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Abstract

In this paper we use the multiquadric radial basis function as a basis for a colloca-
tion method for Fredholm integral equations. The definite integral in the integral
equation is approximated by a five point Gauss-Legendre quadrature method while
the coefficients of the basis functions are obtained by solving the resulting linear
system of equations. The efficiency of the method is demonstrated with two nu-
merical examples.

AMS Subject Classification: 65D05, 65R20.
Keywords: Multiquadrics, collocation, Fredholm integral equation, radial basis
functions.

1. Introduction

In this paper we will solve numerically the linear Fredholm integral equation of the
second kind given as

λu(x) −
∫ b

a

K(x, y)u(y) dy = f (x) (1.1)

with parameter λ. As shown in [2], this can be written in operator notation as

(λ − K)u = f (1.2)

where K is a compact linear operator on a Banach space X with norm ‖ · ‖, and f ∈ X

is a given function and u is an unknown function belonging to X.
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There are two main classes of numerical methods for solving (1.1): projection meth-
ods and Nyström methods. Collocation methods, which belong to the class of projection
methods, are well established methods for differential equations, integro-differential
equations and integral equations, see [1, 5, 7]. They generally provide accurate numeri-
cal approximations but their efficiency may depend on the choice of the basis functions
and the collocation points.

Radial basis functions (RBFs) are powerful tools used in multivariate approximation
theory and have been used extensively in the numerical solution of differential equations,
mathematical finance and optimization amongst other areas. The efficiency of the RBF
interpolation on scattered and uniform data has been illustrated by several numerical
examples and theoretical results in Wendland [8] and Fasshauer [3].

In this paper, we will use the multiquadric, a type of radial basis function as a basis
for a collocation method for Fredholm integral equations of the second kind. The choice
of multiquadric is based on their good approximation properties and the fact that they
have been used previously for collocation in partial differential equations by Kansa [4]
and Lorentz [6].

2. Radial Basis Function Interpolation

Radial basis function interpolation to scattered data (xk, uk ≡ u(xk)) ∈ R
N+1 for

pairwise distinct data sites x1, . . . , xN ∈ R
n uses a fixed radial function φ and the

space Pm of polynomials in R
n of order less than or equal to m to define an interpolant

in the form

s(x) =
N∑

j=1

cjφ(‖x − xj‖) +
q∑

j=1

djpj (x), (2.1)

through the linear system

N∑
j=1

cjφ(‖xi − xj‖) +
q∑

j=1

djpj (xi), i = 1, . . . , N

N∑
i=1

cipj (xi) = 0, j = 1, . . . , q

(2.2)

where p1, . . . , pq is a basis for Pm.
Possible choices for φ are, along with their order m, shown in Table 1.
Radial basis function interpolants have the nice property of being invariant under all

Euclidean transformations (i.e. translations, rotations and reflections). This is because
Euclidean transformations are characterized by orthogonal transformation matrices and
are therefore Euclidean-norm-invariant [3].

When m = 0, which includes the multiquadrics, the interpolant s in (2.1) has the
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Table 1: Radial basis functions (RBFs) and their orders.
RBF φ(r) Parameters Order

Polyharmonic Splines r2k−d for d odd k ∈ N, k > d/2 k

r2k−d log(r) for d even k ∈ N, k > d/2 k

Gaussians exp(−r2) 0

Multiquadrics (1 + r2)ν ν > 0, ν �∈ N �ν�
Inverse Multiquadrics (1 + r2)ν ν < 0 0

form

s(x) =
N∑

j=1

cjφ(‖x − xj‖). (2.3)

The coefficients c = (c1, . . . , cN)T of s in (2.3) can be obtained by solving the linear
system

Ac = u, (2.4)

where A = ((φ(‖xi − xj‖))1≤i,j≤N and u = (u1, . . . , uN)T .

We note that in one space dimension, the multiquadric interpolant with ν = 1

2
is

given as

s(x) =
n∑

j=1

cj

√
1 + |x − xj |2. (2.5)

This is the form we will use in this paper.

3. The Collocation Method

According to Atkinson and Han [2], a collocation method for (1.1) seeks a function û

belonging to some function space which can be written as

û(x) =
N∑

j=1

cjφj (x), x ∈ [a, b]. (3.1)

This is substituted into (1.1), and the coefficients c1, . . . , cN are determined by making
the equation to be exact in some sense. We will pick the distinct collocation points
x1, . . . , xN ∈ [a, b] so that the c1, . . . , cN are determined by solving the linear system

n∑
j=1

cj

{
λφj (xi) −

∫ b

a

K(xi, y)φj (y) dy

}
= f (xi), i = 1, . . . , N. (3.2)
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We will follow the collocation method of Kansa [4] where the approximate solution
û is represented by a radial basis function expansion analogous to that used for data
interpolation, i.e.,

û(x) =
N∑

j=1

cjφ(‖x − xj‖). (3.3)

We will use the same points as collocation points and data sites for the radial basis
function.

For the multiquadric in (2.5) the resulting system of equations is given as

n∑
j=1

cj

{
λ

√
1 + |xi − xj |2 −

∫ b

a

K(xi, y)

√
1 + |y − xj |2 dy

}
= f (xi), i = 1, . . . , N.

(3.4)
We approximate the integral in (3.4) with a five point Gauss-Legendre quadrature method.
We note that the collocation matrices are not symmetric as is in the case of the RBF
interpolation matrices. Moreover, the non-singularity results for interpolation cannot
be carried directly to the case of collocation because of the term with the integral. The
linear system (3.4) can be written in matrix form as

Â c = f (3.5)

where the matrix Â with Kij ≡
∫ b

a

K(xi, y)

√
1 + |y − xj |2 dy is given as

⎛
⎜⎜⎜⎜⎜⎜⎝

λ

√
1 + |x1 − x1|2 − K11 λ

√
1 + |x1 − x2|2 − K12 · · · λ

√
1 + |x1 − xN |2 − K1N

λ

√
1 + |x2 − x1|2 − K21 λ

√
1 + |x2 − x2|2 − K22 · · · λ

√
1 + |x2 − xN |2 − K2N

...
...

...
...

λ

√
1 + |xN − x1|2 − KN1 λ

√
1 + |xN − x2|2 − KN2 · · · λ

√
1 + |xN − xN |2 − KNN

⎞
⎟⎟⎟⎟⎟⎟⎠

.

Moreover,

c =
⎛
⎜⎝

c1
...

cN

⎞
⎟⎠ and f =

⎛
⎜⎝

f (x1)
...

f (xN)

⎞
⎟⎠ .

4. Numerical Examples and Discussion

In this section, we will solve two numerical examples to show the efficiency of the
proposed method. We solve both problems on a uniform mesh on [a, b]. To this end we
define h = (b − a)/(N − 1) where n is the number of collocation points and so

xi = a + (i − 1)h, i = 1, . . . , N.

We use N = 11 in both examples.
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Table 2: Example 1. Errors at the collocation points.
i Exact Solution Numerical Solution Error
1 0.995635 1.000000 4.3641 · 10−3

2 0.897046 0.900317 3.2709 · 10−3

3 0.800300 0.802411 2.1129 · 10−3

4 0.706845 0.707731 8.8541 · 10−4

5 0.617822 0.617406 4.1640 · 10−4

6 0.534079 0.532281 1.7979 · 10−3

7 0.456219 0.452954 3.2648 · 10−3

8 0.384633 0.379809 4.8235 · 10−3

9 0.319531 0.313050 6.4805 · 10−3

10 0.260971 0.252727 8.2432 · 10−3

11 0.208885 0.198766 1.0119 · 10−2

Table 3: Example 2. Errors at the collocation points.
i Exact Solution Numerical Solution Error
1 0.983006 1.000000 1.6994 · 10−2

2 1.090252 1.105171 1.1491 · 10−2

3 1.208713 1.221403 1.2688 · 10−2

4 1.339568 1.349858 1.0289 · 10−2

5 1.484116 1.491825 7.7083 · 10−3

6 1.643792 1.648721 4.9293 · 10−3

7 1.820182 1.822119 1.9364 · 10−3

8 2.015041 2.013753 1.2884 · 10−3

9 2.230305 2.225541 4.7644 · 10−3

10 2.468116 2.459603 8.5128 · 10−3

11 2.730838 2.718281 1.2556 · 10−2

4.1. Example 1

Consider the integral equation

λu(x) −
∫ 1

0
exyu(y) dy = f (x), 0 ≤ x ≤ 1, (4.1)

with λ = 20. We use u(x) = e−x cos(x) and define f (x) accordingly. The results
and errors at the collocation points are shown in Table 2 and the plots for the exact and
approximate solutions are shown in Figure 1.
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Figure 1: Results for Example 1. Plots of exact solution and numerical solution.
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Figure 2: Results for Example 2. Plots of exact solution and numerical solution.
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4.2. Example 2

We once again consider (4.1) but with with λ = 50. Moreover, we use u(x) = ex and
define f (x) accordingly. We show the results and errors at the collocation points in
Table 3 and provide the plots of the exact and approximate solutions in Figure 2.

We observe from both examples that the multiquadric method provides good ap-
proximation to the solution of the Fredholm integral equation. We however observe
an increase in error towards the the boundary of the interval [0, 1] and this may be a
direction of further investigation. The conditioning of the collocation matrix will also
need to be improved especially as the number of collocation points are increased.

References

[1] Akyuz, A. and Sezer, M., 1999, A Chebyshev collocation method for the solution of
integro-differential equations, Inter. J. Comp. Math., 72(4):491–507.

[2] Atkinson, K. and Han, W., 2005, Theoretical Numerical Analysis: A Functional
Analysis Framework, Springer, Chap. 12.

[3] Fasshauer, G. E., 2007, Meshfree Approximation Methods with MATLAB, World
Scientific.

[4] Kansa, E. J., 1990, Multiquadrics - a scattered data approximation scheme with
applications to computational fluid dynamics I. Surface approximations and partial
derivative estimates, Comput. Math. Appl., 19:127–145.

[5] Lie, I. and Norsett, P., 1989, Superconvergence for multistep collocation, Math.
Comp., 52:65–80.

[6] Lorentz, R.A., 2003, Collocation discretizations of the transport equation with radial
basis functions, Appl. Math. Comput., 145:97–116.

[7] Moradi, B. and Naghipoor, J., 2008, Solving Second Kind Fredholm Integral Equa-
tions with Special Oscillatory Kernel, J. Mod. Math. Stat., 2(4):153–156.

[8] Wendland, H., 2005, Scattered Data Approximation, Cambridge, UK.



 
 
 
 
 
 
 
 
 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




