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Abstract: In this work, we construct travelling wave
solutions for fractional partial differential equations by
using the logarithmic derivative method, also called as

the (G /G)-expansion method, where G = G(ξ ) satisfies a second order linear ordinary differential equation.The
travelling wave solutions are expressed in terms of hyperbolic, trigonometric and rational functions. When applied
the method to physical problems, it is observed that the
exact solutions can be obtained just by solving a system of
linear or nonlinear algebraic equations.
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Perturbation method [2], Adomian Decomposition Method
[3], Variational Iteration Method [4], Differential Transform Method [6], Adam-Bashforth predictor method [5],
various collocation method [7], [8] etc. But finding the
exact solutions of nonlinear fractional differential equatios(FDEs) were very difficult until Li and He [10], [11]
proposed a fractional complex transform to convert FDEs
into ordinary differential equations (ODEs), so that all analytical methods applied to solve ODEs can be used to solve
FDEs. Then to find exact solutions of FDEs many methods
have been proposed. Along with fractional exp-function
[12], [13], tanh-function [14], projective Riccatti equation
method [15], the fractional integral method [16], the fractional sub-equation method [17], the fractional modified
trial equation method [18], the fractional simplest equation


INTRODUCTION
The field of fractional calculus is almost as old as calculus itself, but over the last few decades the usefulness of
this mathematical theory in various fields such as physics,
biology, control theory, ecology, finance, signal processing
etc. has become more and more evident [1,23]. Numerous attempts to solve equations involving non-integer order
derivatives can be found in the literature. Scientists have
solved fractional differential equations by using Homotopy

method [19] etc., GG [20], [21] is also one of the powerful method to solve FDEs. One of the advantages of this
method is that, we can find the exact solution of FDEs
without a initial or boundary conditions.


In section 2, Preliminaries and GG -expansion method
for fractional PDEs are described. The next three ensuing
sections are devoted to compute solitary wave solutions of
three non linear fractional PDEs, namely fractional Harry
Dym equation and modified Zakharov- Kuznetsov equation
respectively. The last section has concluding remarks.
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derivative method. We assume a nonlinear fractional partial differential equation(FPDE) for u(x, t) in the form

PRELIMINARIES AND GG -EXPANSION
METHOD FOR FRACTIONAL PDES

β

f (u, Dtα u, Dxα u, Dxβ u, Dxα Dxβ u, Dtα Dt u, . . . )

There are several different definitions of the concept of a
fractional derivatives [23]. Some of these are RiemannLiouville, Grunwald-Letnikow, Caputo, and modifi'ed
Riemann-Liouville definitive. The most commonly used
defi'nitions are the Riemann-Liouville and Caputo derivatives. In this paper, we find the exact solution of three very

(1)


Where f is a polynomial in its arguments. The ( GG )expansion method can be presented in the following steps:
Step 1. Suppose that



important nonlinear partial FDEs [24], [33], [34] by GG
expansion method which was first proposed by the Chinese
mathematician Wang et al. [22], with fractional derivative
in Caputo sense.

u(x, t) = u(ξ ),

ξ = ξ (x, t) =

kt cα
kx kβ
±
(1 + β) (1 + α)
(2)

Some of the basic definitions of fractional calculus are
presented here [23]

c and k are constants. Using the chain rule of fractional
derivatives, the travelling wave variable 2 allow us to reduce
1 to an ordinary differential equation for u = u(ξ ) in the
form :

Definition 1. A real valued function f (t), t > 0 is said to
be in the space Cµ , µ R if there exist a real number p > µ
such that f (t) = tp f1 (t) where f1 (t)C(0, ∞) and it is said
to be in space Cn if and only if f (n) Cµ , nN .

F (u, u , u , . . . ) = 0



β

Jt (t) =

1
β

t

Step 2. Suppose that the solution of 3 can be expressed by


a polynomial in ( GG ) as follows:

(t − τ )β−1 f (τ )dτ , (β > 0, t > 0)

0

u(ξ ) =

and the fractional derivative of order α in Caputo sense
with n − 1 < α < n of f (t), t > 0 is defined by
D α f (t) = J n−α D n f (t) =

1
(n − α)



t
0


ai



G
G

i
(4)

While G = G(ξ ) satisfies the second order linear differential equation in the form:

(n)

f (τ )
dτ
(t − τ )(α−n+1)

γ

n

i=0





G (ξ ) + λG (ξ ) + µG(ξ ) = 0

following are some of the important properties of fractional
derivative and integration: [6-7]
Let β, γ  R and α(0, 1). Than
β

(3)

where  = d/dξ

Definition 2. The Riemann-Liouville fractional integral
β
operator Jt of order β is defined as




Where ai (i = 0, 1, . . . , n), λ
determined later.

β

1. Ja : L1 − > L1 , and if f (x)L1 , then Ja Ja f (x) =
γ +β
Ja f (x).
β
2. limβ→n Ja f (x) = Jan f (x) uniformly on [a, b], n =
x
1, 2, 3... where Ja1 f (x) = a f (s)ds
3. If f (x) is absolutely continuous on [a, b], then
limα→1 D α f (x) = dfdx(x) .
4. If f (x) = k  = 0, k is constant, then D α k = 0.
(β+1)
x (β−α)
5. D α x β = (β−α+1)
6. Chain Rule: if V = V (x, y) and x = x(t), y = y(t)
α
dα y
dα x
+ ∂V
then ddt αV = ∂V
∂x dt α
∂y dt α

and

(5)

µ are constants to be

Step3. Determine n by balancing the highest order nonlinear term(s) and the highest order derivative as follows:
If we define the degree of u(ξ ) as D[u(ξ )] = n then the
degree of the other expression is defined by
 q s
d u
r
] = nr + s(q + n)
D[u
dξ q
Substituting equation these along with equation 5 into
equation 3 so that equation 3 is converted into a polynomial




in GG and all terms with the same order of GG . Then set each
coefficient to zero to derive a set of algebraic equations for
λ, µ, a0 , ai .

In this section we also apply a technique to find travelling
G
wave solution of nonlinear PDEs, called G or logarithmic
2
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Step 4. Solve the system of algebraic equations obtained
in step 3 for λ, µ, a0 , ai .
Solving the system of equations yields three cases

with variables elastic parameter, was pointed out in 1979
by Sabatier [25]. Since then some valuable investigations
have been carried out about this equation. Its Hamiltonian formulation, its complete integrability, its infinitely
many conservation laws, its infinitely many symmetries,
applicability of the spectral gradient method, its reciprocal Backlund Transformation(BT) and so on are quite
interesting.

Case 1: λ2 − 4µ > 0

λ2 − 4µξ
 

+c2 sinh 21
λ2 − 4µξ
1 2
λ
G
=
λ − 4µ
−

1
G
2
2
2
c1 sinh 2 λ − 4µξ

λ2 − 4µξ
+c2 cosh 21
c1 cosh

1
2

HD equation is a completely integrable nonlinear equation which can be solved by the inverse scattering Transformation (IST) [26]. Dijkhuis and Drohm [27] and Calogero
and Degasperies [28] discussed the HD equation as a special case of a new broad class of nonlinear PDEs. However
HD equation does not possess the Painleve’ property which
indicate that the Painleve’ property is sufficient but not
necessary for integrability.

Where c1 and c2 are constants.
Case 2: λ2 − 4µ < 0

4µ − λ2 ξ
 

+c2 cos
4µ − λ2 ξ
λ
1 2
G
−
=
λ − 4µ

G
2
2
c1 cos 21 4µ − λ2 ξ

+c2 sin 21 4µ − λ2 ξ
−c1 sin

1
2
1
2

Ibragimov [29], [30], Calogero and Degasperies [28]
and Weiss [31], [32] are the first researchers who investigated the connection between the HD and the Korteweg de
Vries(KdV) equations. W Hereman, P P Barnerjee and M
R Chatterjee [24] rederived the implicit solution to the HD
equation without the machinery like IST.
In this section, we consider the following nonlinear time
fractional Harry Dym equation of the form

Where c1 and c2 are constants.

Dtα u(x, t) = u3 (x, t)uxxx (x, t), 0 < α ≤ 1

Case 3: λ2 − 4µ = 0

√



λ
c2
G
−
=
c1 + c 2 ξ
2
G

with initial condition u(x, 0) = (a − 3 2 b x)2/3 where α
is parameter describing the order of the fractional derivative and u(x, t) is a function of x and t. The fractional
derivative is understood in the Caputo sense. For α = 1,
the fractional Harry Dym equation reduces to the classical
nonlinear Harry Dym equation. Guided by Hereman et al.
in [24] we employ the transformation

Where c1 and c2 are constants.

FRACTIONAL HARRY-DYM EQUATION

x

Harry Dym equation in its classical form is given as
ut = u3 uxxx

(7)

X=

(6)

−∞

ds
tα
,T = −
u(s, t)
(1 + α)

The exact solution of the classical Harry Dym equation is
given by [9]

2/3
√
3 b
u(x, t) = a −
(x + bt)
2

with W (X, T ) = u(x(X, T ), t(X, T )) where x =
x(X, T ), t = t(X, T ) which represents new dependent variable. As Dym equation is a result of string equation, we
shall employ the fact that u(x, t) and its spatial derivative
tends to zero as |x| → ∞. Then

It is a nonlinear partial differential equation(PDE) that
has nonlinearity and dispersion coupled together, found
by Harry Dym while trying to transfer [24] some results
about isospectral flow to the string equation. The relationship between the HD and the classical string problem,

∂ ∂αX
∂ ∂αT
∂α
=
+
∂t α
∂X ∂t α  ∂T ∂t α

W WXX − 23 WX2
∂
∂
=−
−
2
∂T
W
∂X
3
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Here we have used the HD equation 7.

Solving the system of nonlinear algebraic equation 15 we
have
1
(16)
a1 = ±2, a0 = ±λ, c = − (λ2 − 4µ)
2
Substituting 16 into equation 14 we obtain
 
G
v(ξ ) = ±λ ± 2
G

Also
=
Hence the equation 7 can be expressed as
∂
∂x

WT +

1
∂
W (X,T ) ∂X

WXXX W 2 − 3WXX WX W + 23 WX3
=0
W2

(8)

Now let us take the transformation
v(X, T ) =

WX
W

(9)

Refering to the Section , three types of travelling wave solutions to HD equation may be obtained

From 8 and 9 we obtain the KdV equation
3
vT − v2 vX + vXXX = 0
2

Case 1: λ2 − 4µ > 0
Then we have the solution of the HD equation as
c
ct α
ic1 cos
(x − (1+α)
)
2
c
ct α
+c2 sin ( 2 (x − (1+α) )
√
v1 (x, t) = ± 2c
c
ct α
−ic1 sin
(x − (1+α)
)
2
c
α
ct
(x − (1+α)
+c2 cos
2

(10)

Let the travelling wave solution of eqiation 10 be
v(X, T ) = v(ξ ),

ξ = ξ (X, T ) = X − cT

(11)

c and k are constants. Substituting 11 in 10 we obtain the
ODE
3 


−cv − v2 v + v = 0
2

(12)

In particular if c2 = 0 and c1  = 0 we have


√
ct α
c
(x −
)
v1 (x, t) = ∓ 2c cot
2
(1 + α)

(13)

Case 2: λ2 − 4µ < 0
Then we have the solution of HD equation as
c
ct α
−c1 sin
)
(x − (1+α)
2
c
ct α
+c2 cos ( 2 (x − (1+α)
√
v2 (x, t) = ±i 2c
c
ct α
c1 cos
(x − (1+α)
)
2
c
α
ct
(x − (1+α)
+c2 sin
2

On Integration of equation 12 we get
1

−cv − v3 + v = 0
2

Suppose the solution of the ODE 13 can be expressed by
the polynomial given in 4. Considering the homogeneous

balance v and v3 in the equation 13 we obtain 3n = n + 2
or n = 1
 
G
, a1  = 0
(14)
v(ξ ) = a0 + a1
G

In particular if c2 = 0 and c1  = 0 we have


√
ct α
c
(x −
)
v2 (x, t) = ∓i 2c tan
2
(1 + α)

Where a0 and a1 are constant to be determined later. Substituting equation 14 with equation 5 into equation 13 and


collecting all terms with the same power of GG and then
equating each coefficients of this polynomial to zero, we
get the following system of algebraic equations:
  0
a3
G
: −a0 c + a1 λµ − 0 = 0
G
2
  1
G
3
: −a1 c + a1 λ2 + 2a1 µ − a02 a1 = 0
G
2
  2
G
3
: 3a1 λ − a0 a12 = 0
G
2
  3
G
a3
(15)
: 2a1 − 1 = 0
G
2

Case 3: λ2 − 4µ = 0
We obtain the rational function solution of the HD equation
as follows:
v3 (x, t) = ±

c2
c1 + c2 (x −

ct α
)
(1+α)

MODIFIED ZAKHAROV-KUZNETSOV
EQUATION
Zakharov-Kuznetsov(ZK) equation is a nonlinear model
describing two-dimensional modulation of a KdV soliton
4
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[35], [36]. If a magnetic field is directed along the x-axix,
the ZK equation in renormalized variables [37] takes the
form
ut + auux + ∇ 2 ux = 0

We find the solution of the ODE 20 in terms of the polyno
mial given in 4.By the homogeneous balance of the terms v
and v3 in the equation 20 we obtain n = 1 and the solution
as

(17)



∇ 2 = ∂x2 + ∂y2 + ∂x2 is isotropic Laplacian. The ZK equation
governs the behaviour of weakly nonlinear ion-acoustic
waves in plasma comprising of cold ions and hot isothermal electrons in the presence of a uniform magnetic field
[35]. The Two dimensional ZK equation was first derived
for describing weakly nonlinear ion-acoustic waves in a
strongly magnetized lossless plasma in two dimensions
[38].

v(ξ ) = a0 + a1




x, y R


The two-dimensional equation in this physical situation is
the modified Zakharov-Kuznetsov equation
ut + u2 ux + uxxx + uxyy = 0


,

a1  = 0

(21)

Where a0 and a1 are constant to be determined later. On
substitution of 21 along with 5 yeild the following system
of equations:

On the other hand, Kakutani and Ono [39] established
that the equation describing the propagation of Alfv́en
waves at a critical angle to the undisturbed magnetic field
was the modified Korteweg-de Vries (mKdV) equation,
ut + u2 ux + uxxx = 0,



G
G



(x, y) R2

appearing in [40]. In [41] Faminskii considered the IVP
associated to the equation 17. He showed local and global
well-posedness for initial data in H m (R2 ), m ≥ 1 integer.
Also in context of plasma physics, Scamel [42] derived the
(2 + 1) dimensional equation



G
G



G
G



G
G



G
G

0
: −a0 c + 2a1 λµ +
1

a03
=0
3

: −a1 c + 2a1 λ2 + 4a1 µ + a02 a1 = 0
2
: 6a1 λ + a0 a12 = 0
3
: a13 + 4a1 = 0

(22)

Solving the system of nonlinear algebraic equation 22 we
get

1

ut + u 2 + b(uxx + uyy )x = 0
a1 = ±2i, λ = 0

that describes ion-acoustic waves in a cold ion plasma
where the electrons donot behave isothermally during their
passage of the wave. Motivated by the widely studied
literature available for ZK equation, in this paper we consider the (2+1)-dimensional modifi'ed fractional Zakharov
Kuznetsov equations [34]:
utα + u2 ux + uxxx + uxyy = 0

c = 4µ − 7λ2 , a0 =

2 



−cu + u u + 2u = 0

3a1 λ
2

(18)
Case 1: λ2 − 4µ > 0
v1,1 (x, y, t)
√
ct α
µ(x + y − (1+α)
)
√
ct α
µ(x + y − (1+α)
√ −c2 sin
= ∓2i µ
√
ct α
−ic1 sin
µ(x + y − (1+α)
)
α
√
ct
µ(x + y − (1+α)
+c2 cos
−ic1 cos

(19)

On integration 19 becomes
1

−cu + u3 + 2u = 0
3

2√
µ,
3

Refering to the Section ??, three types of travelling wave
solutions may be obtained

The solitary wave solutions of modiï¬'ed ZakharovKuznetsov equations is constructed in [34]. We shall use
ct α
to transform
the travelling wave variable ξ = x +y − (α+1)
18 to an ODE


or λ = ±

(20)

5
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v1,2 (x, y, t) = ±2i

CONCLUSION

8µ
3 



∓i



In this work, we have seen that three types of travelling
wave solutions in terms of hyperbolic, trigonometric and
rational functions are found based on the nature of λ2 − 4µ
for three fractional partial differential equations whose
integer order derivative forms are highly popular in the
literature. From our results obtained in this paper, we con-

ct α
)
(1+α)

−ic1 cos
+y−


10µ
ct α
(x + y − (1+α)
−c2 sin
12
10µ


3
10µ
ct α
(x + y − (1+α) )
−ic1 sin
12


10µ
ct α
(x
+
y
−
+c2 cos
12
(1+α)
10µ
(x
12

In particular if c2 = 0 and c1  = 0 we have

√
√
µ(x + y −
v1,1 (x, t) = ∓2i µ cot



clude that the GG -expansion method is powerful, effective
and convenient method to find the exact solutions of nonlinear fractional PDEs. The performance of this method is
reliable, simple and gives many new solutions. Moreover,
this method provides a mathematical tool to obtain more
general exact solutions of many nonlinear PDEs in mathematical physics even in absence of initial and boundary
conditions.



ct α
)
(1 + α)

8µ
3 

ct α
10µ
10µ
cot
(x + y −
)
3
12
(1 + α)

v1,2 (x, y, t) = ±2i
∓i
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Case 2: λ2 − 4µ < 0
Then we have trigonometric solution as
√
ct α
−c1 sin
µ(x + y − (1+α)
)
α
√
ct
µ(x + y − (1+α)
√ +c2 cos
v2,1 (x, y, t) = ∓2i µ
√
ct α
c1 cos
µ(x + y − (1+α)
)
√
ct α
µ(x − (1+α)
+c2 sin
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8µ
3

−c1 sin
∓i

10µ
3



[1] K.S. Miller, B. Ross, An Introduction to the Fractional
Calculus and Fractional Differential Equations (Wiley,
New York, 1993).
[2] A. Yildirim, H. Kocak, Homotopy perturbation method
for solving the space–time fractional advection–
dispersion equation Adv Water Resour, 32 (2009), pp.
1711–1716.
[3] V. Daftardar-Gejji and H. Jafari, Adomian decomposition: a tool for solving a system of fractional differential
equations, J. Math. Anal. Appl., 301 (2005), 508–518.
[4] G. C. Wu and E. W. M. Lee, Fractional variational iteration method and its application, ž Physics Letters A, vol.
374,no. 25, 2500–2509, 2010.
[5] 25. K. Diethelm, N.J. Ford, A.D. Freed, A PredictorCorrector approach for the numerical solution of fractional differential equations, Nonlinear Dynamics. 29
(2002), 3–22.
[6] Vedat Erturk, Shaher Mohammad Momani, Solving
systems of fractional differential equations using differential transform method, Journal of Computational and
Applied Mathematics 215(1):142–151, 2008.
[7] M. Behroozifar, F. Ahmadpour, Comparative study
on solving fractional differential equations via shifted
Jacobi collocation method, Bulletin of Iranian Mathematical Society, Volume 43, Issue 2, 2017, 535–560.
[8] Arman Dabiri, Eric A. Butcher Fractional Chebyshev
Collocation Method for Solving Linear Fractional-Order
Delay-Differential Equations, ASME Proceedings, 13th
International Conference on Multibody Systems, Nonlinear Dynamics, and Control.
[9] Reza Mokhtari, Exact Solutions of the Harry–Dym
Equation, Communications in Theoretical Physics



10µ
(x
12



+y−

ct α
)
(1+α)
ct α
(1+α)



+y−
+c2 cos


10µ
ct α
(x + y − (1+α) )
c1 cos
12


10µ
ct α
(x
+
y
−
+c2 sin
12
(1+α)
10µ
(x
12

In particular if c1 = 0 and c2  = 0 we have
v2,1 (x, y, t) = v1,1 (x, y, t), v2,2 (x, y, t) = v1,2 (x, y, t)
Case 3: λ2 − 4µ = 0
We obtain the rational function solution as follows:
c2
v3 (x, t) = ±
ct α
c1 + c2 (x + y − (1+α)
)
6

International Journal of Applied Engineering Research, ISSN 0973-4562 Volume 13, Number 11 (2018) pp. 1–7
© Research India Publications, http://www.ripublication.com

55(2):204, 2011.
[10] Li, Z.B. and He, J.H. (2010) Fractional Complex Transformation for Fractional Differential Equations. Computer and Mathematics with Applications, 15, 970–973.
[11] Z. B. Li, J. H. He, Application of the Fractional Complex
Transformation to Fractional Differential Equations,
Nonlinear Sci. Lett. A Math. Phys. Mech. 2, 121 (2011).
[12] A., Bekir, A., Boz, Exact solutions for nonlinear evolution equations using Exp-function method, Physics
Letters A, 372, 1619 (2008).
[13] He, J. H., Exp-function method for nonlinear wave
equations, Chaos, Solitons and Fractals, 30, 700 (2006).
[14] A.M., Wazwaz, The tanh method and the sine–cosine
method for solving the KP-MEW equation, International
Journal of Computer Mathematics, 82, 235 (2005).
[15] Feng Qing-Hua, A New Fractional Projective Riccati Equation Method for Solving Fractional Partial
Differential Equations, Communications in Theoretical
Physics, 62(2), 2014.
[16] B. Lu,The first integral method for some time fractional
differential equations, J. Math. Anal. Appl. 395, 684
(2012).
[17] Bhrawy, A.H., A.A. Al-Zahrani, Y.A. Alhamed and D.
Baleanu, 2014. A new generalized Laguerre-Gauss collocation scheme for numerical solution of generalized
fractional pantograph equations. Rom. J. Phys., 59:
646–657.
[18] H. Bulut, H. M. Baskonus, Y. Pandir, The Modified
Trial Equation Method for Fractional Wave Equation and
Time Fractional Generalized Burgers Equation, Abstract
and Applied Analysis 2013, 636802.
[19] Melike Kaplan, Ahmet Bekir, Arzu Akbulut, Esin Aksoy,
The modified simple equation method for nonlinear
fractional differential equations, Romanian Journal of
Physics 60(9-10):1374. 2015.
[20] E. M. E. Zayed and K.A. Gepreel, The (G/G)-expansion
method for finding traveling wave solutions of nonlinear PDEs in mathematical physics, J. Math. Phys., 50
(2009), p. 013502.
[21] Chandrali Baishya, Travelling wave solution of Harry
Dym equation, Far East Journal ofApplied Mathematics,
87(3), 181–189, 2014.
[22] M. Wang, X. Li and J.Zhang, The (G/G)-expansion
method and traveling wave solutions of nonlinear evolution equations in mathematical physics, Phys. Lett A,
372 (2008) 417.
[23] I. Podlubny, Fractional differential equations, Academic
Press, New York (1999).
[24] Hereman W, Banerjee P P and Chatterjee M R , Derivation and Implicit Solution of the Harry Dym Equation and its Connection with the Korteweg-de-Vries
Equation, J. Phys. A: Math. Gen., 22(1989), 241–55.
[25] Sabatier P C , On Some Spectral Problems and Isospectral Evolutions Connected with the Classical String
Problem. Lett.Nuovo Cimento, 26(1979), 477–82.

[26] M. J. Ablowitz and P.A. Clarkson, Soliton, Nonlinear
Evolution Equations and Inverse Scattering, Cambridge
University Press, Cambridge, 1991.
[27] Dijkhuis H and Drohm J K, Internal Report 148, Institute
of Theoretical Physics, Groningen (1979), 1–15.
[28] Calogero F and Degasperis A, Spectral Transform and
Solitons, Amsterdam: North Holland (1982).
[29] Ibragimov N H, C R Acad. Sci. Paris Ser I,
293(1981)657–60.
[30] Ibragimov N H, Transform Groups Applied to Mathematical Physics, Boston: Reidel (1985).
[31] Weiss J, J. Math. Phys., 24(1983) 1405–13.
[32] Weiss J, J. Math. Phys., 27(1986) 1293–305.
[33] S., Monro , EJ., Parkes . The derivation of a modified
Zakharov–Kuznetsov equation and the stability of its
solutions. J Plasma Phys, 62, 305 (1999).
[34] A. M., Wazwaz, Exact solutions with solitons and
periodic structures for the Zakharov–Kuznetsov (ZK)
equation and its modified form, Communications in
Nonlinear Science and Numerical Simulation, 10, 597
(2005).
[35] S. Monro and E.J. Parkes, The derivation of a modified Zakharov-Kuznetsov equation and the stability of
its solutions, J. Plasma Phys., 62(1999), 305–17.
[36] S. Monro and E.J. Parkes, Stability of solitary-wave solutions to a modifi'ed Zakharov-Kuznetsov equation, J.
Plasma Phys, 64 (2000), 411–426.
[37] Y.S. Kivshar and D.E. Pelinovsky, Self-focusing and
transverse instabilities of solitary waves, Phys. Rep.,
331(2000), 117–195.
[38] V.E. Zakharov and E.A. Kuzentsov, On threedimensional solitons, Sov. Phys., 39(1974), 285–288.
[39] T. Kakutani, and H. Ono, Weak nonlinear hydromagnetic
waves in a cold collision-free plasma, J. Phys. Soc. Japan
26 (1965), 1305–1318.
[40] R. Sipcic, and D.J. Benney, Lump interactions and collapse in the modifi'ed Zakharov-Kuznetsov equation,
Studies in Appl. Math. 105 (2000), 385–403.
[41] A.V. Faminskii, The Cauchy problem for the ZakharovKuznetsov equation, Diff. Eqs. 31 (1995), 1002–1012.
[42] Schamel H, A Modified Korteweg-de-Vries equation for
ion acoustic waves due to resonant electrons, J Plasma
Phys 1973; 9(3):277–387.

7

