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Abstract:
In semi-simple ring Rg,» = %, where p and ¢ (of type
8k + 1) are distinct odd primes, n is a positive integer and order

(™)
2

of ¢ modulo 8p™ is , expression for primitive idempotents
are obtained.

Generating polynomials, dimensions and minimum distance
bounds for the cyclic codes generated by these idempotents are
also calculated.
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1. INTRODUCTION

The group algebra F'Cgpn, F' is field of order ¢ and Cgpn
is cyclic group of order 8p™ such that g.c.d.(¢,8p) = 1, is
semi-simple having finite cardinality of collection of primitive
idempotents which equals the cardinality of collection of ¢-
cyclotomic cosets modulo 8p™[11]. The primitive idempotents

of minimal cyclic codes of length m in case, when order of g

modulo m is ¢(m) for m 2,4,p", 2p™ were computed in

[6, 9]. The primitive idempotents of length p™ with order of ¢
(")

modulo p™ is were obtained in [10] and minimal quadratic

residue codes of length p™ in [7]. Cyclic codes of length 2p™
#(2p™)

2
in [8]. Minimal cyclic codes of length p™q, where p and ¢ are

over F', where order of ¢ modulo 2p™ is were discussed
distinct odd primes were derived in [1, 3]. Further, when order
of ¢ modulo p™ is ¢(p™), the minimal cyclic codes of length 8p™
were discussed in [4, 5]. Irreducible cyclic codes of length 4p™
and 8p™, where ¢ = 3(mod 8) and p/(q — 1) were obtained in
[2].

In present paper, we obtained cyclic codes of length 8p™ over
F where ¢ is of the form 8k + 1 and order of ¢ modulo p™ is
%. The g-cyclotomic cosets modulo 8p™ are obtained in sec-
tion 2 and corresponding primitive idempotents in section 3. In

section 4, we discussed generating polynomials and dimensions

*corresponding author
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for the corresponding cyclic codes of length 8p™. The minimum
distance or the bounds for minimum distance of these codes are
obtained in section 5. At the end, an example is discussed to

illustrate the various parameters for these codes.

2. CYCLOTOMIC COSETS

Let S = {1,2,...,8p"}. For a,b € S, consider a ~ b iff
a = bg*(mod 8p™) for some integer i > 0. This is an equiva-
lence relation on S. The equivalence classes due to this relation
are called g-cyclotomic cosets modulo 8p™. The g-cyclotomic
coset containing s € S is Q, = {s, sq, s¢>, ..., s¢"* 71}, where
t, is the smallest positive integer such that sq's = s(mod 8p™).
Lemma 2.1. [[8],Theorem 2.5] If@ is the order of q modulo
p", then the order of ¢ modulo p is w ,0<i<n—-1.
Lemma 2.2. [f @ is the order of q modulo p", then for
0 < i < n—1, order of ¢ modulo 2p™ ", 4p"~" and 8p"™~"

$(p" ")

n—1

is
o(p™)

2
Proof. Since is the order of ¢ modulo p”, therefore by

lemma 2.1, order of ¢ modulo p"’i is @, 1<i<n-1.

Hence ‘
o ")
2

q = 1(mod p" ") 2.1

Since q is of the form 8k + 1, therefore ¢ = 1(mod 2). Hence,
“2— = 1(mod 2). As ged(2,p"~") = 1 and order of ¢
LT w “2— = 1(mod 2p™~). This im-

2®" ") s the smallest integer for which (2.1) holds.
Hence order of ¢ modulo 2p™ 7 is % Similar, result holds
O

modulo p ,S0q

plies that

n—u

for 4p™~% and 8p

Lemma 23. For0 <i<n—1land0 <k < 220 _q,
T # ¢*(mod 8p"~%), where T = A = (1+2p") or T = p =
204+2p™)orT=v=(1+4p™) or T = x = (1 + 6p™).

Proof. Proof can be obtained by using lemma 2.1 and lemma
2.2. O

Lemma 2.4. Let p be an odd prime. Then there exists an integer

g, 1 < g < 8p and is primitive root modulo p. Further when


server
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p is of the form 4k + 1 then order of g modulo 4 and modulo 8
is 2, and when p is of the form 4k + 3 then order of g modulo
4 is 1 and modulo 8 is 2. Also, if q is any prime power and
g.c.d.(q,p) =1, then g & {1,q,¢>, ...,q¢(2p)’1}.
Proof. Consider the complete residue systems,
{0,1,2,...,p — 1} modulo p, So
> ={0,1,2

so there exist an integer v € S}, such that 2v —p = 1. Let

Sp
{0,1} modulo 2, and
s .-y 2p — 1} modulo 2p. Since g.c.d.(2,p) = 1,

a be any primitive root mod p in S,. For p = 1(mod 4), let
g = 2av + tp + 6ap(mod 8p) where ¢ is a prime of the form
8k1 + 3 implies g = a(mod p). Hence g is primitive root mod-
ulo p. Now, g = 2av+tp+6ap(mod 8) where t is a prime of the
form 8k1+3, so g = 3(mod 4) as p is of the form 4k + 1. Hence
order of g modulo 4 and modulo 8 is 2. Now for p = 3(mod 4),
let g = 2av + tp + 4ap(mod 8p) where ¢ is a prime of the form
8ko -+ 7 implies g is primitive root modulo p and order of g mod-
" 1Y s0
=o0(q%). As
modulo 8p. This

ulo 4 is 1 and modulo 8 is 2. Let g € {1,q,¢>, ...

g:qiforsome1<i<M

d)(p)

— 1 equivalently o(g)
.50 0(q') < ¢(P)
implies o(g) < ‘W’ ) modulo 8p, but order of g mod 8p is ¢(p),

order of ¢ modulo 8p is

hencegg{l,q,q R m})*l} O
Lemma 2.5. There exist a fixed integer g satisfying
ged(g:2pq) = 1,1 < g < 8p,g # q"(modp) where
0 < k < %2 — 1 such that for 0 < j < n—1,
nej n—j
the set {1,q,¢% ...q” = 1.9,90,90% .9¢” 71}
forms a reduced residue system modulo p"~7 and the set
9 s I) 2 eI 4
{L,a,¢*, a7 "19,90,94% ....90 2 s A AG, -y
n—j n—j n—j
AP ‘17A97qu,~~~7kgq¢(p2 v g, vg T
("I (Lt ]
vg,vgq,...,vgq 27 7X X4 - Xq 2 )
X9, X9G; --- X99 ) 1} forms a reduced residue system

modulo 8p"7.
(p)

5 There-

are incongruent mod-

Proof. By lemma 2.1, order of ¢ modulo p is

o(p)
fore the numbers 1,q,¢2,...,q" 2 ~*

ulo p. As there are exactly ¢(p) numbers in the re-
duced residue system modulo p.  Therefore there exist
a number g satisfying gcd(g,2pq) = 1,1 < g <
8p,g # ¢"(modp) for 0 < k < @ — 1. Then the
set {1,q,q2,...,q@_l,g,gq,gqa...,gq% 1Y forms a re-
duced residue system modulo p. Since for 0 < k <
@ — 1, g # ¢"(modp). It follows that g #
¢"(modp™~7) for 0 < k < ¢(”” ) _ 1. Hence the
set {1,q4,4%,....q S 19,94, 9q 7...,gq¢<pnﬂ ~11 forms

a reduced residue system modulo p" 7.

Similar result holds to show that the set

150

o™ TI) o™ 79)
{L,g,.na = Y g9,9¢...9¢ = 1,
n—j
Mg, AT T g,
o™ ") o™ I
AGQ, s Agq 7 T vvg,eavg T vg vgg,
¢’(Pn J) —1
vgq 2 )
¢(p"_j)_1 2
X> X455 Xq 2 » X9, X949, X995 -+
n—j
ngqb(pz )’1} forms a reduced residue system modulo
8pn. O

Theorem 2.6. The (16n + 8) g-cyclotomic cosets modulo 8p™

{0,1,2,...,7} and for 0 <
1, Qi ={bp’, bp'q, bp'q?, ..., bpiquzﬂ N beB=

{1,2,4,8, X\, 14, v, X, 9,29, ..y XG}-

Proof. g = {0} is trivial. Since ¢ is of the form 8% + 1, so

p"q = p™(mod 8p™) and hence Q,» = {p"}.

Similarly, Qqpn = {ap™} fora € A.

p(" =Y
2

are Qgpn = {ap™}, a € A =

1< n—

= 1(mod 8p"~%), equivalently

By lemma 2.2, q
piq¢(p§ . = p'(mod 8p™).
Therefore, Q,:={p", p'q, p'¢>, ...
Similarly, Qy,:={bp’, bp'q, bp'q?, ..., bp’ ¢* _1} for beB.
Obviously, || = 1. Also, |Qapn| = land [Q,:| = LIy
n— 1 n—i
Therefore, Y\, \Q”:Zz 0 ¢(2 ) = (§)+¢(2
¢(p" D ¢( ) _ p'=1

2
Hence 1>, Qapn| + 3

V¢

8p™.

77.1)

,1}

("~
2

,0'q

2 4

O

h (254

3. PRIMITIVE IDEMPOTENTS

Throughout this paper, we consider that « is 8p™th root of unity

in some extension field of F'. Let M, be the minimal ideal in
Flx sp™

Rgpn = <z8p7[1, ] ( (I) s

ms(x) is the m1n1ma1 polynomial for a®, s € 4. We denote

where

= FCgpn, generated by

P,(x), the primitive idempotent in Rg,n», corresponding to the
8p"—1

o Z pix® where

minimal ideal Mj, given by Pq(

pi = Z a and Z, = Zx

SEN SEN
Then,
n—1
T+ S 7l 6
a€h 1=0 beB

Lemma 3.1. For any odd prime p and a positive integer k, if 5
is primitive p*th root of unity in some extension field of F, then
(%)

| {

-1

> (BT 45 =

t=0

~1, k=1

, when q is quadratic
0, k>2
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O 1, k=1
residue modulo p* and Z BY = ’ , when q
o 0, k>2
is primitive root modulo p*.
Proof. By lemma 2.5, the set
2 M,l 2 M,l .
{Lg.¢* .a > 1,9.99,9¢%, -..,9¢" = ~'} is a reduced
””(gk)fl 1

residue system (mod p*). So, Z (ﬂqt +ﬁg‘1t) = Z Bt —
t=0

t=0
P pF1
IR S
t=1,p/t t=1
If k =1, then — P = —1. If £ > 2, then P # 1, therefore,

k—1

g (8" —1)

Z Pt =pr(1+ P + ... Jrﬂpk_l) = IBPW = 0. For
t=1
the remaining see [[3], lemma 4]. O

Lemma 3.2. For0 <i<n—1,X2Q, = 1*Q, = x*’Q, =
Qpi = )\Qkpi = I/Qypi = XQXpi and /,L2Qpi = 4Qpi =
/LQupi = QQgpi = Q4p7‘.

Proof. Since A2,v2, x> = 1(mod 8p") and u?® =

4(mod 8p™), the required result holds. O
Lemma 3.3. For Qpn, Qgpn, Qgpn, Q4pn, Q5pn, Qﬁpn and
Q7pn, Qpn = 7Q7pn, Qgpn = 7961)", Qgpn = 7Q5pn and
Q4pn = —Q4pn.

Proof. Proof of these are trivial. O

Notation 3.5. For 0 < j < n — 1, define

Lemma 34. For p = 1(mod 4), Q,, = —Q4 and for p =
3(mod 4), Qyg = —Qy or Qxg = —Qy according as n is odd
or even.
Proof. For p = 1(mod 4), x = —1(mod 8) and q%n) =
—1(mod 8). So, Xq%n) = 1(mod 8). Also, x = 1(mod p")
and qmim = —1(mod p™), thus xq 2 —1(mod p™).
As (8,p™) = 1 from above relations, qub(%n) = —1(mod 8p™).
Hence, 2, = —Q;.
If p = 3(mod 4) and n is odd then clearly x = 3(mod 8) and
g = —3(mod 8), then xg = —1(mod 8). Also, ¢* = 1(mod 8),
s0 xgq® = —1(mod 8).
Now qd)(gn) = 1(mod p") and ‘b(gn) is odd, thus ¢* #
—1(mod p™) for 0 < k < @ —1.
The set {1,q,q2,...,q‘ﬂ%n)_l,g,g%gq% ...,gq%_l} forms
a reduced residue system modulo p”, so g¢* = 1(mod p™) and
X = 1(mod p™). Since (8,p™) = 1, therefore ng%n) =
—1(mod 4p™) and hence €2, , = —€;.
If p = 3(mod 4) and n is even, then clearly A = 3(mod 8) and
g = —3(mod 8) so \g = —1(mod 8).
As ¢* = 1(mod 8), so A\gq® = —1(mod 8). Similarly as above
gq® = 1(mod p™) and X = 1(mod p").

o(p™)

Thus, Agq™ % =
holds. H

—1(mod 4p™) and hence the result

Aj=p Z o, Bj =p’ Z as,Cjzijas,Djzpj Z o, E; =p Z o, Fj =p’ Z o, Gj =

seQ se) sefd

AgpJ

se€dy i seQdy i se€dy 5

i Z of, Hy =p/ Z af, I =p’ Z af, Jj=p’ Z o,

ssQ4gpj SEQ4PJ' SEQSQPJ'

seQ)

8pJ

Here, Ag = Aj,s0 A; € F. Similarly B;, C;, Dy, E;, Fj, Gj, H;, I; and J; all are in F.

Theorem 3.6. The explicit expressions for primitive idempotents corresponding to cyclotomic cosets Qy, Qpn, Qopn, Q3pn, Qapn,

Qspn, Qepn and Q7pn in Rgpnare given by

n—1

Py(x) = 520 + Zpn + Zopn + Zapn + Zapn + Zopn + Zepn + Zrpn + Z (Zpi + Zopi + Zapi + Zgpi + Zps

=0

+ 71@” + Zwa" + pri + ngi + 7291)1' + 74910" + 7857101' + Z/\gpi + 7#9171' + ngpi + 7)(91)1' }]

Py (2) = s

p

n—1
3pn+i— ‘ 2pn+i— ‘ z = 3)\pn+i7 ) 2pn+i— ) 3pn+i
+ E {_Oé Z i — 221)1 _Z4p1 +ng1 — Z)\pl +a ZNP1' +O¢ Z
=0

prtiz iy S 3\p
+ « ngz + « ZQgpl Z4gp1 + ngpz + «

Popn (z) = s Z0 — CVQP%ZP" - 72?" + a2p2n73p" +74p" - 0‘2p2n75p” - ZGP" + 042p2n77p” + Z {_a2p Z pi

8p™

= = = 2pn+z‘— ] e 2pn+i—
—ZQPz+Z4pz+ngz+Oé Z/\I)l_ZM —

2pn+i— o E— ) 2pn+i—
o Z)\gpz Z'ugpz + (07 Z

pi
nti—
var = &7 Zygpi}]

Zypi + o?

— 2n— 2n — 2n— = Q. 2n— 2n— 2n—
ZO — O[3p an — Oé2p ngn —aP ngn — Z4pn + O[‘Sp Z5pn + O[2p Zﬁpn + aP Z7pn

— nti—
me —_ agxp ZXpi
nti— opntis 3pntis 3Ap i
L 4 L 4 . vy .
Zagpi — Z pgpi — Zygpi — Zgpi 1]
n—1

nti—
p
=0

nti— nti— — _ _
D ) 2p ) ) ) )
Zpi + 0% 7 i A+ Zopi + Zygpi + Zgpi
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_ 1 7> 2n— 2 2n > 3 2n— =3 2n— 2 2n—7 3 2n—7
P3pn(f£) = 8;)7"[20 —aP an + « P ngn — P Z3pn — Z4pn =+ aP Z5pn — aP Zﬁpn + « P Z7p'n.

n—1
ndi— ni— — — ndi— ndi— ni— ni—
§ P ) 2p ) ) ) Ap ) 2p ) P . P
+ {705 sz + (8] Z2p1, — Z4p1, + Zspz — Z)\pz — Z'upt + (6% ZVp'L — OéX Z
=0

nti— nti— — — ni— nti—
p _ 2P o ) ) Ap ) 2p
+ « ngl « 229177, Z4gp7, + Zggpz + « Z)\gpz + « 7

xp?

n+i—r: n4i—
i —aP Z,jgpq‘, - Oz/\p

Hgp xgp* H

n—1
P4pn (J:) = 81.%[70 — 7pn + ngn — ngn + Z4pn — 75pn + 76]311, — 77pn + Z {77:01' + ngi + 74:01: + 781711 - 7)\1,1,
i=0
pi = Lot — Lyt T Lagpi + Lagpi + Lsgpi — Zagpi + Zugpt = Lugpi — Zxgpi ]

+7Mpi -7,

15 392" 22T 2n = —= 392N 22N> 2n—
P5pn(.’1,‘) = &pn [ZO + a°P an — P ngn + a? ngn — Z4pn — P Z5pn + P Z6pn —aPf Z7pn

n—1
3 n+i—: 2 n+i—: —_— —_— 3\ n+i— 2 n+i—: 3 n+i—: 3 n+i—
=+ E {ap Zpi—ozp Z2pi—Z4pi+Z8pi+(X p Z)\pi—i—ozp 7,0 —a°P Zupi—i—axp Z

pp? xp?
i=0

- 3pn+i— ) 2pn+i— ) _— ) E— o 3)\ n+i—: o 2pn+i— ) 3pn+i 3)\p"+1
Q ngz + « Z29pz Z4gp'b —+ Zggpz « Z)\gp «Q Z#gpz + « Z z + « Xgp }]
n—1
2n — 2pntTi=

P6pn( ) [ZO +a2p Z n — ngn — p Z3p + Z4p + « p Z5pn — Z6pn - a2p Z7 n + E {O{ P Zpi

) n+i— ) — 2p n+i— ) 2pn+i— ) 2pn+i— v = — v — v
—Z2p +Z4p +Z8p —OL Z)\pl _Zup +a ZVpl — Zsz — X ng1+Z2p1+Z4gp7‘+Z8gp7‘

n+17 Z ) 2pn+i7 ] n+1—

+a? Agp? pgpt — & vopt + O g }]

o 1 — pZn* 2p2n* 3p2n* — anf 2p277* 3172717
Prpn(z) = W[ZO + P Zpn + 0P Zopn + %P Zgpn — Zapn — &P Zgpn — QP Zgpn — P Zpn

-1
+ Z {ozanrinq: + a2pn+iZ — Zypi + Zgpi + o Z\pi — a2pn+i7wi — apn“.?,,pq: - a/\pn+i7Xp7: — apnﬂqui
_ QQPHHZQgp 74gpi + ngpi —at +L7)\gp + ao? +1Z'ugpi + O[p"+z7,/gpi + ot "+1 Xgp }]
Proof. To evaluate Py(z), take s = 0 in (3.1), then p? = Z a® =1forall 0 < k < 8" — 1. Therefore, Py(z) = 3
seQg
n—1
Zpn + Zapn + Zapn + Zapn + Zspn + Zepn + Zipn + Y _{Zpi + Dopi + Zapi + Zspi + Zapi
i=0

+ Zup'i + ZVp’i + Zx;n'i + qui + 729101' + Z4gp'i + 789171' + 7Aypi + Zugpi + 7V9pi + ngpi 1
For evaluation of P, (z), take s = p™ in (3.1), so we have to compute p}, for k =0, p", 2p™, 3p™, 4p™, 5p™, 6p™,
", ', 2pi 4p’, 8p", Ap', upi vp', xp', gp', 290", 49p", 8gp’, Agp', ugp’, vap', xgp'.

o n .
Here, pi g a ks PR — "k using lemma 3.3.
s5€Qpn
p" p" _ _ _
Therefore, py = —py,n = p4p psp = —p4gp psgp =1,
p" o 3 _ 3 2n _ 2 2n p" o p" _ —2n
Ppr = p]gp ==, Popn = p]ép ==, Pyn = —prpn = —al
pn _ _ n _ p"+i
P Pt pﬁp B pp =-r, Vgp -« ’+v
» B gpn+i
= - =— = — = —«
Papi = pup p2gp pugp !
p" 3Ap" T
= =— = — = —« .
Ppi “Pypi p Agp? p xgp*

— 2n— 2n— 2n— =3 2n— 2n— 2n—
Hence, Ppn (CC) = #[ZO - Oé3p an — a2p Zzpn —ab ngn — Z4pn + a3p Z5pn + a2p Zﬁpn + o Z7pn

n+i— n+z R R n+z n+z n+i— n+i—r:
+ > {7, - Zopi — Zapi + Zgpi — 0 2y + 0 7 + 0% Z e — a7

vp xpt

N n+i—r: n—+i— E— E— n+1— n4i— n—+i— +L—
+ 0P Z i + 0P Dy — Zagyi + Zggpi + PN Ty i — a7 i — 0P g — P70
Similarly, Popn (), Pspn (2),Papn (2),Pspn (2),Pspn () and Pryn () can be obtained using lemma 3.3.

Lemma3.7. For0 <i:<nand0<j<n-—1,

152
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D ifij >,

S s o 3 s o S gt o S gt gl a1 g4
serj seﬂxpj seQij seﬂxpj %Hi-‘r]‘a Zf i +] <n-— 17 g= 1.
G ifit >,

Z aB9P's — Z aB9P's — Z aB9P's — Z aB9P's — ﬁIiHv ifi+j<n-—-1, g#1,

<0y s s O gy ifiti<n—1, g=1.
¢<p’;—-7'>_1 ¢<pg—-7'>_1
Proof. Here Z ator's — Z Q (+2M)ep et Z atorat — Z ator's
sstj t=0 t=0 ssﬂpj

¢(P27j) -1
Let 3 = a*”"" . Then, Z otor's = Z Iz,
sstj t=0
d>(p7;7j) 1 )

i it n=J

If i 4+ j > n, then (8 is 2nd root of unity, therefore Z ator's — Z o' — —%,
serj t=0

Ifi +j < n—1, then B is 2p"*~9th root of unity, then ngl = (99" if and only if g¢' = gq" (mod 2p"~*=7) if and only if

¢<pg—-7'>_1 " ¢<p”;"—f>_1
I itj 1
| = r(mod 22" ")), therefore > et = M poe’ = p—j > B = EGFFj.
ssﬂpj t=0 p t=0
Similarly, using lemma 3.2, the result holds for other expression. O

Theorem 3.8. For p = 1(mod 4), the expressions for primitive idempotents corresponding to Q4,,; and Qg,; are given by
n—1

P4pj (.’E) = 8}1)" [@{70 - 71)71 + ZQPTL — ngn + 741771 - 75pn + 761}” — 77}71;} —|— ¢(p7217]) Z {—7p1

i=n—j

+ 72pi + 7419: + ngi — ZApi + Zﬂpi — Zypi — pri — ngi + 729pi + 74gpi + ngpi — 7>\gpi + 7#gpi — Zl,gpi
n—j—1
— ngpi} + E Z {Hi—i-iji + JH_]'ZQPi + Ji+jZ4pi + JH_J'ngi + Hi+jZ)\pi + JH_J'Z#pi + Hi-l—jZl/pi + Hi+jzxpi
=0
=+ Gi+ngpi =+ IZ‘_J’_jZQgpi =+ Ii+jZ4gpi + Ii+nggp'i + Gi_;,_jZ)\gpi =+ IZ‘J’_]'ZI_Lgpi =+ Gi+jZng'i + Gi+ijgpi}]

‘ iy n—1 =
Py () = 5 [282{Z0 + Zpn + Zape + Zapn + Zagn + Zspn + Zopn+ Zrpn} + 22520 N~ {7,

i=n—j
+ ZQPi —+ Z4pi —+ ngi + Z>\pi —+ Z/Lpi —+ Zypi —+ pri + ngi + ZQgpi + Z4gpi —+ ngpi + Z}\gpi —+ Z/Lgpi —+ Zl,gpi

n—j—1

—+ ngpi} + E Z {Ji+iji + Ji+jZ2pi + Ji+jZ4pi + Ji+stpi + Ji+jZ)\pi + JH_J*Z#Z,I' + Ji+jZVpi + Ji+ijpi
i=0

—|— Ii-‘ergpi + I’i-‘,—jZQgpi + Ii+jZ4gpi + Ii-‘erngi + Ii-‘er)\gpi + Ii-‘y—ijgpi —|— Ii_l,_jZngi + Ii-‘erXgpi }]
where Gy = $p" 1 (/p+1), Hyo1 = 5p" H(\/p—1), In—1 = 39" (/p—1), Ju—1 = 50" (—/Pp—1) for p = 1(mod 4) and
Gno1=3p" "1+ v=p), Hoo1 = 5p" (1= /=p), In—1 = 5" (V=P —1), Ju—1 = —3p" " (V/=p+1) for p = 3(mod 4)
andforallj <n -2 G;=H; =1; =J; =0.
Proof. To evaluate Py, (z), take s = 4p’ in (3.1), so we have to compute pipj for k = 0, p", 2p™, 3p™, 4p™,
5p™, 6p™, Tp", p', 2p", 4p*, 8p", \p*, up*, vp', X', gp', 290", Agp*, 89", Agp’, ngp', vgp', xgp'-
Since in this case §14;,; = —{1y,,;, using lemma 3.4. So, pipj = Z a~ %k = Z atks,

SEQ4pj ser]‘
Therefore, using lemma 3.7, we have
ap’ _ apd _ apd _ Apt  Apt _ ap? _ apt _ Apt (")
Po = —Ppn = Papn = TP3pn = Papn = ~Pspn = Pepn = ~Prpn = 2
n=jy L.
_¢(P )7Zfz+.72n7

4p.7 4p'i 4p.7 417'7 3
Ppi = Pxpi = Pupi = Pypi = e
P P vp Xp {pleHj,zfqu]Snl,
. . . . dE"TT) es i
p4pJ‘ _ p4pJ‘ _ p4pJ‘ _ p4pJ _ 2 ) Zf 1+J2n,
oo T i if it <n- 1,
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n—j Lp . .
P4p =p  =p :p4p]v: _%’lfz—'—jzn’
gp* )\gp vgp* xgp* p%G1+J’ 'sz"i_] <n-1,
_4apt apd { w’ ifit+j=n,

Pogpi = Pagpi — i = i
gp gp 8gp Hgp 1 e .
I?Ii—‘rja le+] S’I‘L*l,

SO, P4pj (1’) = 8[1)" [@{70 - an + 72pn - ngn + 74pn - Z5pn + ZGZD" - Z7 n} + ¢(p Z

+ 722,«; —+ 74171‘ —+ ngi — ZAPi —+ Zupi — Zypi — pri — ngi + 7Qgpi + 74gpi + ngpi — Z}\gpi —+ Z/Lgp Zl,gpi

n—j—1
xgp }+ pj Z {HH-JZ + JH-JZQp + JZ+JZ4p + JH-JZSp +H1+]Z)\p + JH-J pi T Hi-i-sz/pi ‘|’Hi+ijp
=0
+ Gi+ngpi + Ii_;’_jZQgpi + Ii+jZ4gpi + Ii+jZ8gp'i + Gi+jZ)\gpi + Ii+jZngi + Gi+jZng'i + Gi+jzxgpi}]
Similarly, using lemma 3.7, we can evaluate P, (). O

We can obtain the expressions for Py, (), Py, () by interchanging G and I by H and J respectively in the expression
of Pyyi(x), Py,i(x) for p = 1(mod 4). The expressions for Py, (x),Pspi(x), Pagpi(x) and Pgg,i(x) above also represents
Pygpi (), Pggpi (), Pyyi(x) and Py, (x) respectively in case when p = 3(mod 4).
Lemma3.9. For0<i<nand0<j<n-1,

. . . o) opiti .. N

5€Q2,; seQ?, j se€dy g EEH‘J" Zf i+j<n-—1

¢@"7) 2ptti L.
i i 25 o ifi+j>n
E a2ps: E a?ps: § aups: 12 . .’. ’
I

52,5 s, 5 s€Q, 5 Fiyj,ifi+j<n-—1
Proof. Proof can be obtained on similar lines as that of lemma 3.7 and using lemma 3.4. 0

Theorem 3.10. For p = 1(mod 4), the expressions for primitive idempotents corresponding to $y,; and §2,,,,; are given by

n+j i

n—jy — ntj +i—= — J— —
P2pj (];) = S;n [¢(p2 ){ZO —a?p JZ n — Z2p77 + a?P JZ3pn + Z4p" —_o?p Z5pn — Z6pn + o?P Z7p }

n—1

n—j it — — —= —= i+i—= = i+i—= iti— it+i—

+ 20 NS A0 — oy + Zayi + Ly + 07 Do — i — 0 L + 0 L+ 0 Z g

i=n—7

n—j—1
— — - 2 iti—= 2piti= 2 l+J*
+ Zogpi + Zagy + Zsgpi — Zagpi — Zpgpi + &% Zygi — P 7 b+ — > Z {~FijZyi + HitjZoyi
1=0

+ J1+J74p" + Ji"erSpi + Fl-‘,—jz)\pl + Hi+j7/Lpi - Fi-‘y—j?Vpi + Fi+j7xpi - Ei-‘ergpi + Gi-‘,—jZQgpi + Ii+j74gpi
=+ IZ‘J’_nggpi =+ Ei+jZ)\gpi + Gi+jZ#gpi — Ei+qugp’i + Ei-l-ijgpiH

+i

Pﬂpj (:L‘) = 8;” [m{ﬁo + azpn an — ngn — a den + Z4pn + a2p Zspn — ZGp" — a Z7pn}

+ ¢(P;73) Z { 2p1+J Z2p + Z4p + ng 2 7 ZAI) 7/”)1' + a2pi+j71,pz‘ — Q2pi+j7xpi — O[QpiJrj?gpi
i=n—j
1 n—j—1
- - - it - i it
— Zogpi + Zagyi + Zsgy + & Zygpi — Zpgp — &P Ly + &% 2 gpi b+ — 5 Z {Fis;Zpi + HiyjZopi

=0
+ Ji+jZ4pi + Ji+jZ8pi — zJFJZ/\p + HZ+]Z i + F¢+jZ,,pi - Fi+jZXpi + Ei+ngpi + Gi+j229pi + Ii+jZ4gpi

+ IiHZ&qpi + Eiﬂ'Z/\gpi + Giﬂ’Z/tgp"' + Eiﬂ‘ngp" - EiJerxgpi}]'

where E,,_y = +/—p2n—1 —2p2(n=1)  Lyn=1 p | = L/ _pan—1_9p2n=1) 4 1pn=1 for p = 1(mod 4) and E,,_1 =
L /B3pn—1+ LU By = —2/3p2n—1 4 Lpn= for p = 3(mod 4) and for all j <n — 2, E; = F; = 0.

Proof. Proof can be obtained on similar lines as that of theorem 3.8 using lemmas 3.7 and 3.9. O

We can obtain the expressions for P, (), Pagpi(x) by interchanging £ and G by —F and H respectively in the expression

of Pyyi(x),P,yi(x) for p = 1(mod 4). The expressions for Py, (x),P,

Pogpi (x),P,gpi (), Paps () and P,,,; () respectively in case when p = 3(mod 4).

pi (1), Pogpi(z) and P4, (x) above also represents
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Lemma3.11. For0 <i<nand0<j<n-—1,

; ) ) "I piti s .
Z QdP's — Z a IP's — Z Qrop's _ T« ,ifi+j>n,
ﬁAiﬂ', ifi+j<n-1.

serj seQM’j seﬂupj
) ) ) d@" ) Apti e -
E a)\gp”s — E augpls — E agp’s _ { - 2 Q 77’f t+72n,
1p . if g i _
seﬂpj seQij seQij FBH‘J ’ Zf v+ J =n L.
v _ _ S I) piti . .
Los, o ifq i _
seﬂpj SEQAPJ' seQij CH‘J ’Zf t+7 =n L.
) ) dP" 7)) Apiti e s
s s al,ps:{ T yifi+32>mn,
SEQP]' seQij seQApj EDH‘] ’ Zf ¢+ J =n L.

Proof. Proof can be obtained on similar lines as that of lemma 3.7 and using lemma 3.4.

Theorem 3.12. For p = 1(mod 4), the expressions for primitive idempotents corresponding to §,;, Qypi, §

given by

Py

n—1
nti= n—j it opitis = - iti
+ o Z oy + 2L N (a2 — 0 Dy — D+ Ty — o D

inj

n+J

it+i—= i+i——
Zypi + ad

njl

Z {~Di;Zyi — FiyjZopi + HijZupi + JivjZspi — CitiZapi + Fiyj Zppi + Diti Zypi + Citi Zypi
=0

- Bi+J ngl — Eiy ZQgpi + Gi+j74gpi + Ii+j789pi - Ai+j7>\gpi + Ei+j7ugpi + Biﬂ'ZVgpi + AiHngpi}]

1 (™) nti— 2pntie 3pn i 4 nti— 2pn i
Pypi(z) = —Spn[ 5120 —aP " Zpn + 0P Zopn — P Zzpn — Zapn + P Zgpn — P

n—1
nti—= n—j itj— iti— — _
+ " L+ 20 N Al Z e+ 0 Dy — Zay + Dy —

i=n—j
2p i+

ngi — Z2gp 74gpi + ZSgpi + (6%

)\pH—j -

)\pi+j— ) pi+j Ap iti— +J— o
+ o Zypi + Z \gpi +a? Z gpi — Q@

n—j—1

iy 1 _ _ _ _ _ _ _
— a)\ZD Xgp }+ p] Z {_Ci-i-iji + Fi+jZ2pi + Hi+jZ4pi + Ji+j28pi - Di+jZ)\pi - Fi_;’_jZ#pi + Ci+jZV

=0
+ D Z A1+JngL + Ei-‘erQgpi + Gi+jZ4gpi + Il’+jZ8gpi - Bi-‘er)\gpi - Ei-i—ij.gpi + Az+]Z
+ BitjZxgpi }]
1 "I = iti opntie ntj— = nti— opnti

ng]‘ (-'L') = W[%{ZO + Oé/\p an + « P Zzpn + OZ3)\p Z3pn — Z4pn — Oé)\p Z5pn — a“P

n—1
it+i—= n—j itj— itj— - - it —

— &N Z b+ 22 N {0 7+ 0 Dy — Dy + Ty + 0P Dy — 07

i=n— ]
itj— itj— piti = - - iti=
_aP AP o ) ) 2p
Q0 Zsz o ngz Oé Zzgp Z4gp1 + Zggpz Z)\gpl + o Zugpl + [0

n—j—1

1

- Diﬂ'?gpi - Fi+j72gpi + Hi+j74gpi + JiHZSgpi - CiJrJ'?)\gpi + Fiﬂ'?ugp" + Diﬂ'ZVgp"' + Ciﬂ'jxgp"}]

1 (") & nti— p" i - nti— opnti
P)\gpj (Qf) - W[#{ZO +Olp an - Oé ng + « 3p" ngn — Z4pn —aP Z5pn + o P
n—
n+] n—j iti—— l+] - - Apiti—= 2
- Zope} + 22520 N {a? 7, - Zoy — Zagi + Zspi + " Zypi + P
i=n—j
e it sl N S e Vsl - sk A Pt
«a Ly — & i +a Zogpi — Lagp: + Lggpi — Zngpi — @ Zugpi + @
n—j—1
HrJ
+ o

=0
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1 o™ At 3Ap" i — At
J(x)—spﬁ[¥{Zo—a P an—Oé ngn — a°"P Z3pn—Z4pn + « P Z5p +Oé

iti— iti—
» Zﬂpi+oﬂp Z

Pt — = itj— itj— i
) ) P o 2p AP
Z i+ P ZQQP Z4gp7, + Zggpl + « ZAgpl « Zugpz «

it i
Z)\pi —a? Zﬂpi + aP

iti—

)\+J

T > {-BitiZp — BijZop + GitjZap + Liy; Zsps — AiyjZpi + Biyj 2y + Bii Zup + Ay Zxp

it

xgp }+ DI Z { AH-JZ + EH-JZQp + GZ+JZ4p + IH-JZSp Bi+j7>\pi - Ei+.7'7upi + Ai+j7

O

pi and Sy are



+ Bl+ Z — CZJFJZ i + Fi+j72gpi + Hi+j74gpi + Ji+j78gpi — Di+j7)\gp77 — i+j7ugpi + Ci+j7,jgp1,
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+ DitjZgps } ]
where A;y;, Biy;, Ciy; and D, ; are obtained by the following relations:

and

and

An_1Bp1+Cho1Dpq = _%p(2n71) _ %pg(n,l)
An_1Dp_1 + By 1Cp_q = —p—1
A+ Br  +Cr + Dy =0
Ap-1Cno1 + Buo1 Dy = 3p@n =D 4 5p* 7Y forp = 1(mod 4)
A, 1B, 1+Ch_1D,_1 = _p(2n71)
An_1Dp1 4+ Bpo1Cpoq = ,lp(anl) ~1 p2n=1)
A2 4+ B2 +C2 + D2 = 1ptn 1) 4 Lp2n-D)
Ap-1Cpo1 + By-1Dy—y = 0 for p = 3(mod 4), n is odd
Ap 1By 1+Ch_1Dyq = —2pn—1) +p2("_1)
Ap 1Dy 1+ B, 1Cpy = 3pn=1) — Lp2(n=1)
A2+ B2 +C? +D? | =—ptn- 1) p2n=D)
Ap1Cn1 + Bn_1Dn—y = 0 for p = 3(mod 4), n is even

andforallj <n—2 A;=B; =C; =D; =0.

Proof.

The expressions for Py (), Pypi (), Py,i(x) and Py, () above also represent Py,; (), Pygpi (), Py

Proof can be obtained on similar lines as that of theorem 3.8 and using lemmas 3.7, 3.9 and 3.11.

O

(x) and Py; () respec-

tively in case when p = 3(mod 4), nis odd and P, g,; (), P, 4pi (%), P,p; (x) and P, ,; (x) respectively in case when p = 3(mod 4),

n is even.

Theorem 3.13. The expressions for primitive idempotents corresponding to §,,,i, QXpJ, Q,gpi and ngpJ are given by

1 n—i ntie ntie nti = i
Ppi(z) = g [¢(p N Zo+ a)‘p Zgn — 2" g + 0P Ly — Zan — " L a2
i n—j Apitis 2piti = = i+ 2piti
— oAy 4 ) § (7 — 0 i — Ty + Ty + 0P Dy + 07
i=n— j

it i piti - = pitie iti i+

N Ap ) ) . 2p . Ap
ol "2y — Zgpi + a?r Zogpi — Lagpi + Zggpi — Zrgpi — @ Zgpi +
n—j—1

+ Biﬂ ng — Eiy Z29pi + Gi+j74gpi + Iiﬂ'ZSgpi + Aiﬂ'Z/\gpi + Eiﬂ'Zugpi - Biﬂ'ZVgpi - AiHZ

P,

n+j
— o3P

—«

Dl_t'_]Z + Az-‘r]Z + El+j72gpi + Gi+j74gpi + Ii-‘rj?&qpi + Bi-"—j?)\gpi - Ei'i‘ij.g;Di - A2+J7

a9

Z {Di1;Z i — FiijZopi + HiyjZapi + JiijZspi + CiyjZapi + Firj Zppi — DivjZupi — CivjZyp
=0

) 1 (™) p i 2pn i 3pn i = pn i 2pnti
Xp;(x) = W[#{ZO_FO[ an + « ng" +« ngn —Z4pn — Z5pn —

i+

e
— n—j itj— itj— — — itj— i+j—
Zop} + 282 ™ o 7+ 0 Doy — Dy + Zsy + 0 D — 0 7y

i=n—7

iti— gt

\piti 5 it 2apiti — — \api i 5 9
P pri + 9P ngi + 9P Z2gpi — Z4gpi + Zggpi + 9P Z)\gpi —a 7

pgpt T &

n—j—1

xgp }+p Z {CH-]Z +FH—JZ2p +Hz+7Z4p +J1+]Z8p +DZ+]Z>\p FH—]
=0

i+3j

- Bi+J nypl }]

1 (™) A n+i— 2pn i 3Ap" i > Apntis opntis
P, gpi(z) = —811”[ 5120 — ™ " Zpn + P Zopn + P Zzpn — Zapn + P Zspn — P

+a?”

n—j—1

Z {Bi-‘erpi - Ei-‘erQpi + Gi+j74pi + Ii+j78pi + Ai-‘y—j?)\pi + Ei+j7,u.pi - Bi+j711pi - Ai+j7Xp

1
+ =

i+j

Z7 n} =+ ¢ J) Z {* j7pi + a2pi+_7‘72pi — 74:01' +78pi — OtijZ)\pi — a2p' .71471’

i=n—j
- \piti = opitie — — it 9pitie A\piti
pri + P ngi—ap ZQgpi_Z4gpi+Z8gpi +aP Z/\gpi + P Z“gpi—a Pz
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+ Diﬂ'?gﬂ - Fi+j72gpi + Hi+j74gp"' + Ji+j78gpi + Ciﬂ'?/\gpi + FiHZugp"' - Diﬂ'Zngﬂ - Ci+j7><gp"'}]

) 1 d,(p"*j) — n+tj— n+J n+]‘— — n+j-— o2p i
ngpg (l‘) gp™ [7{Z —ab Zpﬂ — Oé Z2pn — Oé ngn — Z4pn + aP Z5pn + « P Zﬁpn
n+J ¢(p" J) 2 i+j— - — Apiti= 2piti—= i+j—
+ « Z + E { p Z2pi —Z4pi+ngi —a’P Z)\pi—i—oz p Z#pi—i—ozp Zupi
)\pﬂrjf ) p1+1f ) 1+J — ] — ) Apt itj— 2p1+1— ) p1+1— )
+ Zypi +aP " Z i +a? Zogpi — Lagpi + Zggpi + P "Ly —a Zygpt — & " Zygpi
n—j—1
Apt +J 1 J - - - - - - -
— o Xgp } + — p E {Ai+iji + Ei+jZ2pi + Gi+jZ4pi + Iq;+jZ8pi + Bi+jZApi — Ei+j upt — Ai+jZVpi
=0

BHJZ i+ C%Jergpi + Fi+j72gpi + Hi+j74gpi + Ji+j789pi + Diﬂ‘Z)\gpi - Fiﬂ’?ugpi - Ciﬂ‘?ugpi
— Diy; ngp" 1
Proof. Proof can be obtained on similar lines as theorem 3.8 and using lemmas 3.7, 3.9 and 3.11. O

The expressions for P,,; (), Pyyi (), P,gpi(x) and P, i (x) above also represent P, (x), Py gpi (), P,pi(x) and P, (z)
respectively in case when p = 3(mod 4), n is odd and P,,; (), Pygpi(2), Ppi(x) and Py,; (x) respectively in case when p =

3(mod 4), n is even.

4. DIMENSION AND GENERATING POLYNOMIALS

If « is primitive 8p™th root of unity in some extension field of F', then m(x) = H (z — «®) denote the minimal polynomial for
seQdg

«®. Then the generating polynomial for cyclic code M; of length 8p™ corresponding to the cyclotomic coset 25 is ﬁ and the
dimension of minimal cyclic code M is equal to the cardinality of the class {2 [5].
Theorem 4.1. (i) The generating polynomial for the codes My, Mpn , Mopn , Mgyn , Mypn , Mapn, Mepm and Mz, are (1 + x +
22 4+ (2t = D) (@2 4 B) (e + )1+ 2 o+ 23T (28 — 2t 2? — D)z + B)(1 4 2B L 2B,
(z* = 1) (22 +B)(z+01) (A +a8 +...+28P" D) (27— 4 2® — 2t 423 — 2?42 —1)(1+28+...+23C" D), (24 = 1) (22 + B) (z —
(14284 ... +28P" D) (2t —1) (22 4+ B)(x— B) (1 + 28 +...+ 25"~V and (z* —1)(2® + B) (x — 61) (1 + 2B + ... + 25" 1)
respectively, where 3 is 4th and 6, 61 are 8th root of unity.
(i) The generating polynomial for My,: © Mygyi, Mgy @& Mggpi and My & Moy & My © M, © My © M,y © My, ©

n—i—1 n—1 n—i

Mgy & Magps © Mgy © Mgyt My are (a4 1)(a? —DEPT D EYT D)+ 87””*“”/’”),
@ =D ET A DEPT )T DA+ 2T and (22T 4 1)@ -

n—i(p®—1)

D1 +a%" " 4+ .+t ) respectively.

Proof. (i) The minimal polynomial for a?, o?”, a?*", a®", a*", a®?", a%?" and a™" are (z — 1), (z — 0), (z — B), (z — &1),
(x +1), (x + ), (x + B), and (x + 6;) respectively. The corresponding generating polynomials are (1 4 = + 22 4 ... + 257" 1),
(2 =1)(@? + B)(x+0) (1 + 2%+ ... +25C" ) (28 — 2t 4+ 27 — 1) (x4 B) (1 + 28+ ...+ 25" ), (2 — 1) (22 + B) (z +61) (1 +
oS 428" (2T — b ad —at 42t~ — 1) (LS. 280D (2t —1) (224 B) (2 —0) (1 + 28 ... 28" D),
(z* = 1)(22 + B)(z — B)(A + 2% + ... + 23" V) and (2* — 1)(ac2 +B)(x—01)(1+ a8 + ... + 28¢"~D),

(%) The product of minimal polynomial satisfied by o’ and 497" is p:n77+1
Mygp is (@ + 1)@ - D@+ D+ 1)1+ 2" 4 2%V The product of minimal polynomial

i i i p
satisfied by o®”" and o897 is 9;71 Therefore, the generating polynomial for Mg, © Mg,y is (2P

D" + 1) (@*" " + (L + 2" - + 2
a2gp a)‘p a/\gp a“p akar’, aVP a”-‘lp X" and aX9P" s 257’1 Therefore, the generating polynomial for My,,: © Mgy,
Mspi (&) Mggpi and Mpi () M2pi (&) MApi (&%) Mupi (&%) Mypi (&) Mxpl (&) Mgpi &) M29pi (&) M)\gp eM,, i ® Ml,gpL ) ngpi is

rgp
(@7 L)@~ 1)

. Therefore, the generating polynomial for Myy,: &

n—i n—1

. 1)(:Epn—7i +

n—i—1

n—i n—i(pt—

) Also the product of minimal polynomial satisfied by af', o' a9P',

n—i—1 n—i n—i—1

F (142" T, O
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5. MINIMUM DISTANCE

If [ is a cyclic code of length m generated by g(z) and its minimum distance is d, then the code [ of length mk generated by
g(x) (14 2™ + 2%™ 4 ... 4+ 2(F=1)™) is a repetition code of [ repeated k times and its minimum distance is dk[3]. Here, we find the
minimum distance of the minimal cyclic code M of length 8p”, generated by the primitive idempotent Ps.

Theorem 5.1. Each of the codes Mo, Myn, Mopn , Mayn, Mypn, Msyn, Mepn and Mrpn are of minimum distance 8p". For 0 <
t < n — 1, the minimum distance of the cyclic codes My, My gy, , Mgy and Mgg,,: are greater than or equal 16p’ and minimum
gpts Mapis Magpi, Mypi, Mygpi, My,

M, piy, My gpi, My pi and M, 4, are greater than or equal to 8p'.

distance for the codes M,
M

Hgp*s
Proof. Since generating polynomial for the code My is (14+-z+22+...4-2%P" ~1), which is itself a polynomial of length 8p™, hence its
minimum distance is 8p™. Also, the generating polynomial for the cyclic code M, is (2% —1) (22 +8) (z+0) (1+25+...+25F"~ 1),
If we take a cyclic code of length 8 generated by the polynomial (z* — 1)(2% + 8)(x + &), then the minimal distance of this code is
8. Since the cyclic code of length 8p™ with generating polynomial (z* — 1)(z? 4 8)(x + 6)(1 4+ 2 + ... + 28®"~1)) is a repetition
code of the cyclic code of length 8 with generating polynomial (z* — 1) (22 + 3)(x + §), repeated p" times. Therefore its minimum
distance is 8p™.

Similarly, the minimum distance of each of the cyclic codes Mapyn , Mzyn , Mapn , Mspn , Mepn and Mrypn is 8p™. Consider the cyclic
—1)@?" "+
. Therefore, if we take a cyclic code C' of length p~* generated by the polynomial

n—i

codes Myy: and My, since the generating polynomial of the cyclic code of length 8p"~tis (:chFl + 1)(aP
D@ + 1)1 +2%" 4+ .+t
(:L‘pn—ifl

polynomial (:1cpnﬂ‘71 + 1)(#)714 — 1) and then minimum distance of this code is 4, as it is 2 time repetition of the code C. Further,

nfi(plfl))

+ 1), then the minimal distance of this code is 2. Now consider the cyclic code C; of length 2p"™~* generated by the

—1)(a®" " +1)is 8, as
it is 2 time repetition of the code C. Hence, the minimum distance of the code C3 of length 8p™~¢ generated by the polynomial
@+ " = D@+ 1)
the code Cs. Since the cyclic code of length 8p™ generated by the polynomial (a:pWFl + 1)(aP

n—1

the minimum distance of the code C of length 4p™~% generated by the polynomial (glc”n_i_1 + 1)(aP

n—i n—i n—i

+ 1) and then minimum distance of this code is 16, as it is 2 time repetition of
- )@+ T+

1)(1+ 23" 4+ 28" V) is a repetition code of the code Cs, repeated p' times. Hence its minimum distance is 16p’. The

n—i

codes corresponding to My,: and My, are the sub codes of the above codes, so their minimum distances are greater than or
equal to 16p’. Similarly, the minimum distance of the cyclic code Mgy, and Mgg,: of length 8p™ with generating polynomial
(xP DT DT )@ D+ L+ :cgpn_i(pl_l)) is also greater than or equal to 16p°.

Now, the product of generating polynomial for the cyclic codes M i, M ypi, Moyi, Mogyi, Mypi, Mygpi, M,
Myugps Moyys Mg, My and Mygpiis (@2 4 1)@ 4 1)@ = 1)1 +2%" 4 425" 7Y)

therefore, if we take a code C' of length 8p" " generated by the polynomial (227" + 1)(z*" "' 4 1)(22

—i—

n—i—1 n—1 n—i

n—i—1 n—1i
i 1), then the
n—i—1

minimum distance of this code is 8.Since the cyclic code C of length 8p™ generated by the polynomial (prn "4 1)(z* +

n—i

n—i n—i(pl —1), . L. o . .. .
D@2 = 1)1+ 28" 4 g2 ' ) is a repetition code of the code C, repeated p* times. Hence its minimum distance
is 8p'.
The codes corresponding to i, g6, 2056, Qogpis Qapis Qagpis Lupis Lugpis Qupis Qugpis Qypi and Qi are the subcodes of
above codes so, their minimum distances are greater than or equal to 8p°. [

6. EXAMPLE

Example 6.1. Cyclic Codes of length 24.

Take p = 3, n = 1, ¢ = 73. Then the g-cyclotomic cosets are

Qo = {0}, Q1 = {1}, Q2 = {2}, Q3 = {3}, Q4 = {4}, Q5 = {5}, Q6 = {6}, Q7 = {7}, Qs = {8}, Qy = {9}, o = {10},
Q1 = {11}, Qo = {12}, Q3 = {13}, Quu = {14}, Q5 = {15}, Qe = {16}, Q7 = {17}, Qg = {18}, Q19 = {19},
Do = {20},091 = {21}, Qa2 = {22},095 = {23},
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GF(73)[x]
<x24-1>

Py(z) = i@o +Zs+Ze+Zo+Zio+Zis+Zis+Zan+Z1+Zo+Zy+Zs+ Zr+ Zia+ Z13+ Z1g
+Zs+ Z10+ Z2o+ Zie + Z11 + Zao + Z17 + Za)
Pi(2) = 4[Zo+ 5125+ 27Z6 +10Zg — Z1o — 51Z15 — 27215 — 10221 — 229 + 9Z48Zs + 4Z7 + 2Z 14—
4719 — 13Z5 + Z10 + 8Z20 — 9Z16 — 24711 — Zog + 13717 + 247 53]
Py(x) = 5[Z0+ 27235 — Zg — 2729 + Z12 + 27215 — Z1s — 27291 — 221 + 922 + 8Z4 + 875 — 227+
9714 — 2713+ 2219+ Z5 + 8210 — 9290 — 9Z16 — Z11 + 8Z 92 + Z17 — Zo3]
Py(x) = 55[Zo+ 10Z5 4+ 27Z¢ + 51Zg — Z12 — 10215 — 27218 — 51291 + 102 + 2725 — Zy + Zs — 10Z7
+27Z14 — 51213 + 10219 — 5125 + 27710 — Z20 + Z16 + 10211 — 27792 + 517217 — 10Z 53]
Py(z) = 5[Zo—Zs+ Ze— Zg+ Z1a — Z1s+ Z1s — Zon + 921 +8Zy +8Z4 +8Zg + 9Z7 + 8214 + 9Z13
+9Z19 + 875 —9Z 10 — 9Z90 — 97216 + 8211 — 9Z 93 + 8Z 17 + 8Z23]
Ps(z) = 5;[Zog — 51Z3 — 27Z¢ — 10Zg — Z12 + 51215 + 27218 + 1022y — 13Z + Zo + 8Z4 — 9Zs — 24Z7
—Zwu+ 13715424719 — 2Z10 + 9Z20 + 8Z16 + 4Z11 + 2229 — 4Z 23]
Ps(2) = 5[Z0+ 27235 — Z6 — 2TZg + Z12 + 27215 — Z1s — 27201 — 2721 — Zo+ Za+ Zs + 2727 — Z14
27713+ 27219+ 2775 — Z10 + Zoo + Z16 — 27211 — Zoo + 2TZ 17 — 277 93]
Pr(z) = 5;[Z0 — 10Z3 — 27Z6 — 512y — Z12 + 10Z15 + 27218 + 51201 + 421 + 222 + 9Z4 + 875 — 2714
—4715 — 2475 — Z10 + 8290 — 97216 — 13211 + Zoo + 24717 + 137 23]
Ps(2) = 4[Zo+ Zs+ Ze+ Zg+ Z1a+ Z1s+ Z1s + Zor +8Z +8Zy +8Zy + 8Zg + 8Z7 + 8214 + 8Z13
+8Z19 — 925 —9Z10 — 9Z90 — 9216 — 9211 — 9Z 99 — 9Z 17 — 9Z 23]
Py(z) = 5;[Z0 4+ 5173 — 21Z6 — 102y — Z12 — 51215 — 27718 — 10221 4+ 1021 + 2725 — Zy + Zs — 51Z7
—27Z14 — 10Z13 + 51Z19 — 1025 — 27210 — Z20 + Z16 + 51211 + 27Z 29 + 10Z17 — 517 23]
Pio(z) = 57(Z0 — 27Z3 — Ze + 2129+ Z12 — 21215 — Z1s + 2TZo1 + Z1 + 822 — 924 — 9Zs — Z7+ 8214
+ 213 — Z19 — 275+ 9710 +8Z90 + 8Z16 + 2711 + 9729 — 2717 + 2Z 93]
Pii(z) = 57[Z0 + 10Z3 + 2726 + 5129 — Z1o — 10215 — 27218 — 51Z91 — 2471 — Zo + 8Z4 — 9Zs — 1327
+ 214+ 24713+ 13719 — 425 + 2210 + 9290 + 8716 — 2299 — 47 17]
Pia(x) = i[jo —Zs+Ze—Zo+Z1o—Zis+Z1s—Zon —Z1+ Zo+ Za+ Zs — Z1+ Z1a — Z1s — Z1o
~Z5+ Z1o+ Zao + Z16 — Z11+ Zas — Z17 — 723]
Pis(z) = 57[Z0 — 51Z3 + 272 — 10Zg — Z12 + 51215 — 27218 + 10Z91 — 2Z2 + 9Z4 + 8Zs — 4Z7 + 2714
+4Z19 +13Z5 + Z19 +8Z90 — 9716 + 24711 — Zog — 13717 — 247 53]
Piy(z) = 37(Z0 — 21Z3 — Ze + 2729 + Z12 — 21215 — Z1s + 21291 + 221 + 9Zo + 8Z4 + 8Zs — 2Z7
+9Z14 +2Z13 — 2Z19 — Z5 +8Z10 — 9220 — 9Z16 + Z11 + 8Z 93 — Z17 + Za3]
Pis(z) = 4[Zo — 1023 — 272 — 5129 — Z12 + 10215 — 27215 + 51Z21 — 5121 — 21Z5 — Za + Zs + 10Z7
+27Z14 + 51213 — 10219 + 5125 + 277210 — Zao + Z16 — 10211 — 27295 — 517217 + 10Z 53]
Pis(z) = 37[Zo+Zs+ Zg+ Zg+ Cia+ Ci5+ Cis + Co1 — 921 — 9Z5 — 9Z4 — 9Zs — 9Z7 — 9Z14
—9Z13 —9Z19 + 8Z5 + 8Z10 + 8Z20 + 8Z16 + 8Z11 + 8722 + 8Z 17 + 8Z23]
Pi7(z) = 57[Z0 + 51Z3 — 2726 + 10Zg — Z12 — 51215 + 27215 — 10Z91 + 13Z1 + Zo + 8Z4 — 9Zs + 2427
~Z14 —13Z13 — 24719 — 2710 + 9220 + 8716 — 4Z 11 + 2Z99 + 4793]
Pig(z) = 37[Z0 — 21Z3 — Ze + 27129 + Z12 — 21215 — Z1s — 21201 + 2721 — Zo + Za+ Zg — 2727 — Z14
427213 — 21219 — 27Z5 — Z1o + Zoo + Z16 + 27211 — Zao — 2TZ 17 + 272 23]
Pig(z) = 57(Z0 + 10Z3 — 2726 + 51Zg — Z1o — 10215 + 27218 — 51Z91 — AZy + 222 + 9Z4 + 8Z5 — 2Z14
VA4Z13+ 2475 — Z10+ 8Zoy — 97216 + 13211 + Zog — 24717 — 137 53]
Pa(z) = 5[Z0 — Z3+ Z6 — Zo+ Z1o — Z15 + Z1s — Zo1 + 821 — 9Zy — 9Z4 — 925 + 8Z7 — 9Z14 + 8213
+8Z19 + 9Z5 +8Z10 + 8Z20 + 8Z16 + 9Z11 + 8Z22 + 9Z17 + 9Z 23]
Poy(z) = 57[Z0 — 51Z3 — 2726 — 10Zg — Z12 + 51215 + 27215 + 10Z9y — 1021 + 2725 — Zs + Zs + 5177
27714+ 10213 — 51219 — 1025 — 27210 — Zoo + Z16 — 51211 + 27229 — 10217 + 517Z43]
Pao(x) = 5[Zo + 2725 — Zg — 21Zg + Z1o + 21215 — Z1s — 21291 — 21 +8Z2 — 924 — 9Zs + Z7 + 8714
~Z13+ Z190+2Z5+ 9210+ 8220+ 8Z16 — 2Z11 + 9229 + 2717 — 2Z 3]

and the corresponding primitive idempotents in are

159



International Journal of Applied Engineering Research ISSN 0973-4562 Volume 14, Number 1 (2019) pp. 149-162
(© Research India Publications. http://www.ripublication.com

Pas(z) = 57(Z0 — 10Z3 + 272 — 51Zg — Z1o — 10215 — 27218 + 51Z91 + 247y — Zo + 8Z4 — 9Zs + 1327

+ 214 — 24713 — 13219 — 425+ 2710 + 9790 + 8216 — 2799 + 47 17]
Minimal polynomials for a?, o', a?, a3, a*,a%, a8, a”, a8, a”, a'?, a't, a'?, '3, o', a'?, olf, a7, a8, a!?,
a?, a?' a??anda®P arex —1,2—30, 2 — 24,2 — 63,2 — 65, — 52, — 27, — 7,0 — 64, — 22, — 3, — 17,z + 1, v — 43,
x—49, 2 — 10,z — 8, x — 21,z — 46, x — 66, x — 9, x — 51, x — 70 and x — 56 respectively.
The minimal codes My, My, Mo, M3, My, My, Mg, My, Mg, My, Myg, M1, Mo, My3, My4, My5, Myg, M17, Mg, Mg, Mg,
Msq, Moy and Mag of length 24 are as follows:

Code | Dim. | Min. Distance Bound | Generating Polynomial

M, 1 4 | 144224+ 42+ 2P+ +a"+ a8+ 2% + 210 42 4212 4
$13+$14+J}15+$16+$17+J}18+Z‘19+$20+l‘21+Z‘22 +$23
M, 1 8 <d<24 | 56470z 45122+ 923 4+ 662* +462° +212% + 827 4+ 1028 + 49z +

43210 + 7221 4 17212 4 3213 4 2221 4 64215 + 7216 + 27217 +
5221 + 65219 4 63220 + 24221 + 30222 + 223

M, 1 8 <d<24 | 70+9zx+ 4622 + 823 4+ 492* + 722° + 32 + 6427 + 2728 + 652° +
24210 + 211 4+ 7022 4+ 9213 + 462 + 8215 + 49216 4 72217 +
3218 + 64219 + 27220 + 65221 + 24222 + 223

Ms 1 24 | 51446z 41022+ 7223 +222* +272° + 6320 + 27 + 5128 +462° +
10210 4 72211 + 22212 4+ 27213 4+ 63214 + 1% 4+ 51216 + 46217 +
10218 + 72219 4+ 22220 4 27221 + 63222 + 223

M, 1 16 <d<24 | 9+ 8z + 7222 + 642> + 65z* + 2 + 928 + 827 + 7228 + 642° +
65210 4+ 21 + 9212 4 8213 + 722 + 6421° 4 65216 + 217 4+ 9218 +
8x19 + 72220 + 642! + 65222 + 223

M; 1 8 <d <24 | 66+ 49x + 2222 + 652% + 562* 4 4625 + 4325 + 6427 + 6328 +
7022 + 21210 + 7221 + 7212 + 24213 4+ 51514 4 8215 4 17216 4
27217 + 30218 + 9219 + 10220 + 322 + 52222 + 223

Ms 1 24 | 46 4+ 72x + 2722 + 2% + 462* + 7225 + 2725 + 7 + 4628 + 7229 +
27219 + 2 + 46212 + 72213 + 2721 + 215 4 46216 + 72217 +
27218 + 219 4 46220 + 7222 + 27222 + 223

M 1 8 <d<24 | 2143z +63x2+ 923 +432* + 2725 + 5625 + 827 + 2228 + 242° +
66210 + 72211 4+ 52212 + 7028 + 10214 + 64215 4+ 30216 + 46217 +
17218 + 6521° + 51220 4 49221 4 7222 4 223

My 1 16 < d <24 | 8+64x+ 2%+ 8x3 +64x* + 25 + 825 4+ 6427 + 28 + 829 + 64210 +
xll + 8x12 + 64%13 + :E14 + 8x15 + 64%16 + xl? + 81’18 + 641’19 +
I20 + 81’21 +64I22 +1.23
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Code
M

Dim.

Min. Distance Bound
24

Generating Polynomial

104272 + 5122 4+ 7223 4+ 632* + 462° + 2220 + 27 + 1028 +272° +
51219 + 72211 + 63212 + 46213 + 222 + 2% + 10216 4 27217 +
51z18 + 72219 + 63220 + 46221 + 22222 + 223

Mg

49+ 65z + 4622 + 6423 + 70x* + 7225 + 2425 + 827 + 2728 +92° +
3210 4 211 4 49212 4+ 65213 + 462 + 64215 + 70216 4+ 72217 +
2418 + 8219 4 27220 + 9221 4 3222 4 223

Mll

43 + 24z + 1022 + 6523 4 21x* + 272° + 662° + 6427 + 5128 +
329 + 56210 + 72211 + 30212 + 49213 + 6324 + 8215 + 52216 +
46217 4+ Tal® + 9219 + 22420 4 7042 + 17222 4 223

Mo

I B B B B I I N TP E R I

P13 g4 15 16 4 AT 18 4 019 020 4 21 422 4 423

174 70z 4 2222 + 923 4 Tz* + 4625 + 5220 + 827 4 6328 + 492° +
30210 + 72211 4+ 56212 + 3213 + 51214 + 6421 + 66216 + 27217 +
2128 + 65217 + 10220 4 242" + 4322% + 273

My

34914+ 27x2 + 823 + 24x* + 722° + 7028 + 6427 + 4628 + 652° +
49210 4 21 4 3212 1 9213 427214 48215 424216 + 72217 4 70218 +
64219 + 46220 + 65221 + 49222 + 223

M5

24

224+ 46z + 6322 + 7223 + 51t + 2725 + 1028 + 27 + 2228 + 462° +
63210 4+ 72211 + 51212 + 27213 + 102 4+ 215 + 22216 + 46217 +
63218 + 72219 + 51220 4+ 27221 4+ 10222 + 223

16 <d <24

64 + 8z + 2 + 642> + 8x* + 25 + 6428 + 827 + 28 + 642° + 8210 +
fEll + 641’12 + 8(E13 + .’E14 + 642515 + 8x16 + 1’17 + 64%18 + 85519 +
1,20 + 641721 +81’22 +I23

M7

7 + 49z + 5122 + 6523 + 172* + 462° + 302 + 6427 + 102 +
702° + 52210 4+ 722 4 66212 4 24213 + 22214 + 8215 + 56216 +
27217 4+ 43218 + 9219 + 63220 + 322! + 21222 + 223

Mg

24

27+ 72x + 4622 + 3 + 272 + 722° + 4628 + 27 + 2728 + 722 +
462" + o't 4 272 4 722" 4 462 + 210 + 27210 4 72217 +
46218 + 219 + 27220 4 72221 + 46222 4 223

Mg

52+ 3z + 1022 4+ 922 + 302* + 272% + 1725 4+ 827 + 5128 4+ 24x2° +
7210 4 7221 4 21212 4+ 70213 + 6321 + 64210 + 43216 4 46217 +
56218 + 65219 + 22220 + 49221 + 66222 + 223

Mg

16<d<24

65 + 64z + 7222 + 823 + 9% + 2% + 6525 + 6427 + 7228 + 829 +
9210 4 211 4 65212 4+ 64213 + 72214 + 8215 + 9216 4+ 217 + 65218 +
642" 4+ 72220 4 822! + 9222 + 2

M21

24

634272 + 2222 + 7223 + 102* + 462° + 5125 + 27 + 6328 +272° +
22210 4 72211 4 10212 + 46213 + 5121 + 215 + 63216 + 27217 +
22218 + 72219 + 10220 + 46221 + 51222 + 223

Moo

24 + 65z + 2722 + 6423 + 3z + 7225 + 4925 + 827 + 462° + 92° +
70210 4+ 211 4 24412 4+ 65213 + 27214 + 64215 + 3216 4 72217 +
492'8 4 82" 4 4620 + 922! + 70272 + 2*°

M3

30+ 24z + 6322 + 652> + 522 + 2725 4 726 + 6427 + 2228 + 32 +
17210 + 722 + 43212 + 49213 + 1024 + 8215 + 21216 4+ 46217 +
6628 4+ 9219 + 51229 + 70221 + 56222 4 23
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