International Journal of Applied Engineering Research, ISSN 0973-4562 Volume 13, Number 18 (2018) pp. 13596–13602
© Research India Publications, http://www.ripublication.com

An Investigation of Vibrations of Linearly Growing Discrete Chain of
Atoms in Nano-structures
S.A. Surulere, A.C. Mkolesia1, M.Y. Shatalov and I. Fedotov
Department of Mathematics and Statistics, Tshwane University of Technology,
P/Bag X380, Pretoria 001, Republic of South Africa.

Abstract: The vibration of linearly growing atoms in a
nanostructure are investigated by formulating the respective system of equations using the Euler-Lagrange equation
with Rayleigh’s modification. This process models a vibrating atom attached to a stationary wall, the second atom
attached to the first atom and vibrating with the same
position coordinates as the first, the same applies for the
third, fourth, fifth, sixth up to the tenth vibrating atom.
The resulting system are systems second order ordinary
differential equations which are transformed to first order
ordinary differential equations and their respective column
vector forms are formulated. Simulation of the systems of
first order ordinary differential equations would be carried
out using the computer algebra system Mathematica® for
the regular and random case. From the simulations, it was
observed that the amplitudes of vibration increased for the
discrete attachment of atoms and the frequency of vibration
decreased. The simulation results obtained in the regular
case compares satisfactorily with existing results in the literature.
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INTRODUCTION
Vibration is a mechanical oscillation of a mechanical structure or electrical system about its equilibrium position [1].
It can also be said to be the study of repetitive motion of
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objects relative to a stationary frame [2]. Various examples of vibration occur in our day to day activities which
include vibration of the strings of a guitar, our heartbeat,
motion of tree branches caused by the wind, motion experienced by cars while driving on bumpy roads, vibration
of atoms within a solid, movement of current through
an electric wire, to mention but a few. Simple pendulum
and vibrating strings are widely-known examples of harmonic oscillations (or coupled oscillations). Problems of
harmonic oscillation in Physics are very good approximations to all phenomena resulting from the system deviating
by a small amount in a direction away from the equilibrium.A simple example of such a situation is the vibrational
excitation of a diatomic molecule [3]. A system that experiences a restoring force (in its part) proportional to the
displacement from equilibrium is said to have undergone a
harmonic oscillation [4].
The vibration of atoms in a nanostructure is investigated
using the modelling approach as presented in the literature.
In this paper, the Euler-Lagrange equation with Rayleigh’s
modification is analysed to yield second order linear homogeneous ordinary differential equations (ODEs) which are
transformed to coupled first order ODEs and respective column vector form for the discrete linearly growing atoms are
formulated. A generalization is formulated for any multiple
degree of freedom (DOF) system. The formulated column
vectors are then simulated for up to six attached atoms using
CAS Mathematica® .
This paper is structured as follows: Section , describes
the approach to be used in this paper and the necessary
assumptions made. Section , describes the formulation and
transformation of the system of equations for the first
vibrating atom attached to a stationary wall. Section ,
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describes the formulation and transformation of the system of equations for the second attached atom. Section ,
describes the formulation and transformation of the system
of equations for the third attached atom. In Section , a Generalization of system of equations for N attached atoms is
formulated and the N th column vecotr is also formulated.
In Section ??, the initial conditions of the formulated system are described for both the regular and random case.
In Section , simulation of the column vectors for each
respective system is done using Mathematica® . Section ,
simulation results and analysis is made.

Euler-Lagrange Equation with Rayleigh’s Modification

The damping force during vibrations of atoms in a molecule
is an important factor that can not be ignored. Therefore we
consider the Euler-Lagrange equation having Rayleigh’s
modification [5] given as:
d
dt



∂Kj
∂ ẋi


−

∂Rj
∂Uj
∂Kj
+
+
=0
∂xi
∂ ẋi
∂xi

for i, j = 1, . . . , N

(1)

where Kj is the Kinetic energy of j th atom, Uj is the Potential energy of j th atom and Rj is the Rayleigh dissipation
function of j th atom, ẋi is the generalized velocity coordinates of i atoms and xi is the generalized displacement
coordinates of i atoms.

METHODOLOGY
The aim of this work is to investigate the vibrations of
growing discrete chain of atoms. To this end, we model the
motion for one, two and three linearly attached chain of
atoms using the Euler-Lagrange equation with Rayleigh’s
modification by generating the system of second order linear ordinary differential equations (ODEs) by transforming
the second order linear ODEs to a set of coupled first order
linear ODEs, writing each system in column vector form.
We formulate a generalization for N linearly growing chain
of atoms, then use it to obtain the system of equations for
four, five and six linearly attached chain of atoms. We simulate the column vector equations using Mathematica® and
analyze the results.

FIRST ATTACHED ATOM
For the first system of atom attached by a spring to a stationary wall having stiffness k and damping force d, the
system of equation using its kinetic, potential and Rayleigh
dissipation function energy is generated as:
mẍ1 (t) + d ẋ1 (t) + kx1 (t) = 0.

Using the substitutions x1 (t) = z1 (t), ẋ1 (t) = z2 (t), 2δ =
d/m and ω2 = k/m reduces Equation (2) to:

We make some necessary assumptions to the massspring-damper system understudy in order to formulate the
system of equations of attached chain of atoms as follows
1. Each attached atom is moving with the same velocity
as the previously vibrating atom,
2. The atoms are identical (i.e. they have constant mass),
3. The springs are identical (i.e. they have constant
stiffness or force constant) and weightless,
4. Individual atoms interacts only with neighboring
atoms (i.e. they move only in the horizontal direction,
hence their linear motion),
5. The stationary wall represents the initial velocity and
is equal to zero (i.e. x0 = 0),
6. As the atoms vibrate they lose energy,
7. Atoms are attached linearly to the previously vibrating atom in the same coordinate.

(2)

ẍ1 (t) = −2δz2 (t) − ω2 z1 (t).

(3)

SECOND ATTACHED ATOM
The kinetic, potential and Rayleigh dissipation function
energies for a system of two attached chain of atoms substituted into the Euler-Lagrange’s equation yields two system
of linear equations given as:
ẍ1 = −2δ(2z3 − z4 ) − ω2 (2z1 − z2 ),
ẍ2 = −2δ(z4 − z3 ) − ω2 (z2 − z1 ),
where ẋ1 = z3 , ẋ2 = z4 , 2δ = d/m and ω2 = k/m.
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FIGURE 1. Displacement of two attached atoms

THIRD ATTACHED ATOM

DOF system of attached atoms as:

Using a similar algorithm, the system of linear equations
for three linearly attached chain of atoms is formulated as:

ẍ1 + 2δ(2ẋ2 − ẋ1 ) + ω2 (2x2 − x1 ) = 0,
ẍ2 + 2δ( − ẋ1 + 2ẋ2 − ẋ3 ) + ω2 ( − x1 + 2x2 − x3 ) = 0,
..
..
..
.
.
.
(6)
ẍN −1 + 2δ( − ẋN −2 + 2ẋN −1 − ẋN )

ẍ1 = −2δ(2z4 − z5 ) − ω2 (2z1 − z2 ),

+ ω2 ( − xN −2 + 2xN −1 − xN ) = 0,

ẍ2 = −2δ( − z4 + 2z5 − z6 ) − ω ( − z1 + 2z2 − z3 ), (5)
2

ẍN + 2δ(ẋN − ẋN −1 ) + ω2 (xN − xN −1 ) = 0.

ẍ3 = −2δ(z6 − z5 ) − ω2 (z3 − z2 ),

where x1 = z1 , x2 = z2 , x3 = z3 , ẋ1 = z4 , ẋ2 = z5 , ẋ3 = z6 ,
2δ = d/m and ω2 = k/m.

GENERALIZATION FOR N ATTACHED
CHAIN OF ATOMS
Having formulated the system of linear equations of motion
for one, two and three linearly attached chain of atoms, we
use their respective equations to generate a system of linear
equations of motion for N linearly attached chain of atoms.
Considering Equation (3), (4) and (5), we formulate the
generalization of system of equations for N (for N > 3)

FORMULATION OF INITIAL CONDITIONS
The initial conditions of the formulated systems in Equation (3), (4), (5) and (6) for the Regular case is described
by arbitrarily choosing 0 and 1 as the initial conditions
for the first system. The first ordinary differential equation (ODE) system has four solutions which are the initial
conditions for the second system. The second ODE system
will have six solutions which are the initial conditions of
the third system. The initial conditions of similar systems
are formulated using the same procedure. The initial conditions for the Random case is generated for the systems
like in the Regular case except that the last solution of the
previous system ODE (which is the last condition of the
next vibrating atom system) is generated through a random
command.
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FIGURE 2. Displacement of four attached atoms

FIGURE 3. Displacement of six attached atoms

SIMULATION OF VIBRATION OF
ATTACHED ATOMS

Regular case

Using the equations formulated in Equation (3), (4), (5)
and (6), we obtain the following simulations using the CAS
Mathematica® . The regular case describes the linear attachment of atoms as a C1 function. Using the values, circular
frequency ω = 2π · 20 and damping coefficient δ = 0, the
following simulations were obtained.

Fig. 1 illustrates the simulation of the displacements of the
second atom attached to the already vibrating first atom.
Fig. 2 illustrates the simulation of the displacements of
the fourth atom attached to the already vibrating previous
atoms.
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FIGURE 4. Displacement of eight attached atoms

FIGURE 5. Displacement of ten attached atoms

Fig. 3 illustrates the simulation of the displacements of
the sixth atom attached to the already vibrating atoms.

Random case

Fig. 4 illustrates the simulation of the displacements of
the eighth atom attached to the already vibrating atoms.

Analogously, simulation of the formulated systems in
Equation (3), (4), (5) and (6) was carried out for the random
case (which is a differentiable function i.e a C function), it
was also observed that amplitudes of oscillation was growing statistically for linear attachment of atoms as observed

Fig. 5 illustrates the simulation of the displacements of
the tenth atom attached to the already vibrating atoms.
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FIGURE 6. Displacement of five attached atoms

FIGURE 7. Displacement of ten attached atoms

in the Fig. 6 which illustrates the simulation of the displacements of the fifth atom attached to the already vibrating four
atoms.
Fig. 7 illustrates the simulation of the displacements of
the tenth atom attached to the already vibrating previous
atoms.

DISCUSSION OF SIMULATION RESULTS
The Euler-Lagrange equation with Rayleigh’s modification was used to formulate system of second-order linear
ODEs which describes linearly growing DOF system. The
second-order ODEs were then transformed to first-order
ODEs and the resulting systems were simulated using
Mathematica® for the Regular case. The time interval
for each vibrating atom is constant for the six attached
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FIGURE 8. Free vibration of a longitudinal vibrating rod at the first mode

atoms. In this section, an analysis of the results is discussed highlighting the main features observed from the
simulations.
On the attachment of the second atom to the already
vibrating atom in Fig. 1, the amplitude increases and varies
while the frequency of vibration reduces as compared to the
previous vibrating atom. The amplitude continues to grow
and vary while the frequency of vibration reduces further
on linear attachments of atoms in Fig. 2, Fig. 3, Fig. 4 and
Fig. 5.
We observe that the amplitude of vibration is growing
and increasing while the frequency of vibration is decreasing with linear attachment of atoms. It is also observed that
the attached atoms vibrates continuously for each case, this
is because the damping force, δ which causes the vibrating atoms to decay was set to zero for the simulation (i.e.
δ = 0).
The simulation results obtained for the discrete linear
attachment of atoms for the regular and random case in
this paper (in which amplitudes of vibration is growing), is
similar to the simulation results obtained in the published
paper of Lekalakala [6], where he assumed a classical rod
to be accreting in length and cross-sectional area and is
subjected to free longitudinal vibrations at the first mode.
He derived system of partial differential equations using
wave equations.

As can be seen from Fig. 5, 7 and 8, there is an increase
in the amplitudes of vibration.
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