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a procedure to exactly solves them in deterministic polynomial
time [3].

Abstract
The problem of packing non-congruent circles within bounded
regions is considered. The aim is to maximize the number of
circles placed into a rectangular container or minimize the
waste. The circle is considered as a set of points that are all the
same distance (not necessary Euclidean) from a given point.
An integer programming model is proposed using a dottedboard approximating the container and considering the dots as
potential positions for assigning centers of the circles. The
packing problem is then stated as a large scale linear 0–1
optimization problem due to the number of variables generated
mainly in the overlap constraints. Binary decision variables are
associated with each discrete point of the board (a dot) and with
each object. The resulting binary problem is then solved by
using a commercial solver and a general-purpose programming
language. Nesting circles inside one another is considered.
Numerical results on packing circles, rhombuses and squares
are presented to demonstrate the efficiency of the proposed
approach.
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The circle packing problem has been extensively documented
[10–13], the aim is to place a certain number of circles, each
one with a fixed known radius inside a container. The circles
must totally lie inside the container without overlapping. In
some cases, the objective of the problem becomes the
maximization of the profits of the items placed (known as the
weighted version of the problem).
Depending on the situation it may be more advantageous to
maximize the weight of the items or other aspects of the items
in a specific container as minimizing of wasting [14]. This type
of problem has many applications, mainly in the packing
industry, although there are also applications in the timber
industry to optimize cuts of wood or metal in small pieces,
textile, naval, automobile, aerospace and food industries and
computer-aided design like image stippling [2,3,15,16].
Some packing models for circular objects are typically
formulated as non-convex optimization problems; where the
continuous variables are the coordinates of the objects, so they
are limited to not finding optimal solutions [17–19]. The
nonconvexity is mainly provided by non-overlapping
conditions among circles. These conditions typically state that
the Euclidean distance separating the centers of the circles is
greater than a sum of their radii [20]. For this reason, the present
work proposes large scale integer linear models with
assignment constraints assuring the convergence to an optimal
solution. It should be clarified that the optimal solutions for
these models are achieved with the discretization of space, may
not be the optimal solutions for the original problem with
continuous variables.

Programming,

INTRODUCTION
Packing problems can be important components in other
studies such as cutting patterns, area coverage, the design of
facilities, loading of vehicles, assignment, sequencing of
equipment and chain management of supply [1–4]. A Packing
problem consists in the best arrangement of several objects
inside a bounded area named as the container. This
arrangement must fulfill with technological constraints, for
example, objects should not be overlapping. The shape of the
container may vary from a circle, a square, a rectangle, etc. An
extension of the packing problem can be incorporated into the
following problems [5–7].

In this article, we study the packing of circular objects using a
regular grid (see Figure 1) to approximate the shape of the
rectangular container. The circular object is considered in a
general form, as the set of points that are at the same distance
from a center. Different shapes of objects like squares, circles,
rectangles or rhombuses are treated in the same way, only the
standard used to define the distance is changed. Nodes of a
dotted-board are considered as potential assignments for the
centers of each object. It is also considered the placement of

This paper focuses on problems dealing with circular objects in
two dimensions. Circular packing problems are difficult
problems, owing to the combinatorial nature in the arrangement
of such objects. In fact, they are NP-hard combinatorial
optimization problems [8,9]; this means that there is not exists
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small objects within larger ones. Numerical results with circles,
rhombuses and squares are shown to demonstrate the efficiency
of the proposed models.

𝐦𝐚 𝐱 ∑ ∑ 𝑾𝒌 𝒙𝒌𝒊

(1)

𝒊∈𝑰 𝒌∈𝑲

subject to
𝑎𝑘 ≤ ∑ 𝑥𝑖𝑘 ≤ 𝑏𝑘 , 𝑘 ∈ 𝐾

(2)

𝑖∈𝐼

∑ 𝑥𝑖𝑘 ≤ 1,

(3)

𝑖 ∈ 𝐼\𝐹,

𝑘∈𝐾

𝑅𝑘 𝑥𝑖𝑘 ≤ min 𝑑𝑖𝑗 ,
𝑗∈𝐹

𝑖 ∈ 𝐼, 𝑘 ∈ 𝐾,

𝑥𝑖𝑘 + 𝑥𝑗ℓ ≤ 1, 𝑓𝑜𝑟 𝑖 ∈ 𝐼; 𝑘 ∈ 𝐾;
𝑥𝑖𝑘 ∈ {0,1}, 𝑖 ∈ 𝐼, 𝑘 ∈ 𝐾

(4)
(𝑗, ℓ) ∈ 𝑁𝑖𝑘 ,

(5)
(6)

Figure 1. Example of grid covering a rectangular container.
Constraints (2) ensure that the number of circles packed is
between 𝑎𝑘 and 𝑏𝑘 ; constraints (3) that at most one center is
assigned to any grid point; constraints (4) that the point 𝑖
cannot be a center of the circle 𝐶𝑘 if the distance from 𝑖 to the
closest grid point of the boundary is less than 𝑅𝑘 ; pair-wise
constraints (5) guarantee that there is no overlapping between
the circles; constraints (6) represent the binary nature of
variables. In (4) 𝑅𝑘 is compared with the distance from the
center to grid points of the boundary, i.e. the boundary is
represented by its grid points only. Thus, in general constraints
(4) do not guarantee that a circle fits into the container.
However, if the point of the boundary closest to is a grid point,
then (4) ensure that there are no intersections between circles
and the boundary.

The rest of the article is structured as follows, Section 1
explains the entire programming model for the problem of
packing circular-like objects. Section 2 shows the results of the
packing of circles, rhombuses and squares. In the final section
the conclusions of this article are shared.

THE MODEL
The main idea of this model was first implemented in [21], later
a similar approach was used in [22,23] for objects with irregular
shape. This article is a continuation of the work proposed by
[24,25]; where they only reported results for equal circles,
rhombuses and octagons.
Suppose we have non-identical circles 𝐶𝑘 of known radius
𝑅𝑘 , 𝑘 ∈ 𝐾 = {1,2, … , 𝐾 }. Here we consider the circle as a set
of points that are all the same distance 𝑅𝑘 (not necessary
Euclidean) from a given point. In what follows, we will use the
same notation 𝐶𝑘 for the figure bounded by the circle 𝐶𝑘 =
{𝑧 ∈ ℝ2 : ‖𝑧 − 𝑧0𝑘 ‖ ≤ 𝑅𝑘 }, here, 𝑧0𝑘 is the center of the
object. Denote 𝑊𝑘 by the area of 𝐶𝑘 . Let 𝑏𝑘 be the number of
circles 𝐶𝑘 are available for packing and at least 𝑎𝑘 of them must
be packed. Denote by 𝑖 ∈ 𝐼 = 1,2, … , 𝑛 the node points of a
regular grid covering the rectangular container. Let 𝐹 ⊂ 𝐼 be
the grid points lying on the boundary of the container. Denote
by 𝑑𝑖𝑗 the distance (in the sense of norm used to define the
circle) between points 𝑖 and 𝑗 of the grid. Define binary
variables 𝑥𝑖𝑘 = 1 if a center of a circle 𝐶𝑘 is assigned to the
point 𝑖; 𝑥𝑖𝑘 = 0 otherwise.

In many applied problems nesting circles inside one another is
permitted. For example, in [26,27] nesting is considered in the
context of packing pipes of different diameters into a shipping
container. Nesting is also essential for storing different
cylinders one over another in the form of cylindrical towers. To
consider nesting circles inside one another, we only need to
modify the non-overlapping constraints. In order to the circle
𝐶𝑘 assigned to the point 𝑖 be non-overlapping with other circles
being packed (including circles placed inside this circle), it is
necessary that 𝑥𝑗ℓ = 0 for 𝑗 ∈ 𝐼, ℓ ∈ 𝐾, such the 𝑅𝑘 − 𝑅ℓ <
𝑑𝑖𝑗 < 𝑅𝑘 + 𝑅ℓ for 𝑅𝑘 > 𝑅ℓ . Let Ω𝑖𝑘 = {𝑗, ℓ: 𝑖 ≠ 𝑗, 𝑅𝑘 − 𝑅ℓ <
𝑑𝑖𝑗 < 𝑅𝑘 + 𝑅ℓ , 𝑅𝑘 > 𝑅ℓ }.
Then
the
non-overlapping
constraints for packing circles with nesting can be stated in the
form
𝒙𝒌𝒊 + 𝒙𝓵𝒋 ≤ 𝟏, 𝒇𝒐𝒓 𝒊 ∈ 𝑰; 𝒌 ∈ 𝑲;

(𝒋, 𝓵) ∈ 𝜴𝒊𝒌
(7)
Constraints (3) have to be relaxed in case of nesting. The model
for considering nesting is shown below

In order to the circle 𝐶𝑘 assigned to the point 𝑖 be nonoverlapping with other circles being packed, it is necessary that
𝑥𝑗ℓ = 0 for 𝑗 ∈ 𝐼, 𝑙 ∈ 𝐾 such that 𝑑𝑖𝑗 < 𝑅𝑘 + 𝑅𝑙 . For fixed 𝑖, 𝑘
let 𝑁𝑖𝑘 = {𝑗, 𝑙: 𝑖 ≠ 𝑗, 𝑑𝑖𝑗 < 𝑅𝑘 + 𝑅𝑙 }. Then the problem of
maximizing the area covered by circles can be stated as follows

𝐦𝐚 𝐱 ∑ ∑ 𝑾𝒌 𝒙𝒌𝒊
𝒊∈𝑰 𝒌∈𝑲
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subject to
𝑎𝑘 ≤

35 were enough to carry out tests.

∑ 𝑥𝑖𝑘
𝑖∈𝐼
𝑗∈𝐹

(9)

≤ 𝑏𝑘 , 𝑘 ∈ 𝐾

𝑅𝑘 𝑥𝑖𝑘 ≤ min 𝑑𝑖𝑗 ,

(10)

𝑖 ∈ 𝐼, 𝑘 ∈ 𝐾,

𝑥𝑖𝑘 + 𝑥𝑗ℓ ≤ 1, 𝑓𝑜𝑟 𝑖 ∈ 𝐼; 𝑘 ∈ 𝐾;

Furthermore, in [24] they use similar parameters for the grid
points with congruent (equal) circles. The test set of 9 instances
was used for packing maximal number of equal circular objects
into a rectangular container of width 300 and height 300. The
values of radii were generated at random with a uniform
distribution 𝑈(2,40). The size of the container was generated
with a uniform distribution 𝑈(253,300) for both Length and
Width. The models were codified in Python 3.5 with the
optimizer (solver) Gurobi 6.5.1 on a laptop computer with 8Gb
in RAM, AMD A8-5545M APU processor at 1.7 GHz with
Ubuntu/GNU Linux 64-bit operating system.

(𝑗, ℓ) ∈ Ω𝑖𝑘 ,

𝑥𝑖𝑘 ∈ {0,1}, 𝑖 ∈ 𝐼, 𝑘 ∈ 𝐾

(11)
(12)

Note that all constructions proposed above, remain valid for
any norm used to define the circular-like object. In fact,
changing the norm affects only the distance 𝑑𝑖𝑗 used in the
definitions of the sets 𝑁𝑖𝑘 , Ω𝑖𝑘 in the non-overlapping
constraints (5) and (11). That is, by simple pre-processing we
can use the basic model (1) -(6) for packing different
geometrical objects of the same shape.

Numerical Results
For the development of this work it is proposed to use a generalpurpose language that is easy to use and that is current in the
academic and practical sphere, as well as an optimizer that
incorporates algorithms present in the state of the art. We use
Python as a programming language and Gurobi as optimizer.
Python is well known in the field of web programming with
systems such as Django and CherryPy, it also serves as a
platform for sites with a lot of information traffic. But in
addition to web programming, extensions are being created for
disciplines from other areas, such as linear algebra, data
visualization and automated learning. For these applications,
Python is the program that allows to easily gather the exchange
of information of data and data through routines written in
programming languages like Fortran and C.

It is important to note that the non-overlapping condition has
the form 𝑑𝑖𝑗 ≥ 𝑅𝑘 + 𝑅ℓ no matter which norm is used. For
example, a circular object in the maximum norm ‖𝑧‖∞ ≔
𝑚𝑎𝑥𝑖 {|𝑧𝑖 |}is represented by a square, taxicab norm ‖𝑧‖1 ≔
∑|𝑧𝑖 | yields a rhombus, as we can see in Figure 2. In a similar
way we may manage rectangles, ellipses, etc. Using a
superposition of norms, we can consider more complex circular
objects. For ‖𝑧‖ ≔ 𝑚𝑎𝑥𝑖 {|𝑧𝑖 |, 𝛾∑|𝑧𝑖 |} and suitable 0.5 < γ <
1 we get an octagon, an intersection of a square and rhombus.

Results obtained with circles, rhombuses and squares are
shown in Tables 1-3. The tables show the instances ordered by
occupancy percentage (column labeled as % occupancy), this
occupancy percentage is calculated by dividing the total area of
the packed objects by the total area of the container; in the case
of nesting is convenient to see the number of packed objects
inside the container, since the occupancy percentage in some
cases may exceed the 100%. We see, for example, that for
Table 1 the instances with the highest occupancy percentage
were “Circle 5 2a.txt” and the one with the lowest performance
was “Circle 4.txt”, these results are presented under the model
without nesting. Packing for instance “Circle 5 2a.txt” is shown
in Figure 3a.
It is important to note that in Tables 1 to 3 the Gap is greater
than 100%, but this is related to the instance. According to the
typology proposed by [14] our work is classified as Single
Large Object Placement Problem which is characterized by the
assignment of a weakly heterogeneous assortment of small
items to a single large object. For this reason, if the maximum
number of items is very large, the problem is impossible to
solve. This behavior can be seen in the columns labeled as
%Packaged objects and %occupancy, while we have only 19%
of packaged objects we can reach the 76% of the total area, so
there is no room for more objects, at the same time we can
verify this results with the example shown in the Figure 3.

Figure 2. Circular-like objects.

METHOD
In this section we present a numerical study. To use objects
having a circle-like definition, that is, sets of points equidistant
from a reference point (center) we use three different norms (for
packing non-congruent circles, rhombuses) to measure the
distance between two points that allow us to detect overlaps. A
rectangular grid of size Δ determined by the 𝑀 = 𝑁 number of
equidistant grid points on both the horizontal and vertical edge
of the container, respectively. With previous experimentation
we determined that evenly distributed points between 30 and
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Table 1. Results of Circles ordered by occupancy in container.
Circle

Gap %

Objective function

Total of objects

% Packed objects

% occupancy

Nesting

Circle 5 2a.txt

1E+102

61674.71

752

19

76

0

Circle 5.txt

1E+102

61674.71

1167

12

76

0

Circle 6 2a.txt

1E+102

63569.08

752

17

74

0

Circle 1.txt

1E+102

62278.37

704

18

74

0

Circle 6.txt

1E+102

63569.08

1167

11

74

0

Circle 6 2a.txt

1E+102

63569.08

752

17

74

0

Circle 4 2a.txt

1E+102

45868.68

752

15

72

0

Circle 4.txt

1E+102

45868.68

1167

10

72

0

Circle 4.txt

1E+102

45868.68

1167

10

72

0

Circle 6 tel.txt

222

83745

1167

37

97

1

Circle 5 tel.txt

224

74698.87

1167

42

93

1

Circle 1 tel.txt

142

68370.53

704

49

81

1

Circle 3 tel.txt

1E+102

66827.64

1167

33

77

1

Circle 1 tel.txt

144

64380.04

704

51

76

1

(a) Instance “Circle 5 2a.txt”

(b) Instance “Circle 6 tel.txt”

Figure 3. Packing for circles

In Table 2 the instance with the highest occupancy percentage
was Rhombus 6.txt and the one with the lowest performance
was “Rhombus 2.txt". These results are presented under the
model without nesting. For the nesting case the best results
were obtained with the instance "Rhombus 1 tel.txt". If other
performance measures are observed for the instances, it is

observed, for example, that the instance "Rhombus 1 2a.txt" is
the one that more objects have accommodated inside the
container (see column % of packaged objects of Table 2) and
secondly the instances “Rhombus 1.txt" and " Rhombus 2.txt"
with a percentage of objects packed of 8% are observed.
Packing for instance "Rhombus 6.txt" is shown in Figure 4a.
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Table 2. Results of Rhombuses ordered by occupation in container.
Rhombus

Gap %

Objective function

Total of objects

% Packed objects

% occupancy

Nesting

Rhombus 6.txt

641

62403.38

1837

7

82

0

Rhombus 1.txt

649

61286.5

1840

8

81

0

Rhombus 1 2a.txt

1E+102

59426.13

1185

14

79

0

Rhombus 3.txt

645

64379.61

1839

7

78

0

Rhombus 5.txt

587

51222.94

1839

6

78

0

Rhombus 5.txt

593

50816.61

1839

7

78

0

Rhombus 4.txt

66

61844.73

1840

7

77

0

Rhombus 2.txt

1E+102

51453.76

1839

8

73

0

Rhombus 1 tel.txt

1E+102

73462.13

1840

34

97

1

Rhombus 3 tel.txt

1E+102

74807.53

1839

35

91

1

Rhombus 3 tel.txt

1E+102

74807.53

1839

35

91

1

Rhombus 2 tel.txt

1E+102

63708.7

1839

33

90

1

(a) Instance “Rhombus 6.txt”

(b) Instance “Rhombus 1 tel.txt”

Figure 4. Packing for rhombuses
instance “Square 1 2a.txt" is the one that more objects have
accommodated inside the container (see column % of objects
packed in the Table 6) and secondly the instance “Square 2
3a.txt" is observed with a percentage of packaged objects of
17%. Packing for instance "Square 1 2a.txt" is shown in Figure
5a.

In Table 3 the instance with the highest occupancy percentage
was "Square 12a.txt" and the lowest performance was "Square
3.txt", these results are presented under the model without
nesting. For the case of nesting the best results were obtained
with the instance "Square 3 tel.txt". If other performance
measures are observed for the instances, it is observed that the
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Table 3. Results of Squares ordered by occupation in container
Squares

Gap %

Objective function

Total of objects

% Packed objects

% occupancy

Nesting

Square 1 2a.txt

708

71726.93

600

24

87

0

Square 2.txt

715

66326.4

912

10

85

0

Square 6.txt

1E+102

68235.83

916

14

85

0

Square 1.txt

1E+102

70178.39

915

14

85

0

Square 4.txt

701

70759.44

914

6

84

0

Square 5.txt

701

66450.25

916

6

84

0

Square 2 3a.txt

647

64821.12

590

17

83

0

Square 4 2a.txt

714

69607.78

601

8

82

0

Square 3 3a.txt

1E+102

59420.33

579

14

75

0

Square 3 2a.txt

1E+102

59420.33

601

14

75

0

Square 3.txt

1E+102

59420.33

916

9

75

0

Square 3 tel.txt

176

96096.8

916

43

121

1

Square 2 tel.txt

164

83637.12

912

45

107

1

Square 4 tel.txt

163

88779.56

914

40

105

1

Square 1 tel.txt

174

85630.81

915

43

104

1

(a) Instance “Square 1 2a.txt”

(b) Instance “Square 3 tel.txt”

Figure 5. Packing for squares

purpose programming language is used in conjunction with
Gurobi. It was demonstrated that by simply changing the
definition of the distance (preprocessing) it is possible to use
the same basic models for packing different circular-like
objects such as circles, rhombuses and squares, etc. To cope
with large dimension of arising problems it is interesting to
study the use of corresponding heuristics [4,28–30].

CONCLUSIONS
This article proposes a linear model using a discretization of the
space of solutions through a dotted-board(grid) covering the
container. With this proposal it is tried to avoid the nonlinearity and the non-convexity of these problems due to the
overlap constraints. Another advantage of this model is that the
binary decision variables only depend of the different item type
this is suitable for problems with few piece types. A general-

1789

International Journal of Applied Engineering Research ISSN 0973-4562 Volume 13, Number 3 (2018) pp. 1784-1790
© Research India Publications. http://www.ripublication.com
[16]

FUTURE WORK
A future research is to study the use of evolutionary
computation to cope with large dimension of arising problems.
Another area for future study is to use a hybrid solution strategy
combining integer formulations and heuristics as good initial
solutions.

[17]
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