Global Journal of Pure and Applied Mathematics.

ISSN 0973-1768 Volume 7, Number 1 (2011), pp. 83-88
© Research India Publications
http://www.ripublication.com/gjpam.htm

On Infinite Series of Hypergeometric Function of
Three Variables

M. Kamarujjama and Waseem A. Khan

Department of Applied Mathematics,
Z.H.College of Engineering and Technology,
Aligarh Muslim University, Aligarh-202002, India.
E-mail: mdkamarujjama @ rediffmail.com,
waseem08_khan @ rediffmail.com

Abstract

This paper deals with an integral transformation involving Whittaker function My,
into Lauricella’s function F,. Particular cases of this transformation correspond to
a general triple hypergeometric function F® and several known and new transfor-
mations are also discussed.
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1. Introduction and Definition

A Whittaker function My , was introduced by Whittaker [5] (see also Whittaker and
Watson [6]) in terms of Confluent hypergeometric function | '} (or Kummer’s function)

1
My (x) = x" 1251020 py (5 +m—k,2m+1; x) (1.1)

and the Horn’s function Hy [6;p.39] is defined as

(0,0)
(a)Zm—l—n(,B)nxmyn
H [a’ b b 8; x? ] = (1'2)
do oy iy m;zo (o @)min!
I
where (a), = M, |x|<r|y|<sanddr = (s — 1)2.

I'(a)
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A general triple hypergeometric series F (3)[x, v, z] of Srivastava [7; p.69(39)] de-
fined as

(@) ::(b); () (B"); (©); (s (")
F® X, 9,2
(@) () (gD (g"); (h)y; (W), (h")
i (@) m4n+p (D)) msn (B ng-p(B")) prm () ((Na (")) p x™ y" 2P
((e))m+n+p((g))m—l—n((g/))n—l—p((g//))p—i—m((h))m((h/))n((h//))p m! n! p! ’
(1.3)

m,n,p=0

with, as usual, (o) abraviates the array of A-parameters

A

1—[ (o +m)‘

1.4
) (1.4)

A
an, @z -ax, (@) = [ Jl@m =
j=1 j=1
2. Integral Transform

We establish the following integral

~ U

/ 177127 Fy —x*t2 | M pi—12(B1it)Meey yy—12(Bat)dt
O .
Y,8

(=D X B BT (a + 2)
—o Wr@)rri(p+ % + %)Hzr

B1 B2
1) |:a +2r, w1 — ki, o — ko, 211, 213 5 55 (2.1)
p+7+7 p+7+7

1
wherea = o + w1 + u2 + X Re(p + & + '82) > 0 and Re(a) > 0 and Appell’s

2 2
function F, [7;p.53] is defined as

o0

Z (@msn(b)m (b/)nxmyn

(©)m(c")pm!n!

F> [a, b,b:c, c;x, y] =
m,n=0

Equation (2.1) can be established by expanding | F> in series and integrating term by
term with the help of a result [3;p.216(14)].

Setting k; = k» = 0in (2.1), using a result of Bailey [10;p.11] involving F> and Fy
[2;p.224]

1 1
F> {a,ﬁ—i,ﬁ’—i,zﬂ— 1,28 — 1;2x,2y]
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Expanding Fy4 in series and making an appeal of Legendre’s duplication formula

[2:p.5(15)]
1 (I
(Ea)m (§a+§)m = 2@ = 012

in conjugation with (1.3), we get

00 n )
/ 1712 P Py ( —x*? ) Mo, —1/2(B1) Mo, i, —1/2(Bat)dt
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1 1 n 1
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1
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- V.0, H1 + > w2 + 3
2.3)

1
wherea = U+M1+M2+§,R€(a)>0andRe(p+%+%) > 0.

Comparing of (2.3) to (2.1) with k; = k; = 0 would yield an expansion

o0
—1
Z MF2 [ +2r, 0, w, 20, 2w; v, 7]

= Wr@)r!
i ] l e . . . . .
Ea,ia—i-i P / N
1 1\ “ —16x? y?
(L, _1 3) 1
_<1 7Y 21) F - ::7:)/,8;0—1—5;(0—1—5; C—y-—22 2-—y—22
2
Z
L 2-y—-27? i
(2.4)
In view of a known transformation [1;p.381].
Fafon B 8.28.28 26 y] = (1)t gl v L op

o, P, ) ) ; &X, = — X o, ) ~ 5 ) )

2 Y 4 2P a0 1 —x
(2.5)
equation (2.4) gives an infinite sum of Hy in the form
o0 2
-1 —2r 1 2
Z(n)r( )" (@) (1—X) Hy |:oz+2r,a),<7+—,2a); 4 5 < ]
(¥)r(8),r! 2 2 42—-y)* 2—y
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(2.6)
For z — 0, equation (2.4) gives
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On setting n = v, the result (2.8) reduces to known result Pathan [9;p.41].
On setting k; = — w in (2.1), the result reduces to
00 n ;
,352/ 1ot 2e= =120 —x%t% | My, yy—12(Bit)dt
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B B52T () i (M) (=D (@245 (1 — k1)sx>y*

= (2.9)
(P+ 5 =52 0r@r(p+ 5 = )rls!
On settingn = y,6 = U, x — % and x = 2« in (2.9), the result reduces to known
result Pathan [9;p.42].
3. Series Expansion
The generalized hypergeometric series of a power of t is given by [4;p.417].
o k. (ap) (@p)
ZEPHFQ X = ethq —tx 3.1)
k=0 (bq) 5 (bq) >
For p = 1,9 = 2, equation (3.1) reduces to
x kK (@) ; a
Zﬁze X = etle —Ix (32)
k=0 "' b1, by ; by, by ;

Multiplying both the sides of (3.2) t"_l/ze_’”Mo,m_l/z(ﬁlt)Mo,m_l/z(,th) and in-
tegrating with respect to t from zero to infinity with the help of the result (2.3) and
[3;p.216(14)], we obtain
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On setting x = 0 in (3.3), the result reduces to
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