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Abstract 

The building of underground pipelines, shallow foundation 

and roads on a heaving soils is associated with risks of 

malfunction. Frost heaving of soils can develop a huge 

pressure, which is practically impossible to balance with the 

weight of the construction. Irregularity of the soil deformation 

leads to a deterioration of the stress-strain state of the 

construction or to total failure. 

This article was written in three parts. In the first part, the 

authors investigated the thermodynamic parameter soil-water 

and soil-salt potentials. The study showed that the potentials 

can include chemical potential. However, soil-water and soil-

salt potentials must contain a part related to the potential of 

external mass forces in order to explain the displacement of 

soil-water solution against the forces of gravity and this part is 

not zero. In addition, an equation of the pore soil-water 

solution dynamics was derived. This equation at zero velocity 

is equivalent to the equation of thermodynamic equilibrium. 

In the second part of the article, the authors used the laws of 

nonequilibrium thermodynamics and derived thermodynamic 

driving forces and flows, which take into account the cross-

effects of heat and mass transfer and the gradients of soil-

water and soil-salt potentials. Moreover, in the total energy 

equation (the sum of the potential, kinetic and internal 

energies), the energy of intramolecular interaction of water, 

salt and solid particles of the ground (in fact, this is soil-water 

and soil-salt potentials) was considered separately. 

In the third part, the authors estimated the magnitude of the 

cross effects, wrote expressions for the kinetic coefficients, 

which take into account the empirical laws of heat and mass 

transfer. The authors derived a system of differential 

equations of heat and mass transfer, which takes into account: 

convective motion and diffusion motion of water and salts, 

dynamic change of groundwater level, kinetics of 

crystallization, melting and dissolution according to the first-

order chemical reaction equation. The value of the equation 

system lies in the possibility of direct use in engineering 

practice. 

Keywords:frost heaving, thermodynamic driving forces and 

fluxes, heat and mass transfer in soil, groundwater level, cross 

effects, kinetic coefficients 

 

INTRODUCTION 

In the first part of the article the authors used the basic 

postulates of equilibrium thermodynamics to prove that the 

soil-water and soil-salt potentials can consist of Gibbs 

chemical potential and the potential of external mass forces 

(1). Moreover, the potential of external mass forces is not 

equal to zero [1]: 

𝜓𝑖 = 𝜓𝑖
𝑐ℎ + 𝜓𝑖

𝑒𝑣𝑓
,  where𝜓𝑖

𝑒𝑣𝑓
≠ 0  (1) 

∑ (𝜔𝑖𝑑𝜓𝑖
𝑐ℎ)𝑚

𝑖=1 = 0 ,   (2) 

∑ (𝜔𝑖𝑑𝜓𝑖)
𝑚
𝑖=1 = ∑ (𝜔𝑖𝑑𝜓𝑖

𝑒𝑣𝑓
)𝑚

𝑖=1   (3) 

℘ws
𝑑�⃗⃗⃗� ws

𝑑𝑡
= −𝑛ws∇𝑃 −    

−℘ws ∑ 𝜔𝑖∇𝜓𝑖
𝑚
𝑖=1 + ℘ws(𝐹 𝑖

𝑐,𝑤𝑠 + 𝐹 𝑓𝑟
𝑤𝑠),   (4) 

where 𝜓𝑖  - decreasing of the potential of the i-th component in 

soil solution in comparison with free solution, J/kg;𝜓𝑖
𝑒𝑣𝑓

 – 

part of 𝜓𝑖  belong to potential of external volume forces, J/kg; 

𝜓𝑖
𝑐ℎ  – part of 𝜓𝑖 , belong to chemical potential (for different 

concentration), J/kg;𝜔𝑖 – mass concentration of the i-th 

component in solution; ℘ws – content of water-salt solution in 

soil, kg/m3; �⃗⃗⃗� 
ws–vector of true solution velocity  as a single 

body, m/s; 𝑛ws - volume fraction of water-salt solution in the 

soil, u.f.; 𝑃 – hydrostatic pressure, Pa; 𝐹 𝑖
𝑐,𝑤𝑠

 – specific 

conservative force acting on the i-th component of water-salt 

solution, N/kg;  𝐹 𝑓𝑟
𝑤𝑠 – specific friction force acting on the 

water-salt solution, N/kg; m – number of components of 

water-salt solution. 

In the second part of the article, the authors used the 

postulates of nonequilibrium thermodynamics and equations 

mailto:markov.ev@mail.ru


International Journal of Applied Engineering Research ISSN 0973-4562 Volume 12, Number 21 (2017) pp. 11146-11151 

© Research India Publications.  http://www.ripublication.com 

11147 

(1) - (3) to derive the system of Onsager linear equations for 

thermodynamic driving forces and fluxes: 

𝑗 𝑤𝑠 = 𝐿ws,ws𝑋 𝑤𝑠 + 𝐿𝑤𝑠,𝑞𝑋 𝑞 + ∑ (𝐿𝑤𝑠,𝑖(𝑋 𝑖 − 𝑋 𝑚))𝑚−1
𝑖=1 ,  

𝑗 𝑞
𝑤𝑠 = 𝐿𝑞,𝑤𝑠𝑋 𝑤𝑠 + 𝐿𝑞,𝑞𝑋 𝑞 + ∑ (𝐿𝑞,𝑖(𝑋 𝑖 − 𝑋 𝑚))𝑚−1

𝑖=1 ,  

𝑗 1
𝑤𝑠 = 𝐿1,𝑤𝑠𝑋 𝑤𝑠 + 𝐿1,𝑞𝑋 𝑞 + ∑ (𝐿1,𝑖(𝑋 𝑖 − 𝑋 𝑚))𝑚−1

𝑖=1 ,        (4) 

…,       

𝑗 𝑗
𝑤𝑠 = 𝐿𝑗,𝑤𝑠𝑋 𝑤𝑠 + 𝐿𝑗,𝑞𝑋 𝑞 + ∑ (𝐿𝑗,𝑖(𝑋 𝑖 − 𝑋 𝑚))𝑚−1

𝑖=1 ,  

…,       

𝑗 𝑚−1
𝑤𝑠 = 𝐿𝑚−1,𝑤𝑠𝑋 𝑤𝑠 + 𝐿𝑚−1,𝑞𝑋 𝑞 + ∑ (𝐿𝑚−1,𝑖(𝑋 𝑖 − 𝑋 𝑚))𝑚−1

𝑖=1 , 

𝑋 𝑤𝑠 = 𝐹 𝑓𝑟
𝑤𝑠 = 𝑣ws∇⃗⃗ 𝑃 + ∑ (𝜔𝑖 ∇⃗⃗ 𝜓𝑖

evf)𝑚
𝑖=1 − ∑ 𝜔𝑖𝐹 𝑖

𝑐,𝑤𝑠𝑚
𝑖=1 ,             (5) 

𝑋 𝑞 =
∇⃗⃗ 𝑇

𝑇
,             (6) 

𝑋 𝑖 = ∇⃗⃗ 𝜓𝑖
𝑒𝑣𝑓

+ 𝑣𝑖
р
∇⃗⃗ 𝑃 + ∇⃗⃗ (𝜇𝑖

c + 𝜓𝑖
𝑐ℎ)

𝑇
− 𝐹 𝑖

𝑐,𝑤𝑠
,                        (7) 

where 𝐿𝑗.𝑖 – kinetic transport coefficients, 𝑗 𝑞
𝑤𝑠 – heat flux, 

W/m2; 𝑗 𝑤𝑠 – convective flow of solution, kg/(s∙m2); 𝑗 𝑖
𝑤𝑠 – 

diffusion flux of the i-th component of water-salt solution, 

kg/(s∙m2);𝑣𝑤𝑠 – specific volume of water-salt solution, m3/kg; 

𝑣𝑖
р
 – specific volume of the i-th component in solution, as the 

ratio of volume to mass of the i-th component in solution, 

m3/kg; 𝜇𝑖
c =

𝜕𝐺𝑖

𝜕𝜔𝑖
|
𝑇,𝑃,𝜔𝑗,℘𝑖

 – decrease of Gibbs free energy of 

the i-th component in free solution, due to the change of the 

concentration, J/kg𝑇 - temperature, К;  

The system of equations (4) describes the fluxes of heat and 

matter, taking into account cross effects and the influence of 

external mass forces, pressure gradients, temperature, soil-

water and soil-salt potentials of all components. 

The third part completes a series of articles devoted to the 

development of the mathematical model of heat and mass 

transfer in soils for forecasting frost heaving and taking into 

account the gradients of soil-water and soil-salt potentials of 

all components of the solution. 

 

OBJECT AND PURPOSE 

In the third part, the authors of the article solved the following 

problems: 

- cross-effects of heat and mass transfer were estimated; 

- empirical laws of heat and mass transfer and of the rate of 

ice and undissolved salt crystallization were written 

- differential equations of heat and mass transfer was derived. 

The main advantage of the equations is the possibility of their 

direct use in engineering practice. The parameters used in the 

equations can be obtained by a standard laboratory equipment 

for geotechnical surveys. 

ESTIMATION OF THE CROSS EFFECTS 

First of all authors estimated the cross-effects of heat and 

mass transfer. In engineering practice, it is usually considered 

aggregate transfer of salts, so we will consider only binary 

water-salt solution (subscript w refers to water, subscript s 

refers to the dissolved salt). We will refer only gravity 𝑔  to 

conservative forces 𝐹 𝑖
𝑐,𝑤𝑠

. 

Soil-water and soil-salt potentials depend on content of 

relevant component, i.e. 𝜓𝑖 = 𝑓(℘𝑖). In this case 𝜓𝑖
𝑐ℎ = 0 

because the chemical potential is an isobaric-isothermal 

derivative with respect to concentration in accordance with 

the Gibbs equation: 

𝜕𝐺

𝜕𝜔𝑖
|
𝑃,𝑇,𝜔𝑗,℘𝑖

𝑑𝜔𝑖 = (𝜇𝑤
𝑐 + 𝜓𝑖

𝑐ℎ)𝑑𝜔𝑖 = 𝜇𝑤
𝑐 𝑑𝜔𝑖 (8) 

Then, in accordance with (8), we got, that 𝜓𝑖
𝑒𝑣𝑓

= 𝜓𝑖 . Using 

(4) – (8) we derived: 

𝑗 𝑤𝑠 = 𝐿𝑤𝑠,𝑤𝑠𝑋 𝑤𝑠 + 𝐿𝑤𝑠,𝑞𝑋 𝑞 + 𝐿𝑤𝑠,𝑤(𝑋 𝑤 − 𝑋 𝑠),  (9) 

𝑗 𝑞
𝑤𝑠 = 𝐿𝑞,𝑤𝑠𝑋 𝑤𝑠 + 𝐿𝑞,𝑞𝑋 𝑞 + 𝐿𝑞,w(𝑋 𝑤 − 𝑋 𝑠),  (10) 

𝑗 𝑤
𝑤𝑠 = 𝐿𝑤,𝑤𝑠𝑋 𝑤𝑠 + 𝐿𝑤,𝑞𝑋 𝑞 + 𝐿w,𝑤(𝑋 𝑤 − 𝑋 𝑠), (11) 

𝑗 𝑤
𝑤𝑠 = −𝑗 𝑠

𝑤𝑠     (12) 

𝑋 𝑤𝑠 = 𝐹 𝑓𝑟
𝑤𝑠 = 𝑣𝑤𝑠�⃗� 𝑃 + 𝜔𝑤 ∇⃗⃗ 𝜓𝑤 + 𝜔𝑠∇⃗⃗ 𝜓𝑠 − 𝑔 , (13) 

𝑋 𝑞 =
∇⃗⃗ 𝑇

𝑇
,      (14) 

(𝑋 𝑤 − 𝑋 𝑠) = ∇⃗⃗ (𝜓𝑤 − 𝜓𝑠) +    

+(𝑣𝑤
р

− 𝑣𝑠
р
)∇⃗⃗ 𝑃 + ∇⃗⃗ (𝜇𝑤

c − 𝜇𝑠
c)𝑇,  (15) 

In the tabular form, equations (9) - (15) are presented in 

Table 1. 

Table 1: Names of thermodynamic fluxes 

Force 

 

Flow 

 𝑋𝑤𝑠  𝑋𝑇  𝑋𝑤 − 𝑋𝑠 

𝑗 𝑤𝑠 = 𝐿ws,ws 

Filtration 

𝑗 = 

= −
𝜆𝑃

𝑔
∇𝑃 

+ 𝐿𝑤𝑠,𝑞 ≈ 0 

Thermal 

filtration 

(direct 

effect) 

+ 𝐿𝑤𝑠,𝑤 = 0 

𝑗 𝑞
𝑤𝑠 = 𝐿𝑞,ws ≈ 0 

Thermal 

filtration 

(reverseeffect) 

+ 𝐿𝑞,𝑞 

Fourier Law 

𝑗 = −𝜆𝑇
𝑤𝑠∇𝑇 

+ 𝐿𝑞,w ≈ 0 

Thermo-diffusion 

(Dufour effect) 

𝑗 𝑤
𝑤𝑠 = 𝐿w,ws = 0 + 𝐿w,𝑞 ≈ 0 

Thermo-

diffusion 

(Soreteffect) 

+ 𝐿w,𝑤 

Fick's Law 

𝑗 = 

= −𝐷𝑤𝑠℘ws∇𝜔𝑤 
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The question about the value of the soil-salt potential of the 

dissolved salt (𝜓𝑠) remains insufficiently studied. There are no 

formulas to predict this value for soils in a wide range of 

chemical and granulometric texture. However, the available 

data on the thicknesses of the adsorption part of the double 

electric layer (10 nm), where 𝜓𝑠 is maximal, and the pore size 

involved in mass transfer during the frost heaving (about 10 

μm), allow us to conclude that the influence of 𝜓𝑠 to the 

convective motion of the water-salt solution is small. 

The expressions (11), (15) show us that the gradients of soil-

water ∇⃗⃗ 𝜓𝑤 and soil-salt ∇⃗⃗ 𝜓𝑠 potentials are the opposing 

factors of diffusion. Usage of one factor and absence of 

another can lead to a spatial separation over the components. 

Therefore, the expression for the diffusion flow of water, we 

should put ∇⃗⃗ (𝜓𝑤 − 𝜓𝑠) = 0. The investigation of soil-salt 

potential 𝜓𝑠 remains relevant today and will be the subject of 

further research of authors. 

The coefficients 𝐿𝑤𝑠,𝑤 and 𝐿𝑤,𝑤𝑠 in the equation (9) are zero 

in accordance with the equation of the dynamics (3). The 

values of thermodiffusion and thermal filtration are small, in 

accordance with the experimental research [8]. It allow to 

equate to zero the coefficients 𝐿𝑤𝑠,𝑞, 𝐿𝑞,𝑤𝑠, 𝐿𝑤,𝑞 , 𝐿𝑞,w. 

The practice of physical modeling of heat and mass transfer in 

the base of pipelines allows to conclude that pressure and 

stress-strain state of the soil have small influence to the value 

of the convective flux of the solution and the diffusion fluxes 

of solution components [7]. Thus, in the first approximation, 

we can consider the stress-strain state of the soil separately 

from heat and mass transfer, i.e. �⃗� 𝑃 = 0. 

However, the expression for convective flux of the solution 

(9) must take into account the impossibility of motion in the 

saturated soil when the �⃗� 𝜓𝑤 = 0 and 𝑣𝑤𝑠�⃗� 𝑃 − 𝑔 = 0. Thus, 

the gradient of the hydrostatic pressure balances the gravity 

and the system remains stationary below the water level if 

there is no exit from system. To take into account the water 

level, authors assumed that water level coincides with the 

mark on which the entire volume of pores is filled with ice, 

water, dissolved and undissolved salts. Below water level, the 

motion is possible only under the action of the soil-water 

potential gradient. The equation (3) allows us to write the final 

equations for the fluxes: 

𝑗 𝑤𝑠 = 𝐿𝑤𝑠,𝑤𝑠(𝜔𝑤�⃗� 𝜓𝑤 − (1 − ℎ𝑎𝑣(𝜀𝑉))𝑔 ),  (16) 

𝑗 𝑞
𝑤𝑠 = 𝐿𝑞,𝑞

�⃗⃗� 𝑇

𝑇
,     (17) 

𝑗 𝑤
𝑤𝑠 = −𝑗 𝑠

𝑤𝑠 =
𝐿𝑤,𝑤

𝜔𝑠
(�⃗� 𝜇𝑤

𝑐 )
𝑇
,   (18) 

𝜀𝑉 =
℘𝑤𝑠

𝜌𝑤𝑠
+

℘𝑖𝑐𝑒

𝜌𝑖𝑐𝑒
+

℘𝑛𝑠

𝜌𝑛𝑠
−

𝑒

𝑒+1
  (19) 

where 𝜌𝑤𝑠 – real density of solution, kg/m3; ℘𝑖𝑐𝑒  – content of 

ice in soil, kg/m3; 𝜌𝑖𝑐𝑒  – real density of ice, kg/m3; ℘𝑛𝑠 – 

content of undissolved salt in soil, kg/m3; 𝜌𝑛𝑠 – real density of 

undissolved salt, kg/m3;  𝑒 – porosity ratio (volume of pore 

divided by volume of solid particles), u.f.; 𝜀𝑉 – bulk frost 

heaving deformation of soil, u.f.; ℎ𝑎𝑣(𝑥) – Heaviside 

function of argument x. 

In this case, the use of 𝜀𝑉 is most convenient, because frost 

heaving implies the excess of the pore volume by interstitial 

substances. This approach allow to take into account the 

dynamic change in the water level. 

 

EMPIRICAL LAWS OF MATTER TRANSPORTATION 

At the next stage, the authors wrote the empirical laws which 

determine a connection between kinetic transport coefficients 

and empirical laws. The kinetic coefficient 𝐿𝑤𝑠,𝑤𝑠 corresponds 

to the convective motion under the action of the pressure 

gradient (table 1): 

𝐿𝑤𝑠,𝑤𝑠 = −
𝜆𝑃𝜌𝑤𝑠

𝑔
   (20) 

where 𝜆𝑃 – transmissibility coefficient, m/s. 

To describe soil-water potential, Kalyuzhnyy I.L., Lavrov S.A 

[5] recommended the exponential law which allows 

approximating the dependence on water content by two 

experimental points and has acceptable accuracy: 

𝜓𝑤 = 𝜓𝑤𝑤 (
℘𝑤𝑤

℘𝑤
)
𝛾

,  (21) 

𝛾 = log
(
℘𝑤𝑤
℘𝑤𝑙

)
(

𝜓𝑤𝑙

𝜓𝑤𝑤
),   (22) 

𝜕𝜓𝑤

𝜕℘𝑤
=

−𝛾𝜓ww(℘ww)𝛾

(℘𝑤)𝛾+1 ,  (23) 

where 𝛾 – exponent of soil-water potential; ℘𝑤𝑤 – water 

content at wilt, correspond 𝜓ww ≈ −1500 J/kg; ℘𝑤𝑙  – water 

content at least water capacity, correspond 𝜓𝑤𝑙 ≈ −33 J/kg. 

Transmissibility coefficient describes by Maulem’s expression 

[9]: 

𝜆𝑃 =
𝜆𝑃0

𝑆𝑓
2 (

℘𝑤

℘𝑤
𝑚𝑎𝑥)

0.5

(
∫

𝑑℘𝑤
𝜓𝑤

℘𝑤
0

∫
𝑑℘𝑤
𝜓𝑤

℘𝑤
𝑚𝑎𝑥

0

)

2

  (24) 

where 𝜆𝑃0 – permeability coefficient in saturated soil, m/s; 𝑆𝑓 

– specific surface of filtration channel; ℘𝑤
𝑚𝑎𝑥 = 𝜌𝑤𝑒 (1 + 𝑒)⁄ , 

– maximal water content in saturated soil, kg/m3. 

Specific surface of filtration channel in frozen soil is 

approximately twice as large of specific surface of thawed soil 

[5]. Then the specific surface of filtration channel can be 

found by the following expression: 

𝑆𝑓 = 1 +
(𝑒+1)℘𝑖𝑐𝑒

𝑒𝜌𝑖𝑐𝑒
+

(𝑒+1)℘𝑛𝑠

𝑒𝜌𝑛𝑠
  (25) 
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The use of (21) - (25) allowed us to derive the following 

expression for transmissibility coefficient: 

𝜆𝑃 = 𝜆𝑃0

(
℘𝑤

℘𝑤
𝑚𝑎𝑥)

2𝛾+2,5

(1+
(𝑒+1)℘𝑖𝑐𝑒

𝑒𝜌𝑖𝑐𝑒
+

(𝑒+1)℘𝑛𝑠
𝑒𝜌𝑛𝑠

)
2  (26) 

The kinetic coefficient 𝐿w,𝑤 describes diffusion according to 

Fick's law: 

𝐿𝑤,𝑤 = −𝐷𝑤𝑠
℘ws𝑀𝑤𝜔𝑠(1−𝑓𝜔𝑠)

𝑅𝑇𝑓
  (27) 

𝜇𝑤
c =

𝑅𝑇

𝑀𝑤
𝑙𝑛(1 − 𝑓𝜔𝑠),   (28) 

where coefficient 𝑓 = 0,86 for NaCl-H2O solution with an 

error no more than 3,2% at a temperature from -21°С to 20 

°С; 𝐷𝑤𝑠 – diffusion coefficient, m2/s;𝑅 – universal gas 

constant, J/(mole∙K); 𝑀𝑤 – molar mass of water, kg/mole. 

Literary review of experimental data, made by Komarov I.A., 

showed that diffusion coefficient 𝐷𝑤𝑠 in thawed soils is 

between 10-10...10-12 m2/s. At the same time in frozen soils the 

diffusion coefficient is higher: 10-9 ... 10-11 m2/s [6]. 

 

HEAT AND MASS TRANSFER EQUATIONS  

At the last stage, the authors used equations (16) - (28) and 

derived the classical laws of conservation of the mass of water 

and dissolved salt: 

𝜕℘𝑤

𝜕𝑡
= ∇ ∙ (−𝐷𝑤𝑠℘ws∇⃗⃗ 𝜔𝑠) +   

+∇ ∙ (
𝜔𝑤𝜆𝑃𝜌ws

𝑔
(𝜔𝑤 ∇⃗⃗ 𝜓𝑤 − (1 − ℎ𝑎𝑣(𝜀𝑉))𝑔 )) −

𝜕℘𝑖𝑐𝑒

𝜕𝑡
      (29) 

𝜕℘𝑠

𝜕𝑡
= ∇ ∙ (𝐷𝑤𝑠℘ws∇⃗⃗ 𝜔𝑠) +   

+∇ ∙ (
𝜔𝑠𝜆𝑃𝜌𝑤𝑠

𝑔
(𝜔𝑤 ∇⃗⃗ 𝜓𝑤 − (1 − ℎ𝑎𝑣(𝜀𝑉))𝑔 )) −

𝜕℘𝑛𝑠

𝜕𝑡
     (30) 

Theusageofequations (29) и (30) moreconvenientwith an 

another form. We expressed ℘𝑤 interms of 𝜓𝑤  and ℘𝑠 interms 

of 𝜔𝑠 and derived laws of conservation in potential-

concentration form: 

𝜕℘𝑤

𝜕𝜓𝑤

𝜕𝜓𝑤

𝜕𝑡
= +∇ ∙ (−𝐷𝑤𝑠℘ws∇⃗⃗ 𝜔𝑠) +   

+∇ ∙ (
𝜔𝑤𝜆𝑃𝜌ws

𝑔
(𝜔𝑤 ∇⃗⃗ 𝜓𝑤 − (1 − ℎ𝑎𝑣(𝜀𝑉))𝑔 )) −

𝜕℘𝑖𝑐𝑒

𝜕𝑡
     (31) 

(
℘𝑠 + ℘𝑤

𝜔𝑤

)
𝜕𝜔𝑠

𝜕𝑡
= −

𝜔𝑠

𝜔𝑤

(
𝜕℘𝑤

𝜕𝜓𝑤

)
𝜕𝜓𝑤

𝜕𝑡
+ ∇ ∙ (𝐷𝑤𝑠℘ws∇⃗⃗ 𝜔𝑠) + 

+∇ ∙ (
𝜔𝑠𝜆𝑃𝜌𝑤𝑠

𝑔
(𝜔𝑤 ∇⃗⃗ 𝜓𝑤 − (1 − ℎ𝑎𝑣(𝜀𝑉))𝑔 )) −

𝜕℘𝑛𝑠

𝜕𝑡
       (32) 

The law of thermal energy conservation was written taking 

into account earlier assumptions about neglecting pressure 

gradient ∇⃗⃗ 𝑃, neglecting the motion of matter in the gas phase 

and 𝐹 𝑖
𝑐,𝑤𝑠 = 𝑔 . Also we used expression (15) from the second 

part of this article [2]: 

℘𝑤𝑠
𝑑ℎ𝑤𝑠

𝑑𝑡
+ ℘𝑠𝑘

𝑑ℎ𝑠𝑘

𝑑𝑡
= −𝛻 ∙ (𝑗 𝑞) −  

−∇ ∙ (𝑗 𝑤
𝑤𝑠(ℎ𝑤

𝑤𝑠 − ℎ𝑠
𝑤𝑠))    

−℘𝑤𝑠 �⃗⃗⃗� 
𝑤𝑠 ∙ 𝐹 𝑓𝑟

𝑤𝑠 − 𝑗 𝑤
𝑤𝑠 ∙ �⃗� 𝜓𝑤

𝑒𝑣𝑓
       (33) 

where ℎ𝑤𝑠, ℎ𝑠𝑘 – enthalpy of water-salt solution and soil 

skeleton, J/kg; ℘𝑠𝑘 – density of soil skeleton; ℎ𝑤
𝑤𝑠, ℎ𝑠

𝑤𝑠 – 

enthalpy of water and dissolved salt, J/kg.  

The value of dissipative processes in soils is small, because 

the velocity of the solution is small too, i.e. ℘𝑤𝑠�⃗⃗⃗� 
𝑤𝑠 ∙ 𝐹 𝑓𝑟

𝑤𝑠 ≈ 

≈ 0, 𝑗 𝑤
𝑤𝑠 ∙ ∇⃗⃗ 𝜓𝑤

𝑒𝑣𝑓
= 𝑗 𝑤

𝑤𝑠 ∙ ∇⃗⃗ 𝜓𝑤 ≈ 0. Using the correlation 

between isobaric heat capacity and enthalpy, the following 

equation was derived: 

(℘𝑠𝑘𝑐𝑝
𝑠𝑘 + ℘𝑤𝑐𝑝

𝑤 + ℘𝑖𝑐𝑒𝑐𝑝
𝑖𝑐𝑒 + ℘𝑠𝑐𝑝

𝑠 + ℘𝑛𝑠𝑐𝑝
𝑛𝑠)

𝜕𝑇

𝜕𝑡
+ 

= ∇ ∙ (𝜆𝑇 ∇⃗⃗ 𝑇) − {𝑗 𝑤
𝑤𝑠(𝑐𝑝

𝑤 − 𝑐𝑝
𝑠) + 𝑗 𝑤𝑠(𝜔𝑤𝑐𝑝

𝑤 + 𝜔𝑠𝑐𝑝
𝑠)}∇⃗⃗ 𝑇 + 

+(𝐿𝑤 + (𝑐𝑝
𝑤 − 𝑐𝑝

𝑖𝑐𝑒)(𝑇 − 𝑇𝑤𝑖))
𝜕℘𝑖𝑐𝑒

𝜕𝑡
+ 𝐿𝑠

𝜕℘𝑛𝑠

𝜕𝑡
,    (34) 

where 𝑐𝑝
sk, 𝑐𝑝

𝑤, 𝑐𝑝
𝑖𝑐𝑒, 𝑐𝑝

𝑠, 𝑐𝑝
𝑛𝑠 – heat capacity at constant 

pressure of the soil skeleton, water, ice, dissolved salt, 

undissolved salt, J/(kg∙K); 𝐿𝑤 – the heat of the phase 

transition water → ice at atmospheric pressure, J/kg; 𝑇𝑤i – 

temperature of the phase transition water → ice at 

atmospheric pressure, K. 

The coefficient of thermal conductivity of the soil is 

calculated by the following expression: 

𝜆𝑇 = 𝜆𝑇
𝑡ℎ ℘𝑤

℘𝑤+℘𝑖𝑐𝑒
+ 𝜆𝑇

𝑓𝑟 ℘ice

℘𝑤+℘ice
  (35) 

where 𝜆𝑇
𝑡ℎ, 𝜆𝑇

𝑓𝑟
 – coefficient of thermal conductivity of thawed 

and frozen soil, W/(m∙K). 

The generation rate of ice is described by the chemical 

reaction equation of the first order: 

𝜕℘𝑖𝑐𝑒

𝜕𝑡
=

Ω𝑤−Ω𝑖𝑐𝑒

𝜏Ω1
∙ ℎ𝑎𝑣(Ω𝑤 − Ω𝑖𝑐𝑒) ∙ ℎ𝑎𝑣(℘𝑤) +  

+
Ω𝑤−Ω𝑖𝑐𝑒

𝜏Ω2
∙ (1 − ℎ𝑎𝑣(Ω𝑤 − Ω𝑖𝑐𝑒)) ∙ ℎ𝑎𝑣(℘𝑖𝑐𝑒), (36) 

where 𝜏Ω1 – the parameter of water crystallization, J·s·m3/kg2; 

𝜏Ω2 – the parameter of ice melting, J·s·m3/kg2; Ω𝑤 − Ω𝑖𝑐𝑒  – 

difference of the total thermodynamic potentials of water and 

ice, J/kg. 

Eqution (36) take into account the possibility of water → ice 

phase transitions only below the freezing point. The parameter 

water crystallization is estimated by the values 𝜏Ω1=1000-

100000 J·s·m3/kg2. Phase transitions ice → water possible 

only at a temperature above the freezing point, and the process 

is characterized by the parameter of ice melting 𝜏𝑤2 → 0. The 

Heaviside function allow to take into account the 
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impossibility of negative values of water or ice content in soil. 

The difference of the total thermodynamic potentials of water 

and ice was written as follows: 

Ω𝑤 − Ω𝑖𝑐𝑒 = 𝜓𝑤 + 𝜇𝑤
𝑐 −

𝐿𝑤(𝑇−𝑇𝑤𝑖)

𝑇𝑤𝑖
  (37) 

The generation rate of undissolved salt, like ice, is described 

by the chemical reaction equation of the first order: 

𝜕℘𝑛𝑠

𝜕𝑡
=

℘ws(𝜔𝑠 − 𝜔𝑠
𝑚𝑎𝑥)

𝜏𝑠1

∙ ℎ𝑎𝑣(𝜔𝑠 − 𝜔𝑠
𝑚𝑎𝑥) ∙ ℎ𝑎𝑣(℘𝑠) + 

∙ +
℘𝑤𝑠(𝜔𝑠−𝜔𝑠

𝑚𝑎𝑥)

𝜏𝑠2
∙ (1 − ℎ𝑎𝑣(𝜔𝑠 − 𝜔𝑠

𝑚𝑎𝑥)) ∙ ℎ𝑎𝑣(℘𝑛𝑠)(38) 

where 𝜔𝑠
𝑚𝑎𝑥 – maximal concentration, u.f; 𝜏𝑠1 – relaxation 

time for undissolved salt crystallization, s; 𝜏𝑠2 – relaxation 

time for undissolved salt dissolution, s. 

Maximal concentration of NaCl+H2O solution as the function 

of temperature is described by following expression:  

𝜔𝑠
𝑚𝑎𝑥 =

(𝑇−273)+5523

21000
ℎ𝑎𝑣(𝑇 − 273) +   

+
(𝑇−252)+163.1

700
ℎ𝑎𝑣(𝑇 − 252)(1 − ℎ𝑎𝑣(𝑇 − 273)) (39) 

The system of differential equation of heat and mass transfer 

(31), (32), (34), (36), (38) could be calculated by the finite 

difference method with implicit scheme. The correlation 

between time step and space steps, providing stability and 

convergence of solution, was shown in the article [3]. 

 

CONCLUSION 

The authors of the paper derived the system of five 

differential equations (31), (32), (34), (36), (38) which 

describes the transfer of heat, water and salts, crystallization 

and melting of ice, crystallization and dissolution of salts from 

supersaturated solutions. Equation system allow describing 

the motion of water in a zone of intensive ice generation and 

forecast frost heaving of the soil. 

The equation for the transfer of water and salt takes into 

account the convective motion of water-salt solution under the 

action of soil-water potential gradient and gravity, and 

diffusion motion under the action of concentration gradient. In 

addition, the equation takes into account the dynamic change 

of water level. The ice generation equation and undissolved 

salt generation equation take into account the kinetics of 

crystallization, melting and dissolution with the help of first 

order chemical reaction equations. 

Practical value of the work lies in the possibility of direct 

application in the practice of mathematical modeling of 

differential equations (31), (32), (34), (36), (38). For this, it is 

necessary to know the classical parameters of heat capacity 

and thermal conductivity of the soil and its components. In 

addition, it is necessary to carry out a study of the dependence 

of the capillary-sorption potential of water on the water 

content in the soil. The methodology of this study is well 

developed [4]. 

Practical significance of article consist in possibility of direct 

application of differential equations (31), (32), (34), (36), (38) 

in the practice of mathematical modeling. For this, it is 

necessary to know the classical parameters of heat capacity 

and thermal conductivity of the soil. In addition, it is 

necessary to measure water content for two soil-water 

potential values (𝜓𝑤 = −1500 J/kg and 𝜓𝑤 = −33  J/kg). 

The methodology of this measure is well developed [4]. 
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