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optimizing their shapes in various areas. Qin Huan [8] proposed
a body-in-white (BIW) optimization method where three or
more beams with open cross-sections are assembled into a wire
frame model. They set the position of a node as a parameter and
applied the genetic algorithm (GA) to optimize the strength.
However, using GA for global optimization requires many
repetitions, so an alternative is required. If the number of
experiments or analyses for optimization can be reduced with
the design of experiments (DOE) technique and only the DOE
output is analyzed with GA, the resource consumption can be
significantly reduced.

Abstract
Researchers in industries and academia have long focused on
designing cross-sectional shapes that improve the strength
while maintaining a low weight. This issue is more urgent when
a closed cross-section needs to be changed to an open crosssection. This paper proposes a method for maximizing the
average strength of several cross-sectional shapes with a weight
limit by using the D-optimal design of experiments (DOE),
which is favorable for response surface design, and the genetic
algorithm (GA), which is favorable for global searches.
Keywords: Quasi-static analysis, Average strength, D-Optimal
DOE, Genetic algorithm, Shape optimization

In this study, a shape derivation method was developed for
maximizing the strength while maintaining a fixed weight. The
following procedure was used:

INTRODUCTION
One of the most important issues for optimizing the bending
strength of certain products is optimizing the cross-sectional
shape to provide the best performance while reducing the
weight [1]. Studies on optimizing the strength under a weight
limit generally consider changing the material and crosssectional shape [2]. While changing the material generally
yields the largest effect in terms of reducing weight, it may
cause problems with safety, machinability, and economic
efficiency [3].
On the other hand, changing the shape and structure while using
existing materials may produce economic benefits because the
strength and machinability of the product are predictable even
though the weight reduction is lower. Studies on improving the
strength by modifying the shape are largely divided into those
focusing on closed and open cross-sections.
Closed cross-sections are either filled or hollow, and the weight
of filled cross-sections is generally reduced by phase
optimization [4, 5]. However, phase optimization significantly
reduces machinability because it only removes internal shapes.
Hollow and open cross-sections exhibit significantly higher
machinability despite their lower strength compared to filled
cross-sections. The weight of hollow and open cross-sections is
generally reduced by shape optimization. If the lightweight
conditions are easily met, the weight can act as a limit and be
converted to an optimization method to improve the strength
[5-7]. As the engineering values of products that use open
cross-sections increase, studies have started focusing on

1)

The physical properties of the material were obtained
through ASTM tests.

2)

The concepts of the open and closed cross-sectional
shapes were examined, and the average strength was
derived through a simulation of a three-point bending test
using finite element analysis.

3)

The parameters of the open cross-sectional shape were set,
and the objective and constraint functions were formulated.

4)

D-optimal DOE was utilized, and the maximum strength
was determined by applying the global optimization
method GA to the response surface created by the analysis
results.

5)

DOE was performed again based on the derived maximum
strength, and a new response surface was. GA was used to
search the created surface.

6)

The repetition was terminated when the value of the final
(Nth) repetition of the GA search did not significantly
differ from that of the (N − 1)th repetition.

7)

The strength of the closed shape was compared with that
of the optimized open shape.

FINITE ELEMENT ANALYSIS ENVIRONMENT
Physical property test for finite element analysis
The physical properties of the metal material were tested for
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accurate analysis of the beam. A tensile test was conducted in
accordance with ASTM E8/E8M-15A [9], as shown in Fig. 1,
and repeated five times. The data closest to the average values
were used for the physical properties applied to the finite
element analysis. Table 1 presents the defined physical
properties. The basic units for the physical properties were
millimeters, milliseconds, and kilograms.

lower part of the beam, an open cross-section without the lower
section can be considered. The open-type circular cross-section
has a U-shape, as shown in Fig. 3(b). If p3 of Fig. 3(b) is placed
in the downward direction, the square cross-section shown in
Fig. 3(c) and M shape shown in Fig. 3(d) can be considered. All
shapes are bilaterally symmetrical, and parameters were
provided according to the degree of freedom of each node.

(a)

(b)

Figure 1. Tensile test in accordance
with ASTM E8 E8M-15A.
(c)

Table 1. Physical properties obtained from the test.
Description
Name

Symbol
-

Unit
-

Value
SABC 1470

Density

ρ

kg/mm3

7.932e-006

Young’s modulus

E

160.5

Poisson’s ratio

ν

GPa
-

(d)

Figure 3. Cross-sectional shape and shape parameters of the
A–A section: (a) closed circle (type 1), (b) open U (type 2),
(c) open square (type 3), and (d) open M (type 4)
Table 2. Conceptual diagram of the three-point bending test
of the beam

0.3

Symbol
1
2
3
4

Three-point bending test conditions and cross-sectional
parameters

Description
Beam
Load bar
Left support
Right support

FINITE ELEMENT ANALYSIS
Definition of the weight of the cross-sectional shape
Fig. 3 shows the shapes of the beam cross-sections in Fig. 2 on
the Y–Z plane. If all cross-sections suggested in Fig. 3 have the
same thickness (t), breadth (b), and density (𝜌), the weight of
each cross-section can be a function of the length expressed by
the wire frame. The wire frame length on the Y–Z plane as
suggested in Fig. 3 is expressed as follows:

Figure 2. Conceptual diagram of the three-point bending test
of the beam
Fig. 2 shows the simulated three-point bending test using finite
element analysis. The three-point bending test method was used
to simulate the FMVSS214 quasi-static test conditions, which
are widely used in the literature [10]. The basic cross-sectional
shapes can be divided into four shapes, as shown in Fig. 3. The
first shape is a closed circle, which is basic and commonly
utilized. If there is a separate fixed section that supports the

β1 = t b ρ
2

β2 = √(𝑝2𝑦 − 𝑝1𝑦 ) + (𝑝2𝑧 − 𝑝1𝑧 )2
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2

β5 = √(𝑝3𝑦 − 𝑝2𝑦 ) + (𝑝3𝑧 − 𝑝2𝑧 )2

When the length is defined based on the weight, the finite
element model can be defined by using the UV coordinate
system, as shown in Fig. 4. As shown in Fig. 4(a), the threedimensional Cartesian coordinate system can be expressed in
two dimensions through UV mapping. When the node and
element information are defined, they can be mapped to the
Cartesian coordinate system again and expressed as shown in
Fig. 4(b). The basic shapes in Fig. 4(b) were applied to the finite
element analysis.

W1 = (2𝜋𝑟)β1

Bending strength analysis

1

β3 = a ∫

0

𝑞2
1 − (√1 − 2 ) 𝑥 2
𝑔
√(1 − 𝑥 2 )(1 − 𝑘 2 𝑥 2 )

𝑑𝑥

β4 = 𝜋𝑞
2

W2 = 2(β2 + β3 )β1
W3 = (2β2 + β5 ) β1
W4 = {2(β2 + β5 )}β1
β1 is the product of the thickness, breadth, and density; β2 is
the length of |𝑝
̅̅̅̅̅̅|,
1 𝑝2 β3 is the complete elliptic integral of the
second kind, β4 is the length of the arc when 𝑔 = 𝑞 holds in
Fig. 3(b), and β5 is the length of |𝑝
̅̅̅̅̅̅|.
2 𝑝3 𝑊n is the weight of the
shapes suggested in Fig. 3. If there is no change in 𝑥1 and 𝑥2 of
Fig. 3(b), 𝑊2 can be simplified as follows for comparison with
the weight shown in Fig. 3(a):
W2 = (𝜋𝑟 + 2𝑟)β1
𝜇=

W2
≅ 0.8183
W1

(a)

W1′ = W1 𝜇 = {2𝜋(𝑟𝜇)}β1
W1′ = 𝑊2 = 𝑊3 = 𝑊4
In order to derive the strength for each shape at the same weight,
the weight ratio of the closed type to the open type was assumed
to be 𝜇, and that the weights of W3 and W4 were assumed to be
the same as that of W2 .
Finite element analysis

(b)
Figure 5. Results of the explicit analysis according to changes
in the cross-sectional shape: (a) results of the explicit analysis
with LS-Dyna and (b) differences in the average strength and
weight compared to the closed cross-sectional shape.

(a)

Fig. 5 shows the results of the basic analysis. The cross-section
of the beam used in the basic analysis is based on Fig. 3. The
commercial software LS-Dyna was used for the finite element
analysis. Fig. 5 shows the results obtained through explicit
analysis. Fig. 5(a) shows the average contact force of the load
bar and beam. Type 5 was the shape of W1 ′, where the shape of

(b)
Figure 4. UV Mapping: (a) UV Mapping, (b) Finite element
model in three-dimensional Cartesian coordinate system

8761

International Journal of Applied Engineering Research ISSN 0973-4562 Volume 13, Number 11 (2018) pp. 8759-8765
© Research India Publications. http://www.ripublication.com
type 1 was set to the weight value of W2 . Type 3 was open and
exhibited a higher average strength than type 5, which was
closed. Fig. 5(b) shows the average strengths of the other types
compared to type 1 and the weight reduction. As shown in Fig.
5(a), type 3 had the lowest strength reduction. However, the
shape and average strength varied depending on changes in the
parameter values [11]. Therefore, the data are insufficient to
trust the analysis results presented in Fig. 5.

The relationship between the point position and parameter of
type 2 is as follows:

Bending strength optimization with D-optimal DOE and
GA Formulation

The relationship between the point position and parameter of
type 3 is as follows:

p1y = w𝑚𝑎𝑥 /2 − x1
p2y = w𝑚𝑎𝑥 /2 − x2
p2z = hmax

The strength was optimized according to changes in the
parameters of types 2–4 under a weight limit. The design
variables, objective function, and constraint function were
selected as follows. The variables were x1 , x2 , x3 , and x4 ,
which corresponded to the degrees of freedom of the Y- and Zaxes of each node. In this instance, a space limit was excluded
because changes to the shape of type 2 was impossible if space
limits of wmax and hmax were applied. In order to prevent the
shapes of types 3 and 4 from overlapping with that of type 2,
the p2z and p3z values were set to have a correlation. The
completed shape had the W1 ′ value and error range of 0.01 or
less.

− x3

p1y = wmax /2 − x1
p1z = 0
p2y = wmax /2 − x2
p2z = h𝑚𝑎𝑥

− x3

p3y = 0
p3z = p2z

+ x4

The relationship between the point position and parameter of
type 4 is as follows:

Parameters
𝑵4 = {Type2 , Type3 , Type4 }

p1y = w𝑚𝑎𝑥 /2 − x1

𝐗 4 = {x1 , x2 , x3 , x4 }

p1z = 0

Responses

p2y = w𝑚𝑎𝑥 /2 − x2

2

𝐑 = {WN , ave(FN )}

p2z = h𝑚𝑎𝑥

Object to

p3y = 0

f(𝐗) = Max. {ave(FN )}

p3z = p2z

Subject to (Initial condition)

− x3
− x4

Optimization

(−wmax /2) < x1 < (wmax /2)
(−wmax /2) < x2 < (wmax /2)
(−hmax )

< x3 < (hmax )

(−hmax )

< x4 < (hmax )

(W1 ′ − W1 ′ × 0.01) < W < (W1 ′ + W1 ′ × 0.01)
Type 2 : Subject to
x4 = 0 (Ignore)
Type 3 : Subject to
𝑝2𝑧 > (𝑝3𝑧 + t)
Type 4 : Subject to

Figure 6. Derivation of the optimal parameter values
according to the shape.

(𝑝2𝑧 + t) < 𝑝3𝑧
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DOE can consider various methods depending on the purpose.
In this study, D-optimal DOE with easy optimization through a
continuous global search was utilized [12]. GA was used to
derive the maximum value of the response surface derived with
DOE. Both D-optimal DOE and GA are appropriate for
estimating the optimal value. Once one iteration of the
optimization process was completed, D-optimal DOE was
applied again using the optimal value. The commercial
software LS-OPT was utilized for this repeated process. p1 , p2 ,
p3 , p4 , and p5 of the cross-sectional shapes were constrained
by the bilaterally symmetric condition and located at the
boundary of wmax and hmax in the first iteration. However, the
above conditions were excluded for type 4 because p3 was
lower than p2 .

Fig. 7 shows the changes in the shape parameters during the
optimization process. Fig. 7(b) shows the changes in the crosssection of type 2. For type 3, the variation was not significant
compared to the r values of p1y and p2y during the
optimization process. The values of p2z and p3z significantly
varied for the Z-axis height of the shape. The optimization
process converged after nine repetitions. Fig. 7(a) shows the
changes in the cross-section of type 3. For type 2, the width (w)
tended to decrease, while the height (h) increased with the
tendency of ∆(p1y ) < ∆(p2y ). The optimization process
converged after nine repetitions. Fig. 7(c) shows the changes in
the cross-section of type 4. The width decreased with the
tendency of ∆(p1y ) > ∆(p2y ), and the height decreased with
the tendency of ∆(p2z ) > ∆(p3z ) during the optimization
process. The optimization process converged after 18
repetitions.

(a)

(b)

(c)
Figure 7. Changes in the shape parameters by iteration during
the optimization process: (a) type 2, (b) type 3, and (c) type 4.
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(a)

(b)

Figure 8. Changes in the (a) weight and (b) average strength by iteration during the optimization process.
Fig. 8 shows the changes in the weight and average strength
according to the optimization process. Fig. 8(a) shows the
weight reduction rate derived from the optimization process.
The weight reduction rate of the graph corresponds to the value
of 1 − 𝜇. Fig. 8(b) shows the changes in the average strength.
The optimized average strength that satisfied the weight limit
was highest for type 3 followed by type 4 and then type 2. Fig.
9 compares the basic simulation results and optimization results
in terms of the average strength.

RESULTS AND CONCLUSION
In this study, quasi-static finite element analysis, D-optimal
DOE, and GA were used to optimize the cross-section for the
maximum strength under the same weight conditions. The
following results were derived from the conceptual design
process.

(a)

1)

In the basic simulation where only the weight limit was
satisfied, the average strengths of types 2, 3, and 4 were
lower than that of type 1 by approximately 43.31%,
24.65%, and 66.74%, respectively. However, the average
strength of type 5, which had the same shape as type 1 but
had the weight reduced to that of type 2, decreased by
25.22%. Despite an insignificant difference in weight, the
open type 3 exhibited a smaller reduction in the average
strength than the closed type 5.

2)

The average strengths of the optimized types 2, 3, and 4
were lower than that of type 1 by 35.74%, 15.17%, and
41.61%, respectively. This indicates that the optimization
process improved the performance by 7.57%, 9.48%, and
25.13%, respectively.

The following was concluded:
1)

The use of open cross-sections was validated by the basic
analysis and optimization results because the average
strength of the type 3 cross-sectional shape was higher
than that of type 5.

2)

When GA was applied to the D-optimal DOE results
instead of the finite element analysis results, the resource
consumption for repeated operation was reduced, while
valid optimization results were derived.

3)

The analysis results indicated that the type 3 crosssectional shape can improve the bending strength if a
closed cross-section is not considered.

This method can be applied in the prototype design stage, such
as for the cross-sectional shapes of reinforcement for a plastic
part or an impact beam. Further research is expected to be
helpful in the area of collision safety for transportation
mechanical engineering.

(b)
Figure 9. Comparison between the basic simulation results
and optimization results: (a) strength comparison between
type 1 and the other types; (b) average strength and weight
reduction rates.
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