FB).

(d) Let ω be a subtype of τ , B be an f-fuzzy soft τ -algebra and (ϕA, A) = A is a fuzzy
soft subset of the underlying fuzzy soft set B of B. A is ω-closed iff for all f ∈ d(ω)
and for all a = (ak)k∈ω(f) ∈ Aω(f), fBa ∈ A and ϕAfBa ≥ ∧k∈ω(f)ϕAak.

Note: For any subtype ω of type τ and for any f-fuzzy soft τ -algebra B, a fuzzy
soft subset A of B is an f-fuzzy soft ω-subalgebra of B iff A ω-closed.

(e) For any pair of f-fuzzy soft ω-subalgebras A and B of an f-fuzzy soft τ -algebra E,
A = B iff (ϕA, A) = (ϕB, B) and (A, FA) = (B,FB) iff A = B, ϕA = ϕB and FA =
FB.

4.2. Algebra of f-Fuzzy Soft ω-subalgebras

In this section, some (lattice) algebraic properties of f-fuzzy soft ω-subalgebras of an
f-fuzzy soft τ -algebra are studied.

Definition 4.2.1. For any family of f-fuzzy soft ω-subalgebras (Ai)i∈I of an f-fuzzy soft
τ -algebra E, the f-fuzzy soft ω-subalgebra A of E, if it exists, with the properties (a)
Ai is an f-fuzzy soft ω-subalgebra of A for all i ∈ I (b) whenever B is an f-fuzzy soft
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ω-subalgebra of E such that Ai is an f-fuzzy soft ω-subalgebra of B for all i ∈ I , A is an
f-fuzzy soft ω-subalgebra of B, is called the union of f-fuzzy soft ω-subalgebras (Ai)i∈I

and is denoted by ∪i∈IAi.

Proposition 4.2.2. For any f-fuzzy soft τ -algebra E and for any family of f-fuzzy soft
ω-subalgebras (Ai)i∈I of E, the triplet (ϕA, A, FA) = A, where (ϕA, A) = ∪i∈I(ϕAi

, Ai)
and (A, FA) = ∪i∈I(Ai, FAi

), is an f-fuzzy soft ω-subalgebra of E such that A = ∪i∈IAi

whenever (Ai)i∈I is a chain of strong f-fuzzy soft ω-subalgebras of E and ω is finitary.

Proof. It follows from 4.1.1(a), 2.5.3(f), 2.3.3, 2.2.2(c), 4.1.1(b) and 4.2.1. �

The above Proposition is not true if, (1) only (Ai)i∈I is a family of strong f-fuzzy
soft ω-subalgebras of E and ω is finitary but (Ai)i∈I is not a chain of f-fuzzy soft ω-
subalgebras of E and an example for the same can be constructed in lines similar to that
in 3.2.3, (or) (2) only (Ai)i∈I is a chain of strong f-fuzzy soft ω-subalgebras of E but ω
is not finitary and an example for the same can be constructed in lines similar to that in
3.2.4.

Definition 4.2.3. For any family of f-fuzzy soft ω-subalgebras (Ai)i∈I of an f-fuzzy soft
τ -algebra E, the f-fuzzy soft ω-subalgebra A of E, if it exists, with the properties (a) A
is an f-fuzzy soft ω-subalgebra of Ai for all i ∈ I (b) whenever B is an f-fuzzy soft
ω-subalgebra of E such that B is an f-fuzzy soft ω-subalgebra of Ai for all i ∈ I , B is an
f-fuzzy soft ω-subalgebra of A, is called the intersection of f-fuzzy soft ω-subalgebras
(Ai)i∈I and is denoted by ∩i∈IAi.

Proposition 4.2.4. For any subtype ω of a type τ such that d(ω)0 �= φ and for any f-fuzzy
soft τ -algebra E, the following are true:

(1) For any family of f-fuzzy soft ω-subalgebras (Ai)i∈I of E, the triplet (ϕA, A, FA)
= A, where (ϕA, A) = ∩i∈I(ϕAi

, Ai) and (A, FA) = ∩i∈I(Ai, FAi
), is an f-fuzzy

soft ω-subalgebra of E such that A = ∩i∈IAi

(2) For any fuzzy soft subset (ϕA, A) = A of the underlying fuzzy soft set E of E, the
intersection of all f-fuzzy soft ω-subalgebras of E whose underlying fuzzy soft
sets contain A is the unique smallest f-fuzzy soft ω-subalgebra of E containing A.

Proof. (1) follows from 4.1.1(a), 2.5.3(g), 2.3.7(1), 2.2.2(a), 4.1.1(b) and 4.2.3. (2)
follows from (1). �

Definition 4.2.5. For any subtype ω of a type τ such that d(ω)0 �= φ, for any f-fuzzy
soft τ -algebra E and for any fuzzy soft subset A of the underlying fuzzy soft set E of E,
the unique smallest f-fuzzy soft ω-subalgebra of E defined as in (2) above is called the
f-fuzzy soft ω-subalgebra generated by A of E and is denoted by (A)E.

(1) of the above Proposition is not true if d(ω)0 = φ and an example for the same can
be constructed in lines similar to that in 3.2.8.
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Corollary 4.2.6. For any subtype ω of a type τ such that d(ω)0 �= φ and for any f-fuzzy
soft τ -algebra E, the set Sf

ω(E) of all f-fuzzy soft ω-subalgebras of E is a complete lattice
with

(1) the largest element 1S
f
ω(E) = Eω, the ω-restriction of E

(2) the least element 0S
f
ω(E) = E0 = (E0)E, where E0 = {fE(φ)/f ∈ d(ω)0}, ϕE0e = 1̄

of Z(U) for all e ∈ E0 and

for any family (Ai)i∈I of f-fuzzy soft ω-subalgebras of E,

(3) ∧i∈IAi = ∩i∈IAi and with

(4) ∨i∈IAi = ∩{B ∈ Sf
ω(E)/Ai ∩ B = Ai for all Ai in (Ai)i∈I}.

Proof. It follows from Note after 4.1.1(b), 4.2.4 and 2.2.1(a). �

Proposition 4.2.7. For any families of f-fuzzy soft ω and τ -subalgebras (Ai)i∈I and
(Bi)i∈I respectively of the f-fuzzy soft τ -algebra E such that Ai is an f-fuzzy soft ω-
subalgebra of Bi for all i ∈ I , ∪i∈IAi is an f-fuzzy soft ω-subalgebra of ∪i∈IBi whenever
(Ai)i∈I and (Bi)i∈I are chains of strong f-fuzzy soft ω and τ -subalgebras respectively of
E and τ is finitary.

Proof. It follows from 4.2.2 and 4.1.1(b). �

The above Proposition is not true if,

(1) only (Bi)i∈I is a chain of strong f-fuzzy soft τ -subalgebras, (Ai)i∈I is a family of
strong f-fuzzy soft ω-subalgebras of E and τ is finitary but (Ai)i∈I is not a chain of
f-fuzzy soft ω-subalgebras of E and an example for the same can be constructed
in lines similar to that in 3.2.11

(2) only (Ai)i∈I is a chain of strong f-fuzzy soft ω-subalgebras, (Bi)i∈I is a family of
strong f-fuzzy soft τ -subalgebras of E and τ is finitary but (Bi)i∈I is not a chain of
f-fuzzy soft τ -subalgebras of E and an example for the same can be constructed
in lines similar to that in 3.2.12 (or)

(3) only (Ai)i∈I and (Bi)i∈I are chains of strong f-fuzzy soft ω and τ -subalgebras
respectively of E but τ is not finitary and an example for the same can be constructed
in lines similar to that in 3.2.13.

Proposition 4.2.8. For any families of f-fuzzy soft ω and τ -subalgebras (Ai)i∈I and
(Bi)i∈I respectively of the f-fuzzy soft τ -algebra E such that Ai is an f-fuzzy soft ω-
subalgebra of Bi for all i ∈ I , ∩i∈IAi is an f-fuzzy soft ω-subalgebra of ∩i∈IBi whenever
d(ω)0 �= φ.

Proof. It follows from 4.2.4(1) and 4.1.1(b). �

The above Proposition is not true if d(ω)0 = φ and an example for the same can be
constructed in lines similar to that in 3.2.15.
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