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Abstract 

In 2011, Mehta and Joshi [5] proved some common fixed point theorems for 

four compatible self-maps in complete metric space. In this paper, we extend 

these theorems using E.A. property and (CLR) property in complete metric 

space with continuity of maps. 

2010 MSC: AMS 47H10, 54H25. 

KEYWORDS: Complete metric space, Common fixed point, Contractive 

modulus, weakly compatible, E.A. property, (CLR) property. 

 

 

1. INTRODUCTION AND PRELIMINARIES 

The concept of the commutativity has been generalized in several ways. S. Sessa [6] 

has introduced the concept of weakly commuting and G. Jungck [3] initiated the 

concept of compatibility. It is simple to verify that when the two mappings commute, 

they are compatible, but not the other way around. Jungck and Rhoades [4] developed 

the concept of weakly compatible maps in 1998, demonstrating that compatible maps 

are weakly compatible but not vice versa. B. Fisher [2] established an important 

theorem on Common fixed points. The main purpose of this paper is to present 

common fixed point theorems using E.A. property and (CLR) property using 

contractive condition. 
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We review the definitions of entire metric space, convergence, and other results that 

will be needed in the next section.  

Definition 1.1. On the set 𝑋, let 𝑓 and 𝑔 be two self-maps. If 𝑓𝑔𝑥 = 𝑔𝑓𝑥 for all 𝑥 ∈

 𝑋, the maps 𝑓 and 𝑔 are said to be commuting. 

Definition 1.2.[4] If two self-maps 𝑓 and 𝑔 are defined on a set, then they are said to 

be weakly compatible if they commute at coincidence points, that is, 𝑓𝑔𝑢 =  𝑔𝑓𝑢 if 

𝑓𝑢 =  𝑔𝑢 for some 𝑢 ∈ 𝑋. 

Definition 1.3. A function 𝜙 ∶ [0, ∞) → [0, ∞) is said to be contractive modulus if                   

𝜙 ∶ [0, ∞) → [0, ∞) and 𝜙(𝑡) < 𝑡 for 𝑡 > 0. 

In 2002, Aamri and Moutawakil [1] introduced the notion of E.A. property as follows: 

Definition 1.4.[1]  Let (𝑋, 𝑑) be a metric space and 𝑓, 𝑔 ∶  𝑋 →  𝑋. Then 𝑓 and 𝑔 are 

said to satisfy E.A. property if there exists a sequence {𝑥𝑛} such that 

lim
𝑛→∞

𝑓𝑥𝑛 = lim
𝑛→∞

𝑔𝑥𝑛 = 𝑡, for some 𝑡 in 𝑋. 

In 2012, Sintunavarat and Kumam [7] introduced the notion of (𝐶𝐿𝑅) property 

as   follows: 

Definition 1.5.[7]  Two self-mappings 𝑓 and 𝑔 of a metric spaces (𝑋, 𝑑) are said to 

satisfy (𝐶𝐿𝑅𝑓) property if there exists a sequences {𝑥𝑛} in 𝑋 such that, 

lim
𝑛→∞

𝑓𝑥𝑛 = lim
𝑛→∞

𝑔𝑥𝑛 = 𝑓𝑥, for some 𝑥 in 𝑋. 

Theorem 1.6.[2] Assume S, P, T, and Q are four self-mappings of a metric space (X, 

d) that satisfy the requirements below. 

1. 𝑆(𝑋) ⊆ 𝑄(𝑋) and 𝑇(𝑋) ⊆ 𝑃(𝑋). 

2. pairs (𝑆, 𝑃) and (𝑇, 𝑄) are commuting. 

3. One of 𝑆, 𝑃, 𝑇 and 𝑄 is continuous. 

4. 𝑑(𝑆𝑥, 𝑇𝑦) ≤ 𝑐𝜆(𝑥, 𝑦), where 𝜆(𝑥, 𝑦) =

max{𝑑(𝑃𝑥, 𝑄𝑦), 𝑑(𝑃𝑥, 𝑆𝑥), 𝑑(𝑄𝑦, 𝑇𝑦)} for all 𝑥, 𝑦 ∈ 𝑋 and 0 ≤ 𝑐 < 1. 

Further if 

5. 𝑋 is complete. 

Then 𝑆, 𝑃, 𝑇 and 𝑄 have a unique common fixed point 𝑧 ∈ 𝑋. Also 𝑧 is the common 

fixed point of (𝑆, 𝑃) and (𝑇, 𝑄). 

Theorem 1.7.[5] Consider the metric space (𝑋, 𝑑). Assume that 𝑃, 𝑄, 𝑆, and 𝑇 are four 

self-maps of 𝑋 that satisfy the following criteria: 

(1.1) 𝑇(𝑋) ⊆ 𝑃(𝑋) and 𝑆(𝑋) ⊆ 𝑄(𝑋),                                                                                         

(1.2) 𝑑(𝑆𝑥, 𝑇𝑦) ≤ 𝜙(𝜆(𝑥, 𝑦)),                                                                                        
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where 𝜙 is an upper semi-continuous, contractive modulus and 

𝜆(𝑥, 𝑦) = max {𝑑(𝑃𝑥, 𝑄𝑦), 𝑑(𝑃𝑥, 𝑆𝑥), 𝑑(𝑄𝑦, 𝑇𝑦),
1

2
(𝑑(𝑃𝑥, 𝑇𝑦) + 𝑑(𝑄𝑦, 𝑆𝑥))}. 

(1.3) The pairs (𝑆, 𝑃) and (𝑇, 𝑄) are weakly compatible. 

Then 𝑃, 𝑄, 𝑆, and 𝑇 have a unique common fixed point. 

 

2. MAIN RESULTS 

In this section, we prove common fixed point theorems for four weakly compatible 

self maps along with E.A. and (CLR) property using contractive modulus. 

Theorem 2.1. Let 𝑃1,  𝑄1, 𝑆1 and 𝑇1 be self-mappings of a metric space (𝑀, 𝑑) 

satisfying (1.1), (1.2) and the followings: 

(2.1) Pairs (𝑆1, 𝑃1) and (𝑇1, 𝑄1) are weakly compatible,                                                  

(2.2) Pairs (𝑆1, 𝑃1) and (𝑇1, 𝑄1) satisfy the E.A. property. 

If any of 𝑃1𝑀, 𝑄1𝑀, 𝑆1𝑀 and 𝑇1𝑀 is a complete subspace of 𝑀, then 𝑃1,  𝑄1,  𝑆1 and 

𝑇1 have a unique common fixed point. 

Proof: Suppose that (𝑆1,  𝑃1) satisfies the E.A. property. Then, ∃ a sequence {𝑥𝑛} in 

𝑀 such that lim
𝑛→∞

𝑃1𝑥𝑛 = lim
𝑛→∞

𝑆1 𝑥𝑛 = 𝑤, for some 𝑤 in 𝑀. 

Since 𝑆1(𝑋) ⊆ 𝑃1(𝑋), ∃ a sequence {𝑦𝑛} in M such that 𝑆1𝑥𝑛 = 𝑄1𝑦𝑛. 

Hence,  lim
𝑛→∞

𝑄1𝑦𝑛 = 𝑤. 

We shall show that lim
𝑛→∞

𝑇1𝑦𝑛 = 𝑤. 

Let, if possible, lim
𝑛→∞

𝑇1𝑦𝑛 = 𝑟 = 𝑤. 

From (1.2), we have 

𝑑(𝑆1𝑥𝑛, 𝑇1𝑦𝑛) ≤ 𝜙(𝜆(𝑥𝑛, 𝑦𝑛)) 

Letting limit as 𝑛 → ∞, we get 

lim
𝑛→∞

𝑑(𝑆1𝑥𝑛, 𝑇1𝑦𝑛) ≤ 𝜙 lim
𝑛→∞

(𝜆(𝑥𝑛, 𝑦𝑛)),                            (2.3) 

where 

lim
𝑛→∞

𝜆(𝑥𝑛, 𝑦𝑛) =

lim
𝑛→∞

(max {𝑑(𝑃1𝑥𝑛, 𝑄1𝑥𝑛), 𝑑(𝑃1𝑥𝑛, 𝑆1𝑥𝑛), 𝑑(𝑄1𝑦𝑛, 𝑇1𝑦𝑛),
1

2
[𝑑(𝑃1𝑥𝑛, 𝑇1𝑦𝑛) +

                                𝑑(𝑄1𝑦𝑛, 𝑆1𝑥𝑛)]}), 
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            = max {𝑑(𝑤, 𝑤), 𝑑(𝑤, 𝑤), 𝑑(𝑤, 𝑟),
1

2
[𝑝(𝑤, 𝑟) + 𝑝(𝑤, 𝑤)]}, 

            = 𝑑(𝑤, 𝑟). 

Thus, from (2.3), we get 

𝑑(𝑤, 𝑟) ≤ 𝜙(𝑑(𝑤, 𝑟)) < 𝑑(𝑤, 𝑟),  

a contradiction. 

If 𝑤 ≠ 𝑟, then 𝑑(𝑤, 𝑟) > 0 and hence a contractive modulus 𝜙(𝑑(𝑤, 𝑟)) <

(𝑑(𝑤, 𝑟)). 

Therefore, 𝑤 =  𝑟, that is 𝑇1𝑦𝑛 = 𝑤. 

Suppose that 𝑄1𝑋 is a complete subspace of 𝑀. Then,  𝑤 = 𝑄1𝑢 for some 𝑢in 𝑀. 

Subsequently, we have 

lim
𝑛→∞

𝑇1𝑦𝑛 = lim
𝑛→∞

𝑆1𝑥𝑛 = lim𝑃1

𝑛→∞
𝑥𝑛 = lim

𝑛→∞
𝑄1𝑦𝑛 = 𝑤 = 𝑄1𝑢. 

Now, we shall show that 𝑇1𝑢 = 𝑄1𝑢. 

Let, if possible, 𝑇1𝑢 ≠ 𝑄1𝑢. 

From (1.2), we have 

Letting limit as 𝑛 → ∞, we get 

lim
𝑛→∞

𝑑(𝑆1𝑥𝑛, 𝑇1𝑢) ≤ 𝜙 lim
𝑛→∞

(𝜆(𝑥𝑛, 𝑢)),                            (2.4) 

where 

lim
𝑛→∞

𝜆(𝑥𝑛, 𝑢) = 𝜙 lim
𝑛→∞

(max {𝑑(𝑃1𝑥𝑛, 𝑄1𝑢), 𝑑(𝑃1𝑥𝑛, 𝑆1𝑥𝑛), 𝑑(𝑄1𝑢, 𝑇1𝑢),
1

2
[𝑑(𝑃1𝑥𝑛, 𝑇1𝑢)

+ 𝑑(𝑄1𝑢, 𝑆1𝑥𝑛)]}), 

       = max {𝑑(𝑤, 𝑤), 𝑑(𝑤, 𝑤), 𝑑(𝑤, 𝑇1𝑢),
1

2
[𝑝(𝑤, 𝑇1𝑢) + 𝑑(𝑤, 𝑤)]} = 𝑑(𝑤, 𝑇1𝑢). 

Thus, from (2.4), we get 

𝑑(𝑤, 𝑇1𝑢) ≤ 𝜙(𝑑(𝑤, 𝑇1𝑢)) <  𝑑(𝑤, 𝑇1𝑢), 

a contradiction. 

Therefore, 𝑇1𝑢 = 𝑄1𝑢 = 𝑤. 

Since, 𝑄1 and 𝑇1 are weakly compatible, therefore, 𝑄1𝑇1𝑢 = 𝑇1𝑄1𝑢, implies that                  

𝑇1𝑇1𝑢 = 𝑇1𝑄1𝑢 = 𝑄1𝑇1𝑢 = 𝑄1𝑄1𝑢. 

Since, 𝑇1(𝑋) ⊆ 𝑃1𝑋, there exists 𝑣 𝜖 𝑀 such that 𝑇1𝑢 = 𝑃1𝑣. 



Common Fixed Point Theorems in Complete Metric Space 269 

Now, we claim that 𝑃1𝑣 = 𝑆1𝑣. 

Let, if possible, 𝑃1𝑣 ≠ 𝑆1𝑣. 

From (1.2), we have 

Letting limit as 𝑛 → ∞, we get 

lim
𝑛→∞

𝑝(𝑆1𝑥𝑛, 𝑇1𝑦𝑛) ≤ 𝜙 lim
𝑛→∞

𝜆(𝑥𝑛, 𝑦𝑛), 

 𝑝(𝑆1𝑣, 𝑇1𝑢) ≤ 𝜙(𝜆(𝑣, 𝑢)),                                                                             (2.5)   

where 

lim
𝑛→∞

𝜆(𝑣, 𝑢) = max {𝑑(𝑃1𝑣, 𝑄1𝑢), 𝑑(𝑃1𝑣, 𝑆1𝑣), 𝑑(𝑄1𝑢, 𝑇1𝑢),
1

2
[𝑑(𝑃1𝑣, 𝑇1𝑢

+ 𝑑(𝑄1𝑢, 𝑆1𝑣)]}, 

                    = 𝑑(𝑃1𝑣, 𝑆1𝑣), 

                    = 𝑑(𝑇1𝑢, 𝑆1𝑣). 

Then, from (2.5), we get 

𝑑(𝑆1𝑣, 𝑇1𝑢) ≤ 𝜙(𝑑(𝑇1𝑢, 𝑆1𝑣)), a contradiction. 

Therefore, 𝑆1𝑣 = 𝑇1𝑢 = 𝑃1𝑣. 

Thus, we have 𝑇1𝑢 = 𝑄1𝑢 = 𝑆1𝑣 = 𝑃1𝑣. 

The weak compatibility of 𝑃1 and 𝑆1 implies that 𝑃1𝑆1𝑣 = 𝑆1𝑃1𝑣 = 𝑆1𝑆1𝑣 =

𝑃1𝑃1𝑣. 

Now, we claim that, 𝑇1𝑢 is the common fixed point of 𝑃1, 𝑄1, 𝑆1 and 𝑇1. 

Suppose that, 𝑇1𝑇1𝑢 ≠ 𝑇1𝑢. 

From (1.2), we have 

𝑑(𝑇1𝑢, 𝑇1𝑇1𝑢) = 𝑑(𝑆1𝑣, 𝑇1𝑇1𝑢) 

                             ≤ 𝜙(𝜆(𝑣, 𝑇1𝑢)),                                        (2.6) 

where 

𝜆(𝑣, 𝑇1𝑢) = 𝑚𝑎𝑥{𝑑(𝑃1𝑣, 𝑄1𝑇1𝑢), 𝑑(𝑃1𝑣, 𝑆1𝑣), 𝑑(𝑄1𝑇1𝑢, 𝑇1𝑇1𝑢),
1

2
[𝑑(𝑆1𝑣, 𝑄1𝑇1𝑢) +

𝑑(𝑇1𝑇1𝑢, 𝑃1𝑣)]}, 

                  = max{𝑑(𝑇1𝑢, 𝑇1𝑇1𝑢), 0,0, 𝑑(𝑇1𝑢, 𝑇1𝑇1𝑢)}, 

                  = 𝑑(𝑇1𝑢, 𝑇1𝑇1𝑢). 
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Thus from (2.6), we have 

𝑑(𝑇1𝑢, 𝑇1𝑇1𝑢) ≤ 𝜙(𝑑(𝑇1𝑢, 𝑇1𝑇1𝑢)), which is a contradiction. 

Therefore, 𝑇1𝑢 = 𝑇1𝑇1𝑢 = 𝑄1𝑇1𝑢. 

Hence, 𝑇1𝑢 is the common fixed point of 𝑄1 and 𝑇1. 

Similarly, we prove that 𝑆1𝑣 is the common fixed point of 𝑃1 and 𝑆1. Since, 

 𝑇1𝑢 = 𝑆1𝑣, 𝑆1𝑣 is the common fixed point of 𝑃1, 𝑄1, 𝑆1and 𝑇1. The proof is similar 

when 𝑃1𝑀 is assumed to be a complete subspace of 𝑀 are similar to the cases in 

which 𝑆1𝑀 or 𝑄1𝑀, respectively is complete subspace of 𝑀, since 𝑃1(𝑀) ⊆ 𝑆1(𝑀) 

and 𝑄1(𝑀)  ⊂ 𝑇1(𝑀). 

Now, we shall prove that the common fixed point is unique. 

If possible, let 𝑟 and 𝑠 be two common fixed points of 𝑃1, 𝑄1, 𝑆1 and 𝑇1 such that 

 𝑟 ≠ 𝑠. 

From (1.3), we have 

             𝑑(𝑟, 𝑠) = 𝑑(𝑆1𝑟, 𝑇1𝑠) ≤ 𝜙(𝜆(𝑟, 𝑠)                                                          (2.7) 

where 

𝜆(𝑟, 𝑠) = max {𝑑(𝑃1𝑟, 𝑄1𝑠), 𝑑(𝑃1𝑟, 𝑆1𝑟), 𝑑(𝑄1𝑠, 𝑇1𝑠),
1

2
[𝑑(𝑃1𝑟, 𝑇1𝑠) 

           +𝑑(𝑄1𝑠, 𝑆1𝑟)]},   

      = max{𝑑(𝑟, 𝑠), 0,0, 𝑑(𝑟, 𝑠)}, 

       = 𝑑(𝑟, 𝑠). 

Thus, from (2.7), we get 

𝑑(𝑟, 𝑠) ≤ 𝜙(𝑑(𝑟, 𝑠)), which is a contradiction. 

Therefore, 𝑟 = 𝑠 and the uniqueness follows. 

Theorem 2.2. Let𝑃1, 𝑄1, 𝑆1 and 𝑇1be self-mappings of a metric space (𝑀, 𝑑) 

satisfying (1.2) and (2.1)and the following: 

pairs(𝑆1, 𝑃1) and (𝑇1, 𝑄1)satisfies (CL𝑅𝐴) property;                                            (2.8)   

pairs(𝑆1, 𝑃1) and (𝑇1, 𝑄1)satisfies (CL𝑅𝐵) property; 

Then 𝑃1, 𝑄1, 𝑆1 and 𝑇1 have a unique common fixed point. 

Proof : Without any loss of generality, 𝑆1(𝑀) ⊆ 𝑄1(𝑀) and the pair (𝑆1, 𝑃1) 

satisfies (CL𝑅𝐴) property, then there exists a sequence {𝑥𝑛} in 𝑀 such that  
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lim
𝑛→∞

𝑆1𝑥𝑛 = lim
𝑛→∞

𝑃1 𝑥𝑛 = 𝑆1𝑥, for some 𝑥 in 𝑀. 

Since 𝑆1(𝑀) ⊆ 𝑄1(𝑀), there exists a sequence {𝑦𝑛} in 𝑀 such that 𝑃1𝑥𝑛 = 𝑄1𝑦𝑛. 

Hence, lim
𝑛→∞

𝑄1 𝑦𝑛 = 𝑆1𝑥. 

We shall show that lim
𝑛→∞

𝑇1 𝑦𝑛 = 𝑆1𝑥. 

Let, if possible lim
𝑛→∞

𝑇1 𝑦𝑛 = 𝑧 ≠ 𝑆1𝑥. 

From (1.2), we have 

𝑑(𝑆1𝑥𝑛, 𝑇1𝑦𝑛) ≤ 𝜙𝜆(𝑥𝑛, 𝑦𝑛) 

Letting limit as 𝑛 → ∞, we get 

lim
𝑛→∞

𝑑(𝑆1𝑥𝑛, 𝑇1𝑦𝑛) ≤ 𝜙 lim
𝑛→∞

𝜆(𝑥𝑛, 𝑦𝑛)                                                                     (2.9) 

where 

lim
𝑛→∞

𝜆(𝑥𝑛, 𝑦𝑛) =

lim
𝑛→∞

(max {𝑑(𝑃1𝑥𝑛, 𝑄1𝑦𝑛), 𝑑(𝑃1𝑥𝑛, 𝑆1𝑥𝑛), 𝑑(𝑄1𝑦𝑛, 𝑇1𝑦𝑛),
1

2
[𝑑(𝑃1𝑥𝑛, 𝑇1𝑦𝑛) +

                                𝑑(𝑄1𝑦𝑛, 𝑆1𝑥𝑛)]}), 

       = max {𝑑(𝑆1𝑥, 𝑆1𝑥), 𝑑(𝑆1𝑥, 𝑆1𝑥), 𝑑(𝑆1𝑥, 𝑧),
1

2
[𝑑(𝑆1𝑥, 𝑆1𝑥) + 𝑑(𝑆1𝑥, 𝑧)]}, 

       = 𝑑(𝑆1𝑥, 𝑧). 

Thus from (2.9), we get 

𝑑(𝑆1𝑥, 𝑧) ≤ 𝜙𝑑(𝑆1𝑥, 𝑧) < 𝑑(𝑆1𝑥, 𝑧), 

a contradiction. 

If 𝑆1𝑥 ≠ 𝑧, then 𝑑(𝑆1𝑥, 𝑧) > 0 and hence 𝜙 a contractive modulus 𝜙𝑑(𝑆1𝑥, 𝑧) <

 𝑑(𝑆1𝑥, 𝑧). 

Therefore, 𝑆1𝑥 = 𝑧, that is, lim
𝑛→∞

𝑇1𝑦𝑛 = 𝑆1𝑥. 

Subsequently, we have 

lim
𝑛→∞

𝑆1𝑥𝑛 = lim
𝑛→∞

𝑃1𝑥𝑛 = lim
𝑛→∞

𝑇1𝑦𝑛 = lim
𝑛→∞

𝑄1𝑦𝑛 = 𝑆1𝑥 = 𝑧. 

Now, we will show that 𝑃1𝑥 = 𝑧. 

Let, if possible, 𝑃1𝑥 = 𝑧. 
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From (1.2), we have 

𝑑(𝑆1𝑥𝑛, 𝑇1𝑦𝑛) ≠ 𝜙𝜆(𝑥𝑛, 𝑦𝑛). 

Letting limit as 𝑛 → ∞, we get 

lim
𝑛→∞

(𝑑(𝑆1𝑥𝑛, 𝑇1𝑦𝑛)) ≤ 𝜙 lim
𝑛→∞

𝜆(𝑥, 𝑦𝑛),                                           (2.10) 

where,   

lim
𝑛→∞

𝜆(𝑥𝑛, 𝑦𝑛) =

lim
𝑛→∞

( max {𝑑(𝑃1𝑥, 𝑄1𝑦𝑛), 𝑑(𝑃1𝑥, 𝑆1𝑥), 𝑑(𝑄1𝑦𝑛, 𝑇1𝑦𝑛),
1

2
[𝑑(𝑃1𝑥, 𝑇1𝑦𝑛) +

𝑑(𝑄1𝑦𝑛, 𝑆1𝑥)]}), 

        = max {𝑑(𝑃1𝑥, 𝑧), 𝑑(𝑃1𝑥, 𝑃1𝑥), 𝑑(𝑃1𝑥, 𝑧),
1

2
[𝑑(𝑃1𝑥, 𝑃1𝑥) + 𝑑(𝑃1𝑥, 𝑧)]}, 

        = 𝑑(𝑃1𝑥, 𝑧). 

Thus, from (2.10), we get 

                          𝑑(𝑃1𝑥, 𝑧) ≤ 𝑑(𝑃1𝑥, 𝑧), a contradiction. 

Therefore, 𝑃1𝑥 = 𝑧 = 𝑆1𝑥. 

Since, the pair (𝑆1, 𝑃1) is weakly compatible, it follows that 𝑃1𝑧 = 𝑆1𝑧. 

Also, since 𝑆1(𝑀) ⊆ 𝑄1(𝑀), there exists some 𝑦 in 𝑀 such that 𝑆1𝑥 = 𝑄1𝑦, that is, 

𝑄1𝑦 = 𝑧. 

Now, we show that 𝑄1𝑦 = 𝑧. 

Therefore, 𝑄1𝑦 ≠ 𝑧. 

From (1.2), we have 

𝑑(𝑆1𝑥𝑛, 𝑇1𝑦) ≤ 𝜙𝜆(𝑥𝑛, 𝑦). 

Letting limit as 𝑛 → ∞, we get 

  lim
𝑛→∞

𝑑(𝑆1𝑥𝑛, 𝑇1𝑦) ≤ 𝜙 lim
𝑛→∞

𝜆(𝑥𝑛, 𝑦), where                             (2.11) 

lim
𝑛→∞

𝜆(𝑥𝑛, 𝑦) =

lim
𝑛→∞

(max {𝑑(𝑃1𝑥𝑛,𝑄1𝑦𝑛), 𝑑(𝑃1𝑥𝑛, 𝑆1𝑥𝑛), 𝑑(𝑄1𝑦, 𝑇1𝑦),
1

2
[𝑑(𝑃1𝑥𝑛, 𝑇1𝑦) +

𝑑(𝑄1𝑦, 𝑆1𝑥𝑛)]}), 

                         = max {𝑑(𝑧, 𝑧), 𝑑(𝑧, 𝑄1𝑦), 𝑑(𝑧, 𝑧),
1

2
[𝑑(𝑧, 𝑧) + 𝑑(𝑧, 𝑄1𝑦)]}, 

                         = 𝑑(𝑧, 𝑄1𝑦). 
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Thus, from (2.11), we get 

𝑑(𝑧, 𝑄1𝑦) ≤ 𝜙(𝑑(𝑧, 𝑄1𝑦)) 

                                     < 𝑑(𝑧, 𝑄1𝑦), a contradiction. 

Hence, 𝑧 = 𝑄1𝑦 = 𝑇1𝑦. 

Since the pair (𝑇1, 𝑄1) is weakly compatible, it follows that 𝑇1𝑧 = 𝑄1𝑧. 

Let, if possible, 𝑇1𝑧 = 𝑄1𝑧. 

From (1.2), we have 

𝑑(𝑆1𝑧, 𝑇1𝑧) ≤ 𝜙𝜆(𝑧, 𝑧), 𝑤ℎ𝑒𝑟𝑒                                (2.12) 

𝜆(𝑧, 𝑧) = max {𝑑(𝑃1𝑧, 𝑄1𝑧), 𝑑(𝑃1𝑧, 𝑆1𝑧), 𝑑(𝑄1𝑧, 𝑇1𝑧),
1

2
[𝑑(𝑃1𝑧, 𝑇1𝑧)

+ 𝑑(𝑄1𝑧, 𝑆1𝑧)]}, 

                     = 𝑑(𝑆1𝑧, 𝑇1𝑧). 

Thus, from (2.12), we get 

                                                     𝑑(𝑆1𝑧, 𝑇1𝑧) ≤ 𝜙𝑑(𝑆1𝑧, 𝑇1𝑧),a contradiction. 

Therefore, 𝑃1𝑧 = 𝑆1𝑧, that is, 𝑆1𝑧 = 𝑃1𝑧 = 𝑇1𝑧 = 𝑄1𝑧. 

Now, we shall show that 𝑧 = 𝑆1𝑧. 

Let, if possible, 𝑧 ≠ 𝑆1𝑧. 

From (1.2), we have 

𝑑(𝑆1𝑥, 𝑇1𝑧) ≤ 𝜙𝜆(𝑥, 𝑧), 𝑤ℎ𝑒𝑟𝑒                                                               (2.13) 

𝜆(𝑥, 𝑧) = 𝑚𝑎𝑥{𝑑(𝑃1𝑥, 𝑄1𝑧), 𝑑(𝑃1𝑥, 𝑆1𝑥), 𝑑(𝑄1𝑧, 𝑇1𝑧),
1

2
[𝑑(𝑃1𝑥, 𝑇1𝑧)

+ 𝑑(𝑄1𝑧, 𝑆1𝑥)]}, 

                  = 𝑑(𝑆1𝑥, 𝑇1𝑧) = 𝑑(𝑧, 𝑆1𝑧). 

Thus, from (2.13), we get 

                                          𝑑(𝑧, 𝑆1𝑧) ≤ 𝜙 𝑑(𝑧, 𝑆1𝑧), a contradiction. 

Therefore, 𝑧 = 𝑆1𝑧 = 𝑃1𝑧 = 𝑄1𝑧 = 𝑇1𝑧.  

Hence, 𝑧 is the common fixed point 𝑃1, 𝑄1, 𝑆1 and 𝑇1. 

Now, we shall prove that the common fixed point is unique. 

Let 𝑢 be the another common fixed point of 𝑃1, 𝑄1, 𝑆1 and 𝑇1. 



274  Nisha Kumari, Manoj Kumar 

Let, if possible, 𝑧 ≠ 𝑢. 

From (1.2), we have 

𝑑(𝑢, 𝑧) = 𝑑(𝑆1𝑢, 𝑇1𝑧) ≤ 𝜙𝜆(𝑢, 𝑧),  where, 

𝜆(𝑢, 𝑧) = 𝑚𝑎𝑥{𝑑(𝑃1𝑢, 𝑄1𝑧), 𝑑(𝑃1𝑢, 𝑆1𝑢), 𝑑(𝑄1𝑧, 𝑇1𝑧),
1

2
[𝑑(𝑃1𝑢, 𝑇1𝑧)

+ 𝑑(𝑄1𝑧, 𝑆1𝑢)]}, 

                    = 𝑑(𝑢, 𝑧) 

                 𝑑(𝑢, 𝑧) ≤ 𝑑(𝑢, 𝑧), a contradiction. 

Thus, 𝑢 =  𝑧, and hence the uniqueness follows. 
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