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Abstract

The numerical solution of Initial Value Problem (IVP) of general second order
Ordinary Differential Equation (ODE) was the focus of this work. To achieve this, an
orthogonal polynomial valid in the interval [0,1] and with respect to weight function
w(x) = x was constructed and employed as basis function for the development of
some continuous hybrid schemes in a collocation and interpolation technique. The
main scheme obtained was implemented together with the block formulae for the
numerical solution of second order ordinary differential equations.

The schemes were analyzed using appropriate existing theorems to investigate
their stability, consistency, convergence and the investigation shows that the de-
veloped schemes are consistent, zero-stable and hence, convergent. Numerical
examples are presented to illustrate the accuracy and effectiveness of the method.
The results obtained when compared with existing method are favourable.
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1. Introduction

Many fields of application notably in Science and Engineering yields Initial Value Prob-
lems (IVPs) of Second Order Ordinary Differential Equations (ODEs) of the form

Y = fx,y,9),y@) = yo,y (@) = z0 x € [a,b] (1)

where f is continuous in [a, b]. Some of these problems may not be easily solved an-
alytically, hence numerical schemes are developed to approximate the solution. The
method of reducing (1) to a system of first order differential equations has been reported
to increase the dimension of the problem and therefore results in more computations
(see Bun(1992)). Some researchers have attempted the solution by directly using Linear
Multtistep Methods (LMMs) without reduction to system of first order differential equa-
tions, they include: Onumanyi(1999), Yusuph and Onumanyi (2002) and Muhammed
(2010).

Block Methods for solving ODEs were initially proposed by Milne (1953). The
Milne’s idea of proceeding in blocks was developed by Rosser (1967) for Runge-Kutta
method. Many researchers have used block methods, they include: Adeniyi, Alabi and
Folaranmi (2008), Awoyemi and Kayode (2008), Awari (2013), Umaru and Adeniyi
(2014). While Anake (2011) used power series as the basis function, Adeyefa (2014)
adopted Chebyshev as the basis function. Some researchers constructed orthogonal
polynomials in certain interval for different weight functions. Haruna and Adeniyi (2014)
constructed weight function of w(x) = x? for interval [ — 1, 1], Bamgbola and Adeniyi
(2014) used weight function w(x) = x? with interval [0,1] and Ekundayo and Adeniyi
(2014) used weight function x for interval [0,1]. All these works were for first order
differential equations.

The present study is an extension of those works to second order ODE:s for the Initial
Value Problem (1) by adopting an orthogonal polynomial constructed for the interval
[0,1] with respect to the weight function w(x) = x.

2. Methodology

2.1. Derivation of the Orthogonal Polynomial

Consider the equation below

b
/ W(X) P (X)Pp (x)dx = hypémn (2)

with
0,m#n
(Smn = {

1,m=1

where the weight function w(x) is continuous and positive in the interval [a,b] such that
the moments

b
n =/ wx)x"dx, n=0,1,2,... 3)
a
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exists. The integral

b
(Pm> Pn) = / W(X)Pm (x)pp (x)dx “4)
is the inner product of the polynomials ¢,, and ¢,.
For orthogonality,
b
(Dm> dn) = f w(X)pmu(X)pn(x)dx =0, m #n, [—1,1]. (&)

We shall now consider the requirements for the construction of orthogonal polynomials
valid in [0,1] with respect to w(x) = x for our basis function ¢,(x), n =1,2,3,... of
the approximant

Wx) =Y a;p;(x) ~ y(x). 6)

j=0

For this purpose, let ¢,,(x) be a polynomial of the nth order defined by

en(x) =Y Wx. (7a)
j=0

The requirements for the construction are that

on(1) =1 (7b)
and

1
/ Ww(X)Pmdn(x)dx = 0; m # n.

Using the conditions above, the following orthogonal polynomial were generated

Po(x) =1

$1(x) =3x =2
dr(x) = 10x% — 12x + 3
3(x) = 35x> — 60x% +30x — 4
da(x) = 126x* — 280x> + 210x% — 60x + 5
bs(x) = 462x° — 1260x* + 1260x> — 560x% + 105x — 6
d6(x) = 1716x° — 5544x° + 6930x* — 4200x> + 1260x% — 168x + 7
B7(x) = 6435x" — 24024x% + 36036x> + 27720x* + 11550x° — 2520x2 + 252x — 8.
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2.2. Development of the Method

We shall consider the derivation of the proposed one-step continuous multistep method
which will be used to generate the main method and other methods required to set the
main method. In this study, we shall employ the generated polynomial as basis function
for the derivation of our method. For this purpose, we shall approximate the analytical
solution of (1) with an approximant of the form

r+s—1

Yo = > ajpix) (®)

Jj=0

where a}s are constants to be determined, r is the number of collocation points and s is
the number of interpolation points, on the partition

A=X) <X| <+ <Xp<Xpy1<--<xXy=Db

of the integration interval [a,b] with a constant step size &, given by

h = xp41 —x4,n =0,1,... ,N — 1. The function ¢;(x) is the jth degree generated
polynomial valid in the range of integration of (1), thatis, in [a,b]. The second derivative
of (8) is given by

r+s—1
Y@= ) aj¢;x) ©)

Jj=0

where x € [a,b] and r + s is the sum of the number of collocation and interpolation
points.

We shall interpolate at at least two points to be able to approximate (1), and make
this happen, we proceed by selecting some points x, 4, where v € (0, n). Then equation
(8) 1s interpolated at x, 4, and its second derivative is collocated at x,,, so as to obtain
a system of equations which will be solved by Gaussian Elimination Method. We shall
consider this method as hybrid method.

2.3. Development of One-Step Method with one Off-Step Point

In deriving this method, we set s = 2 and r = 3 in (8) and (9) so as to obtain a system
of five equations each of degree four as follows:

4
> aj¢i(x) = y(x) (10)

j=0

4
Zajd);(X) = fx.y,5). (11)
j=0
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1
We now collocate (11) at x = x,45, s = 0, 3 and 1, and interpolate (10) at x = x;,,,

1 . . . .
r = 0and 5; from these we get a system of equations written in matrix form AX = B
as

1 113 g do .
SR TR T i
2
0 0 20 —120 420 || @2 |=| M/ | (12)
0 0 20 —15 —42 as h” foy 1
0 0 20 90 252 | L | P furr

Equation (12) above is solved by Gaussian Elimination method to obtain the values of
the unknown parameters a;, j = 0, 1,2,3...4 as follows

a = %(480%5 — 120y, + 3h% f + K fus1 + 26h2fn+%)

@ = 53360y, 1~ 33602,, +75h° fu + 19K° fai1 + 49407 f, 1)

a = 2116(1h+1%-6f;+%) e (13)
az = _1;;—920(7fn — W +47,400)

ay = %EUh+ﬁH1—2L+Q-

Substituting (13) in (10) yields a continuous implicit one-step method in the form

2

Y(x) = @o(x)yn + 1) yns1 + B2 Bi(X) fur (14)
j=0

where «;(x) and B;(x) are continuous coefficients. From (14), we get the parameters
aj(x) and B;(x) as

. (h — 2x + 2x,)
o h

w = 2(x — xn)
: h

P ((x — xp)(h — 2x + 2x,)(Th? — 10hx + 10hx, + 4x? — 8x(x,) + 4x2))
, =

48h2

g — ((x — xu)(h — 2x + 2x,)(3h% — 6hx2—|— 6hx, — 4x? + 8x(x,) — 4x2))
2 24h

P ((x — xp)(h — 2x + 2x,)(h? + 2hx — 2hx, — 4x% + 8x(x,) — 4x2))
b 48h? '

(15)
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By evaluating (14) at x,,+1, the main method is obtained as
2

h
Vbt = 2y = n+ g2 | Fu+ 105, + fori | (16)

The block methods are derived by evaluating the first derivative of (14) in order to obtain
additional equations needed to couple with (16).
Differentiating (14), we obtain

1 2
/ / !
Y@ =D i )ynsi+ Y B furj (17)
j=0 j=0
where
, 2
o, = —-=
o h
S 2
YT
'3/ _ (Th? — 48h2x + 48h%x, + T2hx* — 144hx(x,) + 72hx3 —32x3 + 96x%x, — 96xx3 + 32x,3,)
o = 48h2
' (3h3 — 48hx? + 96hx(x,) — 48hx? + 32x3 — 96x%(x,) — 96x(x,)? — 32x2)
IBL = - 2
3 24h
, ((h — 4x + 4x,)(h* 4+ 4hx — 4hx, — 8x2 + 16x(x,) — 8x2))
b= 48h?2 '

(18)
Evaluating (17) at x,, x,,_ ! and x,,4+1, we get the following discrete derivative schemes:

' h?
hyy = =2yn +2y,,1 = @(Un — Jat1 +6£,,1) (19)

, h?
hy, 1 ="2yn+ 2y 1+ 2B/ = fur1 104,11 (20)

/ h?
hynsr = =2yn + 2y, 1 + &(fn +9fut1 + 261, 1). (21)

Solving equations (16), (19), (20) and (21) simultaneously, we obtain the following
explicit results

h o R
Yntl =Int V¥ %(7fn TO0f0i 1 = Jat1) (22)
. h?
Yntl = Yn +hy, + F(fn + 2fn+%) (23)
/ / h

’ / h
Ynt1 = Yn + g(fn T4 el + ur1): (25)
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2.4. Development of one-step method with two off-step points

Here, two off-step points are introduced, the points are carefully chosen to guarantee the

zero stability of the method. Thus, i = 1,2 which implies that vi = 3 and vp = —. The

number of collocation point, r and interpolation points s are 4 and 2 respectively. Thus,
we have a polynomial of degree (r + s) — 1 of the form

5
Y =Y aj¢ix) (26)
j=0

with the second derivative given by

Y@ =) aje;). 27)
j=0
Substituting (27) into (1) gives
> " ,
> a¢i) = fay.y). (28)
j=0

Collocating (28) at x = x4, ¥ = 0, 33 and 1 and interpolating (26) at x = x;,45,5 =

1
X, and 3 lead to a system of equations written in the matrix form AX = B as follows

-1 -2 3 —4 5 6
1 17 13 17 - -
1 -1 - = —= —— .- Yn
9 27 27 81 0 Vol
3
0 0 20 —120 420 —1120 ai 2,
ar b
=| n*f . |- (29)
560 41
0 0 20 —50 28 - Zj 2”3
h 2
560 | [ as | zf’”?
0O 0 20 20 —28 e L h” g
0 0 20 20 252 560 |
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Solving (29) by Gaussian Elimination yields the a’s as follows:

dao

ai

a

as

aq

as

1 ) . i i
T80 433603, 1 — 22680y, + 2081 f, + 230 fus1 + 201K £,y +TO8K £, ,2)

1
15360 45360y, | — 45360y, +397h2f, + 7T frr + 4155k £,y +1923K7 . 2)

h2
%(fnﬂ +9f;1+% + ]8fn+_%)

h2
m(fn-%—l - an+% + 4fn+%)

h2
scoc U+ That = fray = 10£,.2)
3h? (

6160

o= Jor1 — 3fn+% + 3fn+%)~

(30)

Substituting (30) into (26) yields the continuous implicit hybrid one step method in the

form

03¥, 13 +01yus1 = W2 Bofo+ Bufy s + B2 Sz + Pifusy)

€1V

where o ;(x) and B;(x) are continuous coefficients. From (31), we get the parameters
aj(x) and B;(x) as

wi—

=
LI

Bi

1
E(h —3x + 3x,)

3()6 - X,,)
h

_W((x — x,)(h — 3x 4 3x,)(97h> — 249h%x + 249h%x,, + 243hx”> — 486hx(x,)+

243hx* — 81x° 4 243x%(x,) — 243x(x,)* + 81x2))
—ﬁ((x — x)(h — 3x 4 3x,)(38h> + 114h%x — 114h%x, — 198hx* 4 396hx(x,)
—198/x2 + 81x% — 243x%(x,) 4 243x(x,)> — 81x2))

T(l)m((x — x,)(h — 3x 4 3x,)(13h% + 39h%x — 39h%x, — 153hx* 4 306hx(x,)—
153hx + 81x* — 243x%(x,) + 243x(x,,)* — 81x2))

~Togos @ — Xn)(h = 3x + 3x,)(2h — 3x + 3n)(4h® + 18hx — 18hxn — 27x% 4 54x(x,)
—27x2)).

Evaluating (31) at x,, +2 and x,1, the main method is obtained as

2
Ypy2 = Int 2yn+% + 1—08(fn + 10fn+% + fn+%)

(32)

(33)
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h2
Yt = =2 3 QR A2 1 2 ). ()

The block methods are derived by evaluating the first derivative of (31) in order to obtain
additional equations needed to couple with (33) and (34). Differentiating (31) we obtain

I I 2 / I ’ I
Vo3 + et =Wy fu+ B fyy + B2 Sy + B far) (35)
where
. 3
o0, = ——
0 h
, 3
o = -
h
B, = 108%3 (97h* — 1080h°x + 1080h3x,, + 2970h%x* — 5940h%x(x,) + 2970h>x? — 3240hx>+
9720hx>(x,) — 9720hx(x,)* + 3240hx> + 1215x* — 4860x°x,+
7290x2x* — 4860xx> + 1215x})
’ l
B, = _W( — 38h* 4 1620h%x? — 3240h%xx,, + 1620h*x> — 2700hx> + 8100hx>x, —
1 3
8100hxx? + 2700hx + 1215x* — 4860x>x, + 7290x%x? — 4860xx. + 1215x%)
, 1
B, = _W( — 13h* 4 810hx* — 1620h%xx, + 810h%x? — 2160hx> + 6480hx’x, —
2 E
6480hxx? + 2160hx? + 1215x* — 4860x7x, + 7290x%x? — 4860xx + 1215x)
B = 1 080h3 (8h* + 540h>x* — 1080h*xx, + 540h*x? — 1620hx> + 4860hx>x, —
4860hxx2 + 1620hx, + 1215x* — 4860x°x, + 7290x?x? — 4860xx. + 1215x).

(36)
Evaluating (35) at x,, x,, F1 X2 and x, 41, the following discrete derivative schemes is
obtained.
) 2
hy, = =3y, +3yn+ 1080(97fn + 8 fn+1 + 114fJr 39fn+%) (37)
) 2
By, 1= =39 35,01+ Joaa O8u + T vt + 1711, 1 = 36f,,2) (38)
) 2
By, 2= =3V 3,01 + 15053 fu = 8fur1 +366f,,1 +159f,,2) (39

, h?
Ry, 1 = —3yn + 3yn+% + m(%fn + 127 fry1 + 291fn+% + 444fn+%). (40)
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Solving equations (33), (34), (37), (38), (39) and (40) simultaneously, the following
explicit results are obtained.

h . h?
2h . h?
Yntd =Yt TV F R(zgfn T06f,,1 =62+ 2 1) (42)
. h?
Yn+l = Yn + hyn + Eo(lz’fn + 36fn+% + 9fn+% + 2 fut1) (43)
/ / h
Voot =V 5 Ofu 190,04 = 5f,02 + fusn) (44)
’ ! h
/ / h
Vog1 = Vp T+ g(fn + 3fn+% + 3fn+% + fat1)- (46)

3. Analysis of the Method

The basic properties of this method such as order, error constant, zero stability and
consistency are analyzed here under.

Equations (16), (33) and (34) derived are discrete schemes belonging to the class of
LMMs of the form

k k
D oiynii =hYBifuri- (47)
j=0 j=0

Following Futunla (1988) and Lambert (1973), we define the Local Truncation Er-
ror(LTE) associated with (47) by difference operator;

k

Lly(x):h]1 = la;y(xa + jh) — h*Bi F(X, + jh)] (48)
j=0

where y(x) is an arbitrary function, continuously differentiable on [a, b]. Expanding
(48) in Tayloy Series about the point x, we obtain the expression

Lly(x):h] =coy(x) + clhy/(x) 4+ . Cp+2hp+2yp+2(x)
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where the ¢,, ¢, ¢3...cp...cp12 are obtained

k
c1=Zjozj
j=1
1 k
- 20
CZ_Z!.X;] o
j:

k k
1
= > e —qlg—1q -2 Bij'

j=I j=1
In the sense of Lambert (1973), equation (47) is of order p if ¢, = ¢1 = ¢ =
«+-cp = cpy1 = 0 and cpq2 # 0. The ¢y # 0 is called the error constant and

cp2h? +2 yP *2(x,) is the Principal Local truncation error at the point x,,. Using the con-

cept above, (16) has order p = 4 and error constant given by ¢,12 = . Equation

15360

(33) has order p = 4 and error constant given by ¢, 17 = and equation (34) has

174960

order p = 4 and error constant given by ¢,2 = ~38320"

3.1. Zero Stability of the Method

The LMM (47) is said to be zero-stable if no root of the first characteristic polynomial
P(R) has modulus greater than one and if and only if every root of modulus one has
multiplicity not greater than the order of the differential equation.

To analyze the zero-stability of the method, we present equations (22)-(25) and (41)-
(46) in vector notation form of column vectors

e = (61,. .. ,er)T’d = (dl’- .. ’dr)T» Ym = (yn—|—l’- .. ,yn—|—r)T» F(ym) = (fn—l—l’- .. ’fn—|—r)T

and matrices A = (a;;), B = (b;;). Thus, the equation (22)-(25) and (41)-(46) form the
block formula /
A%Ym = hBF(Ym) + A yu + hdf,

where £ is a fixed mesh size within a block. In line with this, equations (22)-(25) give

0 I o0 Yn+2
A¢ =
o]
1| 01 Yn—1
A_[Ol Yn
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6 1
s_| 9% 9 [ St }

% 0 Jn+1
6 |
0 7

d = 96 fn—l :|

= : -
0 _ L
6

The first characteristic polynomial of the block hybrid method is given by

p(R) = det(RA? — A1) (49)
where
o _[1 0
v=ls ]
and
0 1

a=l0 1]

Substituting A° and A! in equation (49) and solving for R, the values of R are obtained
as 0 and 1. According to Fatunla (1988, 1991), the block method equations (22)-(25) are
zero-stable, since from (49), p(R) = 0, satisfy |R j| <1, j = 1 and for those roots with
‘R j } = 1, the multiplicity does not exceed two.

Equations (41)—(46) give

0 1

100 ,
AO — 0 1 O I:yn_|_%, yn+%9 Yn—l—l]
00 1 ‘
00 1
Al = 0 01 [yn—Z’ yn—l] ay;;
00 1
- 114 39 8
3240 3240 3240 Jatt
66 6 2
B = —
105 405 405 Ttk
36 9 2 fn—H
| 1200 120 120
a 97 -
3240
28 fi’l—2
d = 00 — fn—l
405 P
13 "
i 120 _
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Using the first characteristic polynomial of the block hybrid method from equation
(49),we have;

[ 1 0 0]
1

0 01

A =

)

and
0 01

Al=10 0 1
0 0 1

Substituting A° and A! in equation (49) and solving for R, the values of R are obtained
as 0 and 1. According to Fatunla (1988,1991) the block method equations (41-46) are
zero-stable. Since from (49), p(R) = SO, satisfy }R j| < 1, j = 1 and for those roots
with |R;| = 1, the multiplicity does not exceed two.

3.2. Consistency of the Method

The LMM (47) is said to be consistent if it has order p > 1, and the first and second
characteristics polynomials which are defined as

k
p(R)=) R’
j=0

k
o(R)=Y_B;R/
j=0

where R, the principal root satisfy the following conditions

k
i) ) =00a;=0
j

(i) p(1)=p (1)=0
(i) p (1) = 2!o(1).

The schemes (16), (33) and (34) derived are of order p = 4 > 1 and they have been
investigated to satisfy conditions (i)-(ii). Hence, the schemes are consistent.

3.3. Convergence of the Method

According to theorem of Dahlguist: the necessary and sufficient condition for an LMM
to be convergent is to be consistent and zero-stable. Since the method satisfies the two
conditions, it is convergent.
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4. Numerical Examples
We consider here the application of the derived scheme on three test problems.

Example 4.1. (Special linear problem)

y —100y = 0,0 < x < 0.12

y(0) = 1,y (0) = —10,h = 0.01

Exact solution: y(x) = e~ !9

Areo et al. (2013).
Numerical results for this example are presented in Table 4.1 and Table 4.4.

Example 4.2. (Variable Coefficient Nonlinear Problem)
Y —x(y) =0

, 1
y0)=1,y(0) = E’h = 0.0025

) 24+ x
Exact Solution: y(x) =1+ Ean

— X
Awoyemi et al. (2012). See Table 4.2 and Table 4.5 for the numerical results for this
problem.

Example 4.3. (Special Nonhomogenous problem)

3

" 3X
= y(0) = ——,
y y+xe, y(0) 0

, 5
0) = —— h = 0.0025.
y (0) D

(4x —3)
26—3x

Exact solution: y(x) =

Adesanya et al. (2009).
See Table 4.3 and Table 4.6 for the numerical results for this problem.
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Table of Results

Table 1: Numerical Results of OMOQOP for Example 4.1

Exact method

One Offstep Method

Error

0.01

0.904837418035960

0.904837431437207

7.236727095349949¢e-008

0.02

0.818730753077982

0.818730779069975

8.3895298646933e-008

0.03

0.740818220681718

0.740818258669860

9.574455300809248e-008

0.04

0.347498577841350

0.347498190158172

1.080829660216054e-007

0.05

0.606530659712633

0.606530720703211

1.210786619854076e-007

0.06

0.548811636094027

0.548811708461298

1.349020959939828e-007

0.07

0.496585303791409

0.496585387686707

1.497281689744057e-007

0.08

0.449328964117222

0.449329059861775

1.210786619854076e-007

0.09

0.406569659740599

0.406569767823565

1.080829660216054¢e-007

0.10

0.367879441171442

0.367879562250104

1.349020959939828e-007

0.11

0.332871083698080

0.332871218600176

1.497281689744057e-007

0.12

0.301194211912202

0.301194361640371

1.497281689744057e007

Table 2: Numerical Results of OMOQOP for Example 4.2

Exact method

One Offstep Method

Error

0.1

1.001250000651042

1.001250000651040

1.998401444325282e-015

0.2

1.002500005208353

1.002500005208350

3.108624468950438e-015

0.3

1.003750017578273

1.003750017578270

2.886579864025407e-015

0.4

1.005000041667292

1.005000041667290

1.998401444325282¢-015

0.5

1.006250081382116

1.006250081382110

5.995204332975845e-015

0.6

1.007500140629746

1.007500140629740

5.995204332975845e-015

0.7

1.008750223317551

1.008750223317540

1.088018564132653e-014

0.8

1.010000333353335

1.010000333353320

1.487698852997710e-014

0.9

1.011250474645419

1.011250474645400

1.887379141862766e-014

1.0

1.012500651102709

1.012500651102690

1.66909583602355269¢-014
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Table 3: Numerical Results of OMOOP for Example 4.3
X Exact method One Offstep Method Error
0.0025 | -0.094140915761849 | -0.094140915761852 | 2.997602166487923e-015
0.0050 | -0.094532404142339 | -0.094532404142346 | 6.994405055138486e-015
0.0075 | -0.094924451608388 | -0.094924451608399 | 1.100508573159686¢e-014
0.0100 | -0.095317044390700 | -0.095317044390716 | 1.600108934241007e-014
0.0125 | -0.095710168480981 | -0.095710168481000 | 1.899869150889799¢-014
0.0150 | -0.096103809629113 | -0.096103809629137 | 2.400857290751901e-014
0.0175 | -0.096497953340316 | -0.096497953340344 | 2.800537579616957¢-014
0.0200 | -0.096892584872264 | -0.096892584872296 | 3.200217868482014e-014
0.0225 | -0.097287689232184 | -0.097287689232220 | 3.599898157347070e-014
0.0250 | -0.097683251173920 | -0.097683251173960 | 3.999578446212126e-014
Table 4: Numerical Results of OMTOP for Example 4.1
X Exact method Two Offstep Method Error
0.01 | 0.904837418035960 | 0.904837418109995 | 7.403500035252364e-011
0.02 | 0.818730753077982 | 0.818730753366770 | 2.887879935187243e-010
0.03 | 0.740818220681718 | 0.740818221314804 | 6.330860280456818e-010
0.04 | 0.670320046035639 | 0.670320047133962 | 1.098322988113409e-009
0.05 | 0.606530659712633 | 0.606530661390881 | 1.678247985026360e-009
0.06 | 0.548811636094027 | 0.548811638462824 | 2.368796936380591e-009
0.07 | 0.496585303791409 | 0.496585306959364 | 3.167954953919860e-009
0.08 | 0.449328964117222 | 0.449328968182859 | 4.075636994560483e-009
0.09 | 0.406569659740599 | 0.406569664834220 | 5.093621024965245e-009
0.10 | 0.367879441171442 | 0.367879447396920 | 6.225478021981701e-009
0.11 | 0.332871083698080 | 0.332871091174631 | 7.476550989427011e-009
0.12 | 0.301194211912202 | 0.301194220766149 | 8.853946964482162e-009
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Table 5: Numerical Results of OMTOP for Example 4.2

1585

X Exact method Two Offstep Method Error
0.1 | 1.001250000651042 | 1.001250000651040 | 1.99840144325282e-015
0.2 | 1.002500005208353 | 1.002500005208350 | 3.108624468950438e-015
0.3 | 1.003750017578273 | 1.003750017578270 | 2.886579864025407e-015
0.4 | 1.005000041667292 | 1.005000041667290 | 1.998401444325282e-015
0.5 | 1.006250081382116 | 1.006250081382110 | 5.995204332975845e-015
0.6 | 1.007500140629746 | 1.007500140629740 | 5.995204332975845e-015
0.7 | 1.008750223317551 | 1.008750223317540 | 1.088018564132653e-014
0.8 | 1.010000333353335 | 1.010000333353320 | 1.48769885299771e-014
0.9 | 1.011250474645419 | 1.011250474645400 | 1.887379141862766e-014
1.0 | 1.012500651102709 | 1.012500651102690 | 1.909583602355269¢-014
Table 6: Numerical Results of OMTOP for Example 4.3
X Exact method Two Offstep Method Error
0.0025 | -0.094140915761849 | -0.094140915761849 0
0.0050 | -0.094532404142339 | -0.094532404142339 0
0.0075 | -0.094924451608388 | -0.094924451608388 0
0.0100 | -0.095317044390700 | -0.095317044390700 0
0.0125 | -0.095710168480981 | -0.095710168480981 0
0.0150 | -0.096103809629113 | -0.096103809629114 | 9.992007221626409e-016
0.0175 | -0.096497953403316 | -0.096497953340317 | 9.992007221626409e-016
0.0200 | -0.096892584872264 | -0.096892584872265 | 9.992007221626409e-016
0.0225 | -0.097287689232184 | -0.097287689232185 | 9.992007221626409e-016
0.0250 | -0.097683251173920 | -0.097683251173921 | 9.992007221626409¢-016
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Comparison of the Absolute Error for the Methods

Table 7: Comparing Absolute Error of the Methods for Example 4.1

One Offstep method Two Offstep Method Areo(2013)
-7.236727095349949¢-008 | -7.403500035252364e-011 | 3.0 x 10~ 10
-8.389529798646933¢-008 | -2.887879935187243e-010 | 1.0 x 107
-9.574455300809248¢-008 | -6.330860280456818¢-010 | 2.8 x 10~
-1.080829660216054¢-007 | -1.098322988113409¢-009 | 3.0 x 10~
-1.210786619854076¢-007 | -1.678247985026360e-009 | 5.1 x 10~
-1.349020959939828e-007 | -2.368796936380591e-009 | 6.4 x 10~
-1.497281689744057¢-007 | -3.167954953919860e-009 | 9.4 x 10~
-1.210786619854076e-007 | -4.075636994560483e-009 | 1.15 x 1078
-1.080829660221654e-007 | -5.093621024965245¢-009 | 1.49 x 10~ %
-1.349020959939828¢-007 | -6.225478021981701e-009 | 1.77 x 1078
-1.497281689744057¢-007 | -7.476550989427011e-009 | 2.3 x 10™%
-1.497281689744057e-007 | -8.853946964482162¢-007 | 2.7 x 10~

Table 8: Comparing Absolute Error of the Methods for Example 4.2

One Offstep method

Two Offstep Method

Awoyemi(2012)

1.998401444325282e-015

1.998401444325282e-015

0.498272253e-10

3.108624468950438e-015

3.108624468950438e-015

0.41043058e-09

2.886579864025407e-015

2.886579864025407e-015

0.14285815e-08

1.998401444325282e-015

1.998401444325282¢-015

0.35242687¢-08

5.995204332975845e-015

5.995204332975845e-015

0.7243532e-08

5.995204332975845e-015

5.995204332975845e-015

0.13335597e-07

1.088018564132653e-014

1.088018564132653e-014

0.22872871e-07

1.487698852997710e-014

1.487698852997710e-014

0.37447019e-07

1.887379141862766e-014

1.887379141862766e-014

0.59503708e-07
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Table 9: Comparing Absolute Error of the Methods for Example 4.3
One Offstep method Two Offstep Method Adesanya(2009)

2.997602166487923e-015 0 7.020e-14
6.994405055138486e-015 0 1.217e-13
1.100508573159686e-014 0 3.396e-12
1.600108934241007e-014 0 8.122e-12
1.899869150889799¢-014 0 1.453e-11
2.400857290751901e-014 | 9.992007221626409e-016 2.233e-11
2.800537579616953e-014 | 9.992007221626409¢-016 3.156e-11
3.200217868482014e-014 | 9.992007221626409¢-016 4.2202e-11
3.599898157347070e-014 | 9.992007221626409¢-016 5421e-11
3.999578446212126e-014 | 9.992007221626409e-016 6.754e-11

Note:
OMOQP implies One-Step Method with One off-step point
OMTOP implies One-Step Method with Two off-step points

5. Conclusion

Continuous hybrid schemes which employed some constructed orthogonal polynomials
as basis function have been developed through a collocation and interpolation technique.
These methods, by analysis,were shown to be consistent and zero stable,and hence con-
vergent. Three selected problems have been considered to test the effectiveness and
accuracy of the method. It is obvious from our table of results that the methods are
accurate and effective since the approximation closely estimate the analytic solution.
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