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Abstract

Abdollahpour et.al [1] generalized the concepts of frames for Banach Spaces
and defined g —Banach frames in Banach spaces. In the present paper, we
define g — Banach Bessel sequences in Banach spaces and study their
relationship with g —Banach frames. A sufficient condition for a sequence of
bounded operators to be a g —Banach frame, in terms of g —Banach Bessel
sequence has been given. Further, we study bounded linear operators on an
associated Banach space X,. Also, a necessary and sufficient condition for a
kind of g —Banach Bessel sequence to be a g —Banach frame has been given.
Furthermore, we give stability condition for the stability of g —Banach Bessel
sequences.

1. INTRODUCTION

Frames are main tools for use in signal processing, image processing, data compression
and sampling theory etc. Today even more uses are being found for the theory such as
optics, filter banks, signal detection as well as study of Besov spaces, Banach space
theory etc. Frames for Hilbert spaces were introduced by Duffin and Schaeffer [12].
Later, in 1986, Daubechies, Grossmann and Meyer [11] reintroduced frames and found
a new application to wavelet and Gabor transforms. For a nice introduction to frames,
one may refer [4].
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Coifman and Weiss [10] introduced the notion of atomic decomposition for function
spaces. Feichtinger and Grochening [14] extended the notion of atomic decomposition
to Banach spaces. Grochening [16] introduced a more general concept for Banach
spaces called Banach frame. He gave the following definition of a Banach frame:

Definition 1.1. ([16]) Let X be a Banach space and X, an associated Banach space
of scalar-valued sequences indexed by N. Let {f,} € X" and S:X,; — X be given.
Then the pair ({f,},5) is called a Banach frame for X with respectto X, , if

1 {fn(x)} € X4,, foreach x € X.
2. there exist positive constants A and B with 0 < A < B < oo such that

Allxllx < {0}k, < Bllxllx, x € X. (1.1)
3. S isabounded linear operator such that S({f,,(x)}) = x, x € X.

The positive constants A and B, respectively, are called lower and upper frame
bounds of the Banach frame ({f,},S). The operator S:X; — X is called the
reconstruction operator ( or the pre-frame operator ). The inequality (1.1) is called the
frame inequalty.

Banach frames and Banach Bessel sequence in Banach spaces were further studied in
[3, 17,18, 19, 20].

Over the last decade, various other generalizations of frames for Hilbert spaces have
been introduced and studied. Some of them are bounded quasi-projectors by Fornasier
[15]; Pseudo frames by Li and Ogawa [21]; Oblique frames by Eldar [13]; Christensen
and Eldar [5]; (,;Y )-Operators frames by Cao et.al [2]. W. Sun [24] introduced and
defined g —frames in Hilbert spaces and observed that bounded quasi-projectors,
frames of subspaces, Pseudo frames and Oblique frames are particular cases of
g —frames in Hilbert spaces. G —frames are further studied in [6, 7, 8, 9, 22, 25].

Abdollahpour et.al [1] generalized the concepts of frames for Banach Spaces and
defined g —Banach frames in Banach spaces. In the present paper, we define
g —Banach Bessel sequences in Banach spaces and study their relationship with
g —Banach frames. A sufficient condition for a sequence of bounded operators to be
a g —Banach frame, in terms of g —Banach Bessel sequence has been given. Further,
we study bounded linear operators on an associated Banach space X,;. Also, a
necessary and sufficient condition for a kind of g —Banach Bessel sequence to be a
g —Banach frame has been given. Furthermore, we give stability condition for the
stability of g —Banach Bessel sequences.
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2. PRELIMINARIES

Throughout this paper, X will denote a Banach space over the scalar field K (R or
C), X, is an associated Banach space of vector valued sequences indexed by N. H is
a separable Hilbert space and B(X, H) is the collection of all bounded linear operators
from X into H.

A Banach space of vector valued sequences (or BV-space) is a linear space of
sequences with a norm which makes it a Banach space. Let X be a Banach space and
1 <p < oo, then

Y = {{xn}: Xn €X; (ZneN”xn”p)% < oo}

and
Lo = {{xn}: Xn € X; Sup”xn” < oo}
neN

are BV space of X.

Definition 2.1. ([1]) Let X be a Banach space and H be a separable Hilbert space.
Let X, be an associated Banach space of vector-valued sequences indexed by N. Let
{A}neny ©€ B(X,H) and S:X; — X be given. Then the pair ({A,},S) is called a
g —Banach frame for X with respectto H and X, if

1. {A,(x)} € X,, foreach x € X.

2. there exist positive constants A and B with 0 < A < B < oo such that
Allxllx < [lfAn()}Ix, < Blixllx, x € X. (2.1)

3. S is abounded linear operator such that S({A,(x)}) = x, x € X.

The positive constants A and B, respectively, are called the lower and upper frame
bounds of the g —Banach frame ({A,},S). The operator S : X; —» X is called the
reconstruction operator and the inequality (2.1) is called the frame inequality for
g —Banach frame ({A,},5).

The following lemma, proved in [23], is used in the sequel:

Lemma 2.2. Let X be a Banach space and H be a separable Hilbert space. Let
{A,,} € B(X,H) be a sequence of non-zero operators. If {A,}is total over X, i.e.,
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{x € X: A,(x) =0, n € N} = {0}, then A = {{A,(x)}:x € X} is a Banach space
with the norm given by |[{A, () }Hl4 = lIxllx, x € X.

3. G —BANACH BESSEL SEQUENCES

We begin this section with the following definition of g —Banach Bessel Sequences
in Banach spaces.

Definition 3.1. Let X be a Banach space and H be a separable Hilbert space. Let X,
be an associated Banach space of vector-valued sequences indexed by N. A sequence
of operators {A,} € B(X, H) is said to be a g —Banach Bessel sequence for X with
respect to Xy, if

1. {A,(x)} € X,, foreach x € X.
2. there exist a positive constant M such that
I{AR (O} Ix, < Mllxllx, x € X. (3.1)

The positive constant M is called a g —Banach Besssel bound (or simply, a bound)
for the g —Banach Bessel sequence {A,}.

In the view of Definition 3.1, the following observations arise naturally:

. If ({A,S) (A} € B(X,H), S: X; > X) is a g —Banach frame for X
with respect to X; and with bounds A, B, then {A,} isa g —Banach Bessel
sequence for X with respect to X; and with bound B.

(). A sequence {A,} € B(X,H) is a g —Banach Bessel sequence for X with
respect X, if and only if the coefficient mapping T : X — X; given by
T(x) = {A,(x)}, x € X is bounded.

(111). For each i € {1,2,....,k}, if {A;,} € B(X,H) is a g —Banach Bessel
sequence for X with respectto X; and with bound M;, then {35_; a;A; .} is
also a g — Banach Bessel sequence for X with respect to X; with
bound ¥¥_,|a;|M;, where o; € R, i = 1,2, ..., k.

(1V). Let ({A,},S) ({A,} € B(X,H), S: X4 —» X) bea g —Banach frame for X
with respect to X; and with bounds A, B. Let {0,} c B(X,H) be a
sequence of operators such that {A,, + 0,,} isa g —Banach Bessel sequence
for X with respectto X, and with bound K. Then {0,,} isalsoa g —Banach
Bessel sequence for X with respect to X,; with bound K + B.
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Remark 3.2. The converse of the observation (I) need not be true. In this regard, we
give the following example:

Example 3.3. Let H be a separable Hilbert space and let E = [*(H) = {{x,} : x, €
H; Supi<n<wllXnlly < o0} be a Banach space with the norm given by

{3 lle = sup llxnlly, {x2} €E

1sn<oo
and E; c [®(H).
Now, for each n € N, define A,,: E - H by

A (x) = 67
A , x={x} €E,
Apy(x) =61 n>1
where, 6; = (0,0, ..., x ,0,0,...),forall ne N and x € H.
T
nthplace

Then {A,(x)} € Eq, for all x € E and [[{A,(x)}lg, < llx|lz, x € E. Therefore,
{A,} is a g —Banach Bessel sequence for E with respect to E; and with bound 1.
But, there exists no reconstruction operator S : E; - E such that ({A,},S) is a
g —Banach frame for E with respect to E,.

Indeed, if possible, let ({A,},S) bea g —Banach frame for E with respectto E,;. Let
A and B be choice of bounds for ({A,,},S). Then

Allxlle < I{A ()} lg, < Bllxllg, x € E. (3.2)

Let x = (1,0,0,..,0,..) be anon-zero elementin E suchthat A,,(x) =0, forall n €
N. Then, by frame inequality (3.2), we get x = 0. Which is a contradiction.

Remark 3.4. In view of observation (I1V), there exists, in general, no reconstruction
operator S, : X5, — X such that ({0,}, Sp) is a g —Banach frame for X with

respectto Xy , where X, is some associated Banach space of vector-valued sequences
indexed by N. Regarding this, we give the following example:

Example 3.5. Let H be a separable Hilbert space and let E = [*(H) = {{xn} tx, €
H; Supi<n<wllXnlly < o0} be a Banach space with the norm given by

I3z = sup llxally, {x.} € E.

1sn<oo
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Now, for each n € N, define A,:E — H by
A, (x) =68, x ={x,} €EE,

where, 6; = (0,0, ..., x ,0,0,..),forall ne N and x € H.

l
nthplace

Thus {A,} is total over E. Therefore, by Lemma 2.2, there exists an associated
Banach space A = {{A,(x)}: x € E} with the norm given by [[{A,,()}l.. = lIxllg,
x €E.

Define S: A = E by S({A,(x)}) =x, x €E. Then ({A,},S) is a g —Banach
frame for E with respect to A4 with bounds A = B = 1.

Let {0,,} € B(E, H) be a sequence of operators defined as

0:(x) = Ay (%),
0,(x) =A,(x), n=2, neEN

Then, foreach x € E, {0,(x)} € A and
I{(Ar + ©) (D}l < [{ARGCO} s + ({0, (O} la
< {AR (Mg + {AR ()] 4

= 2[[{An(0)}la
= 2|lxllg.

},er.

Therefore, {A, + ©,}is a g —Banach Bessel sequence for E with respect A and
with bound 2. Thus, by observation (1V), {©,}is a g —Banach Bessel sequence for
E with respect to A4 and with bound 3. But, there exists no reconstruction operator
So: Ay = E such that ({0,,},S,) is a g —Banach frame for E with respect to A,
where A, is some associated Banach space of vector-valued sequences indexed by
N.

Note. If the Bessel bound of g —Banach Bessel sequence {A,, + 0,}, K < ||S]|71,
then there exists an associated Banach space A, and a reconstruction operator
So: Ay = X such that ({0,},S,) is a normalized tight g —Banach frame for X with
respect to A,.

In this regard, we give the following result:

Theorem 3.6. Let ({A,},S) ({A,} € B(X,H), S:X; —» X) be a g —Banach frame
for X with respect to X,. Let {0,,} € B(X, H) be a sequence of operators such that
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{A,, + 0,,} be a g —Banach Bessel sequence for X with respect to X,; and with
bound K < ||S]|~1. Then, there exists a reconstruction operator So: Xgq, = X suchthat
({0,},5,) is a normalized tight g —Banach frame for X with respect to X; =

{{0,(0)}:x € X}.

Proof: Let ({A,},S) be a g —Banach frame for X with respect to X; and with
bounds A, B. Then

Allxllx < {An(D}Ix, < Bllxllx, x € X.

Since {A, + 0,,} isa g —Banach Bessel sequence for X with respectto X,; and with
bound K, then

IS = Blixllx < 1{ALCHlx, — I{(Ar + ©,) ()} Ix,
< I{0,(x)}lx,, forall x € X.

Thus {0,,} is total over X. Therefore, by Lemma 2.2, there exists an associated
Banach space X, = {{0,(x)}:x € X} with the norm given by 1{0,.()}Ilx,, =

llxllx, x € X. Define Sp:X4, = X by So({0,(x)}) =x, x€X . Then S is a
bounded linear operator such that ({©,},S,) is a normalized tight g —Banach frame
for X with respectto Xy, .

Towards, the converse of the Theroem 3.6, we give the following result:

Theorem 3.7. Let ({A,},S) and ({©,},T) be two g —Banach frame for X with
respectto X,. Let L : X; — X, be a linear homeomorphism such that L({A,,(x)}) =
{0,,(x)}, x€X. Then {A, +06,} is a g —Banach Bessel sequence for X with
respect to X; and with bound

K = min{|[UNIIT + LI VI + L7HI3

where U,V:X,; — X are the coefficient mappings given by U(x) = {A,(x)} and
V(x) = {0,(x)}, x € X and I is an identity mapping on X,.

Proof. For each x € X, we have
I{(Ar + ) (D} Ix, = {22 ()} + {0, ()} Ix,
= I1{A (D + LA (DD Ix,
< I + LIN{AR GO} x,
= [I1 + LINU ),
< (T + LMDl x-
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Therefore

I{(An + 00} Ix, < AU+ LIDIIxlx, x € X. (3.3)
Similarly, we have

1{(An + 00 C}lx, < AIVIIT + LM DX, x € X. 3.4)

Using (3.3) and (3.4), it follows that {A,, + ©,} isa g —Banach Bessel sequence for
X with respect to X; and with bound

K = min{|[UIIII + LIL VI + L7}

Remark 3.8. One may observe that, if ({A,},S) and ({0,},T) aretwo g —Banach
frames for X with respect to X,, then {A, + ©0,} is a g —Banach Bessel sequence
for X with respect to X; with bound [|U]|| + ||VI|, where U,V:X — X, are the
coefficient mappings given by U(x) = {A,(x)} and V(x) = {0,,(x)}, x € X.

4. BOUNDED LINEAR OPERATORS ON X4

We begin this section with following result which shows that the action of a bounded
linear operator on X, to construct a g —Banach Bessel sequence, using a given
g —Banach Bessel sequence.

Theorem 4.1. Let {A,} € B(X,H) be a g —Banach Bessel sequence for X with
respect to X;. Let {0,} c B(X,H) be such that {0,(x)} € X;, x € X and let
W:X,; - X, be abounded linear operator such that W ({A,,(x)}) = {0,,(x)}, x € X.
Then {0,} isa g —Banach Bessel sequence for X with respectto Xj.

Proof. Let {A,,} bea g —Banach Bessel sequence for X with Bessel bound M. Then,
for each x € X, we have

{0, ()} lx, = IW{AL(ODIx,
< IWIII{AR ()} x,
< (IWIIM)]lx]lx.

Remark 4.2. In the view of Theorem 4.1, we observe that if ({A,},S)
A} € B(X,H), S:X; —» X) is a g —Banach frame for X with respect to X,; and
W:X,; - X, is a bounded linear operator such that W ({A,,(x)}) = {0,,(x)}, x € X.
Then, there exists, in general no reconstruction operator T:X; — X; such that
({0,},T) isa g —Banach frame for X with respect to Xj.

In this regarding, we give the following example:
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Example 4.3. Let H be a separable Hilbert space and let E = [*(H) = {{xn} :x, €
H; supi<p<ollXnlly < oo} be a Banach space with the norm given by

{xn3lle = sup llxnlly, {x2} €E.

1sn<oo

Now, for each n € N, define A,,: E - H by
A, (x) = 6", x ={x,} €E,

where, 55 = (0,0, ..., x ,00,..) forall ne N and x € H.
7
nthplace

Thus {A,} is total over E. Therefore, by Lemma 2.2, there exists an associated
Banach space E; = {{An(x)}: X € E} with the norm given by [[{A,, ()}, = llx|lg,
x €E.

Define S: E; - E by S{A,(x)}) =x, x € E. Then ({A,.},S) is a g —Banach
frame for E with respect to E; with bounds A = B = 1.

Now, define W:E; - E; as W({A,(x)}) = {A,(x)}21- Then W is a bounded
linear operator on E;. But, there exists no reconstruction operator T: E; — E such
that ({A,}n21,T) isa g —Banach frame for E with respect to E,.

Indeed, if possible, let ({A,}n=1,T) isa g —Banach frame for E with respect to Ej.
Let A and B be choice of bounds for g —Banach frame ({A,}n=1,T). Then

Allxllg < [{An ()} nz1lle, < Bllxllg, x € E. (4.1)

Let x = (1,0,0,...,0,...) be a non-zero element in E such that A,(x) =0,n>
1,n € N. Then, by frame inequality (4.1), we get x = 0. Which is a contradiction.

In the view of Theorem 4.1 and Example 4.3, we give a necessary and
sufficient condition for a g —Banach Bessel sequence to be a g —Banach frame.

Theorem 4.4. Let ({A,},S) ({A,} € B(X,H), S:X; » X) be a g —Banach frame
for X with respect to X,. Let {0,,} € B(X,H) be such that {0,,(x)} € X;, x € X.
Let W:X,; —» X; be a bounded linear operator such that W({A,(x)}) = {0,(x)},
x € X. Then, there exists a reconstruction operator U: X; — X such that ({0,,},U) is
a g —Banach frame for X with respectto X, if and only if

{0, ()} Ix, = MIL{O, () DIlx, x € X

where, Mis a positive constantand L: X; — X; is a bounded linear operator such that
L{0,(x)}) = {A,(x)}, x € X.
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Proof. Let A, and B, be the frame bounds for the g —Banach frame ({A,},S).
Then, for all x € X, we have

MA,lIxllx < MI{AR (0}l x,
= M|IL{0,()Dllx,
< {0, ()} lx,
= W ({An () Dllx,
< IWTHI{AR GO} x,
< [[WIIBallx|lx-
Therefore
MADIxllx < {0, ()} Ix, < UIWIBIIxIlx, x € X.

Put U = SL. Then U:X,; — X is a bounded linear operator such that U({0,,(x)}) =
x, x € X. Hence ({0,},U) isa g —Banach frame for X with respect to X,.

Conversely, let ({0,},U) is a g —Banach frame for X with respect to X,
and with frame bounds Ag, Bg. Let T: X — X, be the coefficient mapping given by
T(x) ={A,(x)}, x € X. Then L =TU:X,; — X, is a bounded linear operator such
that L({0,,(x)}) = {A,,(¥)}, x € X.

Thus, on writing M = (?), where B, is an upper bound for g —Banach frame
A
({7}, S), we have

110, ()} Ix, = Aollxllx
= MB||xllx
= M[{A ()} lx,
= MIIL{0,(x)Dllx,-

In the following result, we provide a necessary and sufficient condition for a
g —Banach frame, in terms of g —Banach Bessel sequence.

Theorem 4.5. Let ({A,,},S) ({A,} € B(X,H), S:X; - X) be a g —Banach frame
for X with respect to X,. Let {0,,} c B(X,H) be a sequence of operators such that
{A, + 0,} isa g —Banach Bessel sequence for X with respectto X; and with bound
K < ||S|]|7t. Then, there exists a reconstruction operator U:X,; — X such that
({e,},U) isa g —Banach frame for X with respect to X, if and only if there exists
a bounded linear operator L: X; — X, such that L({0,,(x)}) = {A,,(x)}, x € X.
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Proof. Let ({0,,},S) be a g —Banach frame for X wih respectto X,. Let T: X — X,
be the coefficient mapping given by T(x) = {A,(x)}, x € X. Then L =TU:X; -
X, is a bounded linear operator such that L({0,(x)}) = {A,,(x)}, x € X.

Conversely, by hypothesis {0,,(x)} € X;, x € X. Also, for each x € X, we
have

AISI= = B llxllx = ISI~ llxllx — Kllxllx
< AR CHIx, — IHAR + 0,0 ()} lx,
< {0, ()} lx,
< [{(An + 0,) () HIx, + ARG} Ix,
< ITIx1lx + Kllxllx
= (ITII + K©llxllx,
where T is a coefficient mapping.

Now, put U=SL. Then U:X; —» X is a bounded linear operator such that
U({0,,(x)}) =x, x € X. Hence ({0,,},U) isa g —Banach frame for X with respect
to X, and frame bounds (||S]|™ — K) and (||T|| + K).

Next, we give a necessary and sufficient condition for a g —Banach Bessel sequence
to be a g —Banach frame.

Theorem 4.6 Let ({A,},S) ({A,} € B(X,H), S:X; = X) be a g —Banach frame
for X with respect to X,. Let {0,,} € B(X,H) be a g —Banach Bessel sequence for
X with respect to X;. Let V:X; —» X; be a bounded linear operator such that
V({0,(x)}) = {A,(x)}, x € X. Then, there exists a reconstruction operator U: X; —
X such that ({0,},U) isa g —Banach frame for X with respect to X, if and only if
there exists a constant M > 0 such that

I{(An — )} Ix, < MII{O,(x)}Ix, x € X.
Proof. Let K > 0 be a constant such that
{0, ()} Ix, < Kllxllx, x € X.
Let A, be a lower bound for the g —Banach frame for ({A,},S). Then
Apllxllx < [{AR O}k,
< {0, () }HIx, + AR — ©,) (x)}Ix,
< (1 + MI{0, ()}l x,-
Put U = SV, then U:X,; — X is a bounded linear operator such that U({0,,(x)}) =
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x, x € X. Hence ({0,},U) isa g —Banach frame for X with respect to X.

Conversely, let A, By; Ag,Be be bounds for the g — Banach frames
({A,},S) and ({©,}, U), respectively. Then

Apllxlly < I{AR )}k, < Ballxllx, x € X
and
Apllxllx < {0, (x)}Ix, < Bellxllx, x € X.
Therefore
I{(Ar — ©) (D} Ix, < A2} x, + {0, ()},
< (Ba + Bo)llxllx
< M|[{0,(x)}lx, x €X,

where M = - (Bp + Bg).
Ao

5. STABILITY OF ¢ —BANACH BESSEL SEQUENCES

In the following result, we show that g —Banach Bessel sequences are stable under
small perturbation of given g —Banach Bessel sequence.

Theorem 5.1. Let {A,} € B(X,H) be a g —Banach Bessel sequence for X with
respect to X,; and let {0,} c B(X,H) be such that {0,(x)} € X;, x € X. Then
{0,,} is a g —Banach Bessel sequence for X with respect to X, if there exist non-
negative constants A, u (u < 1) and § such that

I{(An — 0 ()} Ix, < AL} Ix, + ul{0, (O} Ix, + 6lIxllx,  x€X.
Proof. Let M be the Bessel bound for the g —Banach Bessel sequence {A,}. Then
{0, )} Ix, < {ARCO}HIx, + II{(AR — ©,) () }lx,

= 1+ DMlixllx + 1ll{0,C)}Ix, + Slixllx, x € X

S<(1+/1)M+5

,x € X.
= )nxnxx

Hence {0,,} € B(X,H) isa g —Banach Bessel sequence for X with respect to X,.
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