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Abstract

In this paper we investigate an SEIR model which takes account the loss of
immunity and the infectivity during the latent period. Childhood infectious
diseases are good applications of this kind of models. We use parameter values
corresponding to measles, mumps, rubella and chickenpox in this investigation.
Here we mean by the two ways of contact rates first, the traditional one, which
represents the contact between susceptible and infected persons. The second
is the contact rate between susceptibles and latent population. The so called
basic reproduction number R0 > 1, has been derived. Stability analysis of the
equilibria points showed that, the disease free equilibrium point (DFE) is globally
asymptotically stable when R0 < 1. On the other hand, if R0 > 1 the (DFE)
is unstable and the endemic equilibrium point becomes globally stable. A certain
critical level Sc, for the susceptible individuals, is obtained. Beneath this level the
disease can not fire up and becomes extinct from the population. Otherwise, if the
susceptible populations exceeds this critical level Sc, the disease remains endemic
and persists in the population. Finally, simulations are conducted for our model
and results are concluded.

Keywords: Modelling, Global stability, Simulation, Infective latency, Childhood
infectious diseases, Loss of immunity.
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1. INTRODUCTION

Mathematical modeling and simulation give a great help to study and predict the
behaviour of many infectious diseases. Modeling infectious disease, may lead to control
or improve current vaccination programs. At least such models can lead to better
understanding of the dynamics of the diseases. Childhood infectious diseases such
as mumps, chickenpox, rubella and measles have been found to be endemic in the
population. These infectious diseases have a latent period which varies from disease
to another [16]. Much work has been done in analysing outbreaks of these common
endemic diseases.

This paper focuses in the fact that these diseases and many others can be transmitted
during the latent period. Other diseases such as HBV, SARS, tuberculosis, and HIV
are believed to have infectious incubation or latent periods [3], [10], [9] and [11]. This
means that, latent or incubated individuals can transmit the disease to susceptibles, even
before they entered the infectious period. This leads to a new concept, that there are
way of infection. Therefor infected person has two chances to pass the disease during
both the latent and infectious periods. This fact is confirmed in many previous papers
such as [5], [1], [4] and [6]. For example mumps virus exists in the saliva before clinical
symptoms appear. It means infected children can pass the disease to susceptibles during
the incubation period. So, isolation of mumps cases during the swelling of the parotid
gland, is not be an effective way to prevent the spread of the disease. Therefore, an
effective vaccination strategy is only applicable way to control the spread of this kind
of diseases.

The (MMR) measles, mumps and rubella vaccine, is the common worldwide vaccine
to prevent childhood diseases. The most used MMR vaccination programme is at least
two doses. The first one is given at the age of twelve to fifteen months, and the second
one supposed to be given before the age of thirteen years. Buonomo et. el. [2] designed
and applied an optimal control to an SIR model with vaccination, seeking the optimal
time for vaccination. Vaccinating the children at age from 4 to 5 years, increased the
efficiency rate from 86% to 95% [1] and [4]. According to the related statistics, it reveals
that, for mumps the efficiency of a single vaccination dose is around 80% against the
disease. Receiving at least two doses of MMR vaccination insure a highly effective
vaccination plan and reducing the incidence of mumps[4] and [6].

Section 1 gives an introduction to our idea of this paper. In section 2 we formulate a
modified SEIVS model to study four childhood diseases (Measles, Mumps, chickenpox
and Rubella). The reproduction number R0 is been calculated. This is the most
important parameter which is well defined in the literature. We use the same definition
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of [16] to estimate its value in this paper. Section 3 we study the stability of the
equilibria state. The disease free equilibrium state DFE is the starting point of our
stability analysis. Investigating the linearized system of our model first to prove local
stability of the DFE then using Liapunof direct method [7] to prove the global stability
of the DFE. Then we study the stability of the endemic equilibrium point using an
argument similar to [8].

Simulation results is been conducted in section 4 and numerical solutions are obtained
for our model with parameter values mostly estimated from previous work. These
solutions describe the future behavior and the expected dynamics of the disease at
the long run. Contact rates parameter values are estimated, reproduction number is
calculated while the rest of the parameter values are estimated from the literature
and previous works. Finally results have been summarized and conclusions are given
section 5.

2. THE MODEL

This paper considered SEIVS model with vaccination and loss of immunity which is
a more realistic and slightly complicated model. We suggested that, The population is
mixed uniformly and homogeneously with a constant population sizeA. The population
is divided into four groups, S(t) (Susceptible) includes the number of individuals
who can catch the disease, E(t) (Exposed section) the number of individuals who are
within incubation period after catching the disease, I(t) (Infected section) the number
of individuals who are diagnosed infected by the disease and finally V(t) (vaccinated
section) the number of individuals who are received a vaccination or recovered,at time
t.

The parameters are defined and listed as follows :

• c1: is the effective contact rate between susceptibles S and the infected population
I ,

• c2: the rate of vaccinating the susceptibles,

• c3: is the effective contact rate between the susceptibles S and the latent or
Exposed individuals E ,

• c4: is the vaccination rate of the newborns ,

• c5: is the rate at which the vaccinated populations loss there immunity,
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• c6: is the recovery rate and by which the infected individuals transfer into the
vaccinated class (V),

• c7: is the rate at which the infected cases moved to the exposed class,

• ξ : the natural birth and death rate.

We assume that, all parameter values are non negative. Using our assumptions, we
can write our (SEIV S) model as a set of four coupled non-linear ordinary differential
equations as follows:

dV (t)

dt
= c4Aξ + c2S(t)− (ξ + c5)V (t) + c6I(t), (1)

dS(t)

dt
= (1− c4)Aξ − c1I(t)S(t) (2)

−c3S(t)E(t)− (ξ + c2)S(t) + c5V (t),

dE(t)

dt
= c3S(t)E(t) + c1I(t)S(t)− (ξ + c7)E(t), (3)

and
dI(t)

dt
= c7E(t)− (ξ + c6) I(t), (4)

with V (t) + S(t) + E(t) + I(t) = A.

Equations (1) - (4) represent a nonlinear first order system of differential equations
describing the spread of common childhood infectious diseases such as Measles,
Mumps, Chickenpox and Rubella.

the linearizing this system about an equilibrium points leads to useful information about
the stability of the original nonlinear system.

Our first step of this study is to derive, the most important parameter of our study, this
parameter is the basic reproductive value. This parameter is defined in the literature
as ”the average value of the expected number of secondary cases produced by a single
newly infected person entering the population at the disease free state and denoted by
R0 ” [16] and [13]. Therefore, at the disease free state and when S(t0) = A, the basic
reproductive value R0, is given by:

R0 =
A(ξ(1− c4) + c5)(c3(ξ + c6) + c1c7)

(ξ + c2 + c5)(ξ + c7)(ξ + c6)
. (5)
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2.1. Equilibrium Points

We can see that our model has two equilibria points :

1. The disease free point.
In this case there is no infected person in the system so (E∗ = I∗ = 0), therefore,
the disease free equilibrium (DFE) point is given by

P1 ≡ (V ∗, S∗, E∗, I∗) ≡ (
A (c2 + ξc4)

(ξ + c2 + c5)
,
A (ξ − ξc4 + c5)

(ξ + c2 + c5)
, 0, 0),

2. The endemic point.
When (E∗∗ 6= 0 6= I∗∗), we have another equilibrium point, which is called the
endemic equilibrium point and given by,

P2 ≡ (V ∗∗, S∗∗, E∗∗, I∗∗)

≡ (
h3 + h6c3 (ξ + c6) + (−h5 + h6c1) c7

h4
,

(ξ + c6) (ξ + c7)

c3 (ξ + c6) + c1c7
,
(h2 − h1) (ξ + c6)

h4
,
(h2 − h1)c7

h4
).

where:

h1 = ((ξ + c2 + c5) (ξ + c6) + Ac1 (ξ (−1 + c4)− c5)) c7,
h2 = (Ac3 (ξ (−1 + c4)− c5)− ξ (ξ + c2 + c5)) (ξ + c6)

h3 = (ξ + c6 + c7) (ξ + c6) (ξ + c7) c2

h4 = (c3 (ξ + c6) + c1c7) ((ξ + c6) (ξ + c7) + c5 (ξ + c6 + c7))

h5 = (ξ + c6) (ξ + c7) c6

h6 = A (c6c7 + ξc4 (ξ + c6 + c7))

Obviously S∗∗ > 0 and

h2 − h1 = A(ξ(1− c4) + c5)(c3(ξ + c6) + c1c7)− (ξ + c2 + c5)(ξ + c7)(ξ + c6),

=

(
A(ξ(1− c4) + c5)(c3(ξ + c6) + c1c7)

(ξ + c2 + c5)(ξ + c7)(ξ + c6)
− 1

)
(ξ + c2 + c5)(ξ + c7)(ξ + c6)

= (R0 − 1) (ξ + c2 + c5)(ξ + c7)(ξ + c6).

Therefor h2 − h1 > 0 if R0 > 1. Now we show that, if R0 > 1 the
endemic equilibrium point P2 has only positive components. Using the mathematical
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analysis package Mathematica 7.0 we have that, both of E∗∗ and I∗∗ are positive
if Ac1 (ξ + c5) c7 > ξ3 + ξ2c5 + ξ2c6 + ξc5c6 + Ac3 (−ξ + ξc4 − c5) (ξ + c6) +

ξ2c7 + Aξc1c4c7 + ξc5c7 + ξc6c7 + c5c6c7 + c2 (ξ + c6) (ξ + c7) and V ∗∗ is
positive if c2 (ξ + c6) (ξ + c7) (ξ + c6 + c7)+Ac3 (ξ + c6) (c6c7 + ξc4 (ξ + c6 + c7))−
c6c7 (ξ + c6) (ξ + c7) + Ac1c7 (c6c7 + ξc4 (ξ + c6 + c7)) > 0. These conditions are
satisfied if A (ξ − ξc4 + c5) (c3 (ξ + c6) + c1c7) > (ξ + c2 + c5) (ξ + c6) (ξ + c7), by
eqution (5) this is equivalent to R0 > 1. Therefor, the four components of the endemic
equilibrium point P2 are positive if R0 > 1.

3. THE STABILITY OF THE EQUILIBRIUM POINTS

This section studies first, the stability of the (DFE) disease free equilibrium point
P1 ≡ (V ∗, S∗, 0, 0). We prove that the DFE is not only locally asymptotically stable
when R0 < 1 but also globally stable. Then we study the stability of the disease
endemic point P2 ≡ (V ∗∗, S∗∗, E∗∗, I∗∗) and prove that when R0 > 1 the disease
becomes endemic and persists in the population.

3.1. The stability of the DFE

We start of our stability analysis, by examining the stability of linearized system near
the disease free equilibrium point DFE (P1). The Jacobian matrix of the system (1) -
(4) at the point DFE is given by:

JP1 =


−ξ − c5 c2 0 c6
c5 −ξ − c2 −c3S∗ −c1S∗

0 0 c3S
∗ − ξ − c7 c1S

∗

0 0 c7 −ξ − c6

 (6)

The equilibrium point P1 is locally asymptotically stable if all of the eigenvalues of JP1

have negative real parts. Otherwise, P1 becomes unstable if the matrix JP1 has at least
an eigenvalue with a non negative real part [6].

Theorem 1. The equilibrium point P1 is locally asymptotically stable if and only if
R0 < 1, and unstable when R0 > 1.

Proof We can see that the characteristic equation of the matrix (6) have two
negative eigenvalues, λ11 = −ξ and λ12 = −ξ − c2 − c5 . Therefore the reduced
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characteristic equation becomes,

F (λ) = λ2 + λ(2ξ + c6 + c7 − c3s∗)− (ξ + c6)(ξ + c7)(R0 − 1).

Recall the basic reproduction number (5), if R0 < 1 then c3s
∗ < (ξ + c7). So we

can easily calculate the remaining two eigenvalues of the matrix (6). Obviously both
of them has a negative real part. Therefore, using the Routh-Hurwitz conditions, the
disease free equilibrium (V ∗, S∗, 0, 0) is locally asymptotically stable if and only if
R0 < 1. However, R0 > 1 this implies that, the matrix JP1 must have at least an
eigenvalue with a positive real part. Therefore, the disease free equilibrium point, P1 is
unstable for the system (1) - (4). So the proof of Theorem (1) is completed.

To ensure that, the virus eradication is independent of the initial sizes of the population
classes in the model, it is necessary to show that the disease free equilibrium is globally
asymptotically stable.

Theorem 2. The equilibrium point P1 is globally asymptotically stable if and only if
R0 < 1, and unstable when R0 > 1.

Proof

Define a function H such that, H = (c3(ξ+c6)+c1c7)
(ξ+c7)(ξ+c6)

E + c1
ξ+c7

I by Theorem 4.1 in [7], H
is a Lyapunov function and the proof of Theorem 2 follows directly.

3.2. The threshold level

From equation (5) we find that the critical value of the susceptibles Sc which is
necessary to keep R0 < 1 and force the disease to die out from the population is given
by:

Sc =
(ξ + c7)(ξ + c6)

(c3(ξ + c6) + c1c7)
. (7)

3.3. The stability of the disease endemic point

Global stability of the disease endemic equilibrium point was studied in this section.
we use a similar argument to that used in the proof of Theorem 1 in Korobeinikov and
Wake [8]. As it shown previouslyR0 > 1, is the only necessary and sufficient condition
for the existence of the endemic point P2.
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We start off by evaluating the model parameters in terms of the compartments of the
endemic equilibrium point P2. Recall equation (2) at the equilibrium state we find that,

0 = (1− c4)Aξ − c1S∗∗I∗∗ − c3S∗∗E∗∗ − (ξ + c2)S
∗∗ + c5(A− S∗∗ − E∗∗ − I∗∗),

therefore

ξ + c2 + c5 =
(ξ (1− c4) + c5)A− c5(E∗∗ + I∗∗)

S∗∗ − c3E∗∗ − c1I∗∗. (8)

Similarly, from equation (3) we get,

ξ + c7 = c3S
∗∗ + c1

S∗∗I∗∗

E∗∗ . (9)

At last, from equation (4) we can find that,

ξ + c6 = c7
E∗∗

I∗∗
. (10)

Substituting in (2), (3) and (4) we find that,

dS

dt
= S

[
L− c5(E + I)

S
− L− c5(E∗∗ + I∗∗)

S∗∗ (11)

−c3(E − E∗∗)− c1(I − I∗∗)] ,

dE

dt
= E

[
c3(S − S∗∗) + c1

(
SI

E
− S∗∗I∗∗

E∗∗

)]
, (12)

and
dI

dt
= Ic7

[
E

I
− E∗∗

I∗∗

]
. (13)

where, L = (ξ (1− c4) + c5)A

Let x = S
S∗∗ , y = E

E∗∗ , z = I
I∗∗

. Then rewriting equations (10)-(12) in terms of x,y and
z we find that,

dx

dt
= x

[
L

S∗∗ (
1

x
− 1)

−c5E
∗∗

S∗∗ (
y

x
− 1)− c5I

∗∗

S∗∗ (
z

x
− 1)− c3E∗∗(y − 1)− c1I∗∗(z − 1)

]
, (14)

dy

dt
= y

[
c3S

∗(x− 1) + c1
S∗∗I∗∗

E∗∗

(
xz

y
− 1

)]
, (15)

and
dz

dt
= zc7

E∗∗

I∗∗

(y
z
− 1
)
. (16)
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Theorem 3. The endemic equilibrium point, P2 ≡ (V ∗∗, S∗∗, E∗∗, I∗∗) of the system
(1)-(4) is globally asymptotically stable If R0 > 1.

Proof

Define a function G such that,

G = M1(x− lnx− 1) +M2(y − lny − 1) +M3(z − lnz − 1),

where M1 = S∗∗ , M2 = E∗∗ and M3 = c1S∗∗I∗∗2

c7E∗∗ . As G is positive definite function,
we shall prove that, dG

dt
is nonpositive definite function. Now, by differentiating G we

have,
dG

dt
= M1

dx

dt
(1− 1

x
) +M2

dy

dt
(1− 1

y
) +M3

dz

dt
(1− 1

z
), (17)

and using the values of M1 , M2 and M3

dG

dt
=S∗∗(x− 1)

[
L

S∗∗ (
1

x
− 1)− c5E

∗∗

S∗∗ (
y

x
− 1)− c5I

∗∗

S∗∗ (
z

x
− 1)− c3E

∗∗(y − 1)− c1I
∗∗(z − 1)

]
+ E∗∗(y − 1)

[
c3S

∗∗(x− 1) + c1
S∗∗I∗∗

E∗∗ (
xz

y
− 1)

]
+

c1S
∗∗I∗∗2

c7E∗∗ (z − 1)c7
E∗∗

I∗∗
(
y

z
− 1).

(18)

therefore,

dG

dt
=c1S

∗∗I∗∗
(

1− y

z
− xz

y
+ x

)
+ L(2− x− 1

x
)

− c5E∗∗(y − x− y

x
+ 1)− c5I∗∗(z − x−

z

x
+ 1)

(19)

Rearranging equation (19) we find that,

dG

dt
=c1S

∗∗I∗∗
(

3− y

z
− xz

y
− 1

x

)
+ (2− x− 1

x
)(L− c1S∗∗I∗∗)

− c5E∗∗(y − x− y

x
+ 1)− c5I∗∗(z − x−

z

x
+ 1)

(20)

Now we shall prove that, E∗∗(y − x − y
x

+ 1) + I∗∗(z − x − z
x

+ 1) ≥ 0. Let
K = E∗∗(y − x − y

x
+ 1) + I∗∗(z − x − z

x
+ 1), and recall the substitutions x = S

S∗∗ ,
y = E

E∗∗ , z = I
I∗∗

then we have that, K = (E + I)(1− S∗∗

S
) + (E∗∗ + I∗∗)(1− S

S∗∗ )

Therefore, we have two cases: The first case if S = S∗∗ in this case we find that,K = 0.

the second case if S 6= S∗∗, then we have that, K ≥ 0 if and only if
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(E + I)(S − S∗∗)

S
) ≥− (E∗∗ + I∗∗)(S∗∗ − S)

S∗∗

E + I

S
≥E

∗∗ + I∗∗

S∗∗

(21)

As the geometric mean is smaller than or equal to the arithmetic mean we find that,
dF
dt
≤ 0 if and only if (L−c1S∗∗I∗∗) ≥ 0 andE∗∗(y−x− y

x
+1)+I∗∗(z−x− z

x
+1) ≥ 0 as

all of x, y and z are nonnegative. Obviously equation (8) ensure that, (L−c1S∗∗I∗∗) ≥ 0

and from condition 21 E∗∗(y − x− y
x

+ 1) + I∗∗(z − x− z
x

+ 1) ≥ 0.

Moreover dG
dt

= 0 if and only if S = S∗∗, EI∗∗ = E∗∗I and (E + I) = (E∗∗ + I∗∗)

which can be represented by the following set:

Ω = {(S,E, I) : S = S∗∗, EI∗∗ = IE∗∗ and (E + I) = (E∗∗ + I∗∗)}. (22)

The system (1)-(4) has a one and only one invariant set which is the equilibrium point
P2, and this set contained entirely in the set Ω. Hence P2 is globally asymptotically
stable by Liapunov’s direct method, for the system (1)-(4), if and only if R0 > 1 and
E+I
S
≥ E∗∗+I∗∗

S∗∗ . This completes our proof of Theorem (3).

4. SIMULATION RESULTS

In this section we shall study the behaviour of our mathematical model numerically. The
simulation results of our mathematical model have been performed using the software
(Mathematica 7).

We used some documented data from the literature [16], [13], [14], [12], and [15] for
some parameters like birth and death rate ξ = 0.015 and

1. The infectious period c6 = : 9.13, 3.65, 11.17 and 11.67 days for chickenpox,
measles, mumps and rubella respectively.

2. The latent period c7 =: 15.22, 9.49, 18.26 and 10.65 days for the same four
infectious diseases respectively.

Other parameters are given the values . The population size and the rate at which
the vaccinated population loss their immunity are assumed to be N = 1000000 and
c5 = 0.07 respectively. Finally, the two contact rates between susceptibles S and both
of latentE and infected I are: c1 = 6∗10−6 and c3 = 5∗10−6, respectively. Simulations
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Figure 1: Represents the numerical simulation of our model, when ( R0 < 1 ), and plots the
approximate number of the Infected I(t) against time.

are conducted for both of the two cases of the values of the basic reproductive numbers
(R0 < 1 and R0 > 1 ). The first simulation has been done by choosing R0 to be less
than one in value to validate the stability of disease free equilibrium DFE point (P1).
On the other hand we choose a parameter set to ensure that, R0 large enough so that it
exceeds one to examine the stability of the disease endemic equilibrium point (P2) of
our model.

We expected that, if the vaccination parameter is large enough, the reproductive number
R0 will be forced down to be under one in value and the disease will die out. If the
vaccination values (c2 and c4) is insufficient then R0 stays greater than one in value and
the disease will fire up, in this case we have an endemic equilibrium stat for the disease.
The numerical solution of the system (1) - (4), which represented by the following
figures, show a clear prediction of the behavior of the diseases at different cases and for
all of the four studied diseases.

Figure (1) shows the numerical results of the Infected section I(t), at the initial values
for (S,E, I, V ) ≡ (990000, 2000, 6000, 2000) and basic reproductive number,(R0 =
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Figure 2: Represents the numerical simulation of our model, when ( R0 > 1 ), and plots the
approximate number of susceptible individuals S(t) against time and corresponding to

parameters of (a) chickenpox, (b) Measles, (c)Mumps and (d) rubella respectively.

0.995). Figure (1), shows that the infected section I(t) increases monotonically to a
maximum value, and after this point I(t) decreases monotonically as an exponential
decay and tends to zero as time t increases. This result means that the disease free
equilibrium point P1 of the system of equations (1) - (4) is asymptotically stable solution
at at a value of the basic reproductive number less than one (R0 = 0.995).

Figures (2) and (3) show that, when the vaccination fails to drop the basic reproduction
number below one in value the disease fires up and approaches an endemic level. This
result is obtained for the case that the vaccination rates are (c2 = 0.001 and c4 = 0.1)
and for all of the four diseases under investigation.
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Figure 3: Represents the numerical simulation of our model, when ( R0 > 1 ), and plots the
approximate number of infected individuals I(t) against time and corresponding to parameters

of (a) chickenpox, (b) Measles, (c)Mumps and (d) rubella respectively.

4.1. Summary and conclusion

In this paper we investigate a model with to contact rates and loss of immunity.
Introducing The contact rate during the latent period makes the model more realistic.
It is also, well known that vaccination of childhood infectious diseases dose not give
a permanent immunity. It means that there is a loss of immunity. We considered that
there is a loss of immunity at a constant rate, in our model. We showed that, there
Exists a disease free equilibrium point which is globally asymptotically stable whin
R0 < 1. Where R0 is the reproduction number. This number is defined and derived
for our model. This crucial parameter plays the key factor of our study. On the other
hand we proved that, the endemic equilibrium point exists when R0 > 1 and is globally
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asymptotically stable, using the Liapunov’s direct method. In this case the disease
persists in the population and remains endemic. It is clearly that, the value of R0 acts as
threshold parameter to distinguish between the extinction and persistence of the disease
amongst the population.

We have conducted computer simulations for our different infectious diseases. The
parameter values for these simulations are taken from the literature on childhood
infectious diseases. The simulation results have been done for all of the chosen
infectious diseases in this work. The simulation results confirmed our analytical results
concerning the existence of endemic solutions when the basic reproduction number
R0 > 1. Our simulation show that, there is an endemic stable solution for each
parameter set corresponding to the four diseases under investigation.

The simulation results have indicated that using two different forms of contact rate
generates different levels of solutions for each disease parameter set. This result means
that it is important to decide in which disease we have to use two contact rates in
its investigation. This makes the modelling process more likely to match the actual
dynamics of each disease. Finally these results support our idea that studying the
dynamics of infectious diseases with two contact rate, can be more useful and give
new insights and more understanding of the behaviour of the dynamics of the infectious
diseases with infective latent persons.
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