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Abstract:
In semi-simple ring R8pn ≡ GF (q)[x]

<x8pn−1>
, where p and q (of type

8k+ 1) are distinct odd primes, n is a positive integer and order

of q modulo 8pn is φ(pn)
2 , expression for primitive idempotents

are obtained.

Generating polynomials, dimensions and minimum distance

bounds for the cyclic codes generated by these idempotents are

also calculated.
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1. INTRODUCTION

The group algebra FC8pn , F is field of order q and C8pn

is cyclic group of order 8pn such that g.c.d.(q, 8p) = 1, is

semi-simple having finite cardinality of collection of primitive

idempotents which equals the cardinality of collection of q-

cyclotomic cosets modulo 8pn[11]. The primitive idempotents

of minimal cyclic codes of length m in case, when order of q

modulo m is φ(m) for m = 2, 4, pn, 2pn were computed in

[6, 9]. The primitive idempotents of length pn with order of q

modulo pn is φ(pn)
2 were obtained in [10] and minimal quadratic

residue codes of length pn in [7]. Cyclic codes of length 2pn

over F , where order of q modulo 2pn is φ(2pn)
2 were discussed

in [8]. Minimal cyclic codes of length pnq, where p and q are

distinct odd primes were derived in [1, 3]. Further, when order

of q modulo pn is φ(pn), the minimal cyclic codes of length 8pn

were discussed in [4, 5]. Irreducible cyclic codes of length 4pn

and 8pn, where q ≡ 3(mod 8) and p/(q − 1) were obtained in

[2].

In present paper, we obtained cyclic codes of length 8pn over

F where q is of the form 8k + 1 and order of q modulo pn is
φ(pn)

2 . The q-cyclotomic cosets modulo 8pn are obtained in sec-

tion 2 and corresponding primitive idempotents in section 3. In

section 4, we discussed generating polynomials and dimensions

for the corresponding cyclic codes of length 8pn. The minimum

distance or the bounds for minimum distance of these codes are

obtained in section 5. At the end, an example is discussed to

illustrate the various parameters for these codes.

2. CYCLOTOMIC COSETS

Let S = {1, 2, ..., 8pn}. For a, b ∈ S, consider a ∼ b iff

a ≡ bqi(mod 8pn) for some integer i ≥ 0. This is an equiva-

lence relation on S. The equivalence classes due to this relation

are called q-cyclotomic cosets modulo 8pn. The q-cyclotomic

coset containing s ∈ S is Ωs = {s, sq, sq2, ..., sqts−1}, where

ts is the smallest positive integer such that sqts ≡ s(mod 8pn).

Lemma 2.1. [[8],Theorem 2.5] If φ(pn)
2 is the order of q modulo

pn, then the order of q modulo pn−i is φ(pn−i)
2 , 0 ≤ i ≤ n− 1.

Lemma 2.2. If φ(pn)
2 is the order of q modulo pn, then for

0 ≤ i ≤ n − 1, order of q modulo 2pn−i, 4pn−i and 8pn−i

is φ(pn−i)
2 .

Proof. Since φ(pn)
2 is the order of q modulo pn, therefore by

lemma 2.1, order of q modulo pn−i is φ(pn−i)
2 , 1 ≤ i ≤ n − 1.

Hence

q
φ(pn−i)

2 ≡ 1(mod pn−i) (2.1)

Since q is of the form 8k + 1, therefore q ≡ 1(mod 2). Hence,

q
φ(pn−i)

2 ≡ 1(mod 2). As gcd(2, pn−i) = 1 and order of q

modulo pn−i is φ(pn−i)
2 , so q

φ(pn−i)
2 ≡ 1(mod 2pn−i). This im-

plies that φ(pn−i)
2 is the smallest integer for which (2.1) holds.

Hence order of q modulo 2pn−i is φ(pn−i)
2 . Similar, result holds

for 4pn−i and 8pn−i.

Lemma 2.3. For 0 ≤ i ≤ n − 1 and 0 ≤ k ≤ φ(pn−i)
2 − 1,

T 6≡ qk(mod 8pn−i), where T = λ = (1 + 2pn) or T = µ =

2(1 + 2pn) or T = ν = (1 + 4pn) or T = χ = (1 + 6pn).

Proof. Proof can be obtained by using lemma 2.1 and lemma

2.2.

Lemma 2.4. Let p be an odd prime. Then there exists an integer

g , 1 < g < 8p and is primitive root modulo p. Further when
∗corresponding author
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p is of the form 4k + 1 then order of g modulo 4 and modulo 8

is 2, and when p is of the form 4k + 3 then order of g modulo

4 is 1 and modulo 8 is 2. Also, if q is any prime power and

g.c.d.(q, p) = 1, then g 6∈ {1, q, q2, ..., q
φ(p)
2 −1}.

Proof. Consider the complete residue systems, Sp =

{0, 1, 2, ..., p− 1} modulo p, S2 = {0, 1} modulo 2, and

S2p = {0, 1, 2, ..., 2p− 1} modulo 2p. Since g.c.d.(2, p) = 1,

so there exist an integer v ∈ Sp such that 2v − p = 1. Let

a be any primitive root mod p in Sp. For p ≡ 1(mod 4), let

g ≡ 2av + tp + 6ap(mod 8p) where t is a prime of the form

8k1 + 3 implies g ≡ a(mod p). Hence g is primitive root mod-

ulo p. Now, g ≡ 2av+tp+6ap(mod 8) where t is a prime of the

form 8k1+3, so g ≡ 3(mod 4) as p is of the form 4k+1. Hence

order of g modulo 4 and modulo 8 is 2. Now for p ≡ 3(mod 4),

let g ≡ 2av+ tp+ 4ap(mod 8p) where t is a prime of the form

8k2 +7 implies g is primitive root modulo p and order of g mod-

ulo 4 is 1 and modulo 8 is 2. Let g ∈ {1, q, q2, ..., q
φ(p)
2 −1}, so

g = qi for some 1 ≤ i ≤ φ(p)
2 −1 equivalently o(g) = o(qi). As

order of q modulo 8p is φ(p)
2 , so o(qi) ≤ φ(p)

2 modulo 8p. This

implies o(g) ≤ φ(p)
2 modulo 8p, but order of g mod 8p is φ(p),

hence g 6∈ {1, q, q2, ..., q
φ(p)
2 −1}.

Lemma 2.5. There exist a fixed integer g satisfying

gcd(g, 2pq) = 1, 1 < g < 8p, g 6≡ qk(modp) where

0 ≤ k ≤ φ(p)
2 − 1 such that for 0 ≤ j ≤ n − 1,

the set {1, q, q2, ..., q
φ(pn−j)

2 −1, g, gq, gq2, ..., gq
φ(pn−j)

2 −1}
forms a reduced residue system modulo pn−j and the set

{1, q, q2, ..., q
φ(pn−j)

2 −1, g, gq, gq2, ..., gq
φ(pn−j)

2 −1, λ, λq, ...,

λq
φ(pn−j)

2 −1, λg, λgq, ..., λgq
φ(pn−j)

2 −1, ν, νq, ..., νq
φ(pn−j)

2 −1,

νg, νgq, ..., νgq
φ(pn−j)

2 −1, χ, χq, ..., χq
φ(pn−j)

2 −1,

χg, χgq, ..., χgq
φ(pn−j)

2 −1} forms a reduced residue system

modulo 8pn−j .

Proof. By lemma 2.1, order of q modulo p is φ(p)
2 . There-

fore the numbers 1, q, q2, ..., q
φ(p)
2 −1 are incongruent mod-

ulo p. As there are exactly φ(p) numbers in the re-

duced residue system modulo p. Therefore there exist

a number g satisfying gcd(g, 2pq) = 1, 1 < g <

8p, g 6≡ qk(modp) for 0 ≤ k ≤ φ(p)
2 − 1. Then the

set {1, q, q2, ..., q
φ(p)
2 −1, g, gq, gq2, ..., gq

φ(p)
2 −1} forms a re-

duced residue system modulo p. Since for 0 ≤ k ≤
φ(p)

2 − 1, g 6≡ qk(modp). It follows that g 6≡
qk(modpn−j) for 0 ≤ k ≤ φ(pn−j)

2 − 1. Hence the

set {1, q, q2, ..., q
φ(pn−j)

2 −1, g, gq, gq2, ..., gq
φ(pn−j)

2 −1} forms

a reduced residue system modulo pn−j .

Similar result holds to show that the set

{1, q, ..., q
φ(pn−j)

2 −1, g, gq, ..., gq
φ(pn−j)

2 −1,

λ, λq, ..., λq
φ(pn−j)

2 −1, λg,

λgq, ..., λgq
φ(pn−j)

2 −1, ν, νq, ..., νq
φ(pn−j)

2 −1, νg, νgq, ...,

νgq
φ(pn−j)

2 −1,

χ, χq, ..., χq
φ(pn−j)

2 −1, χg, χgq, χgq2, ..,

χgq
φ(pn−j)

2 −1} forms a reduced residue system modulo

8pn−j .

Theorem 2.6. The (16n + 8) q-cyclotomic cosets modulo 8pn

are Ωapn = {apn}, a ∈ A = {0, 1, 2, ..., 7} and for 0 ≤
i ≤ n− 1, Ωbpi={bpi, bpiq, bpiq2, ..., bpiq

φ(pn−i)
2 −1}, b ∈ B =

{1, 2, 4, 8, λ, µ, ν, χ, g, 2g, ..., χg}.
Proof. Ω0 = {0} is trivial. Since q is of the form 8k + 1, so

pnq ≡ pn(mod 8pn) and hence Ωpn = {pn}.
Similarly, Ωapn = {apn} for a ∈ A.

By lemma 2.2, q
φ(pn−i)

2 ≡ 1(mod 8pn−i), equivalently

piq
φ(pn−i)

2 ≡ pi(mod 8pn).

Therefore, Ωpi={pi, piq, piq2, ..., piq
φ(pn−i)

2 −1}.
Similarly, Ωbpi={bpi, bpiq, bpiq2, ..., bpiq

φ(pn−i)
2 −1} for b ∈ B.

Obviously, |Ω0| = 1. Also, |Ωapn | = 1 and |Ωbpi | = φ(pn−i)
2 .

Therefore,
∑n−1
i=0 |Ωpi | =

∑n−1
i=0

φ(pn−i)
2 = φ(pn)

2 + φ(pn−1)
2 +

φ(pn−2)
2 + ...+ φ(p)

2 = pn−1
2 .

Hence, |
∑
a Ωapn | +

∑n−1
i=0 |

∑
b Ωbpi | = 8 + 16(p

n−1
2 ) =

8pn.

3. PRIMITIVE IDEMPOTENTS

Throughout this paper, we consider that α is 8pnth root of unity

in some extension field of F . Let Ms be the minimal ideal in

R8pn = F [x]
<x8pn−1>

≡ FC8pn , generated by (x8pn−1)
ms(x) , where

ms(x) is the minimal polynomial for αs, s ∈ Ωs. We denote

Ps(x), the primitive idempotent in R8pn , corresponding to the

minimal ideal Ms, given by Ps(x) = 1
8pn

8pn−1∑
t=0

ρsix
s where

ρsi =
∑
s∈Ωs

α−is and Zs =
∑
s∈Ωs

xs.

Then,

Ps(x) =
1

8pn
[
∑
a∈A

ρsapnZapn +

n−1∑
i=0

∑
b∈B

ρsbpiZbpi ][4] (3.1)

Lemma 3.1. For any odd prime p and a positive integer k, if β

is primitive pkth root of unity in some extension field of F , then
φ(pk)

2 −1∑
t=0

(βq
t

+ βgq
t

) =

{
−1, k = 1

0, k ≥ 2
, when q is quadratic
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residue modulo pk and
φ(pk)−1∑
t=0

βq
t

=

{
−1, k = 1

0, k ≥ 2
, when q

is primitive root modulo pk.

Proof. By lemma 2.5, the set

{1, q, q2, ..., q
φ(pk)

2 −1, g, gq, gq2, ..., gq
φ(pk)

2 −1} is a reduced

residue system (mod pk). So,

φ(pk)
2 −1∑
t=0

(βq
t

+βgq
t

) =

pk−1∑
t=0

βt−

pk∑
t=1,p/t

βt = −
pk−1∑
t=1

βpt.

If k = 1, then −βp = −1. If k ≥ 2, then βp 6= 1, therefore,
pk−1∑
t=1

βpt = βp(1 + βp + ...+ βpk−1) = βp
(βp

k − 1)

βp − 1
= 0. For

the remaining see [[3], lemma 4].

Lemma 3.2. For 0 ≤ i ≤ n − 1, λ2Ωpi = ν2Ωpi = χ2Ωpi =

Ωpi = λΩλpi = νΩνpi = χΩχpi and µ2Ωpi = 4Ωpi =

µΩµpi = 2Ω2pi = Ω4pi .

Proof. Since λ2, ν2, χ2 ≡ 1(mod 8pn) and µ2 ≡
4(mod 8pn), the required result holds.

Lemma 3.3. For Ωpn , Ω2pn , Ω3pn , Ω4pn , Ω5pn , Ω6pn and

Ω7pn , Ωpn = −Ω7pn , Ω2pn = −Ω6pn , Ω3pn = −Ω5pn and

Ω4pn = −Ω4pn .

Proof. Proof of these are trivial.

Lemma 3.4. For p ≡ 1(mod 4), Ωχ = −Ω1 and for p ≡
3(mod 4), Ωχg = −Ω1 or Ωλg = −Ω1 according as n is odd

or even.

Proof. For p ≡ 1(mod 4), χ ≡ −1(mod 8) and q
φ(pn)

4 ≡
−1(mod 8). So, χq

φ(pn)
4 ≡ 1(mod 8). Also, χ ≡ 1(mod pn)

and q
φ(pn)

4 ≡ −1(mod pn), thus χq
φ(pn)

4 ≡ −1(mod pn).

As (8, pn) = 1 from above relations, χq
φ(pn)

4 ≡ −1(mod 8pn).

Hence, Ωχ = −Ω1.

If p ≡ 3(mod 4) and n is odd then clearly χ ≡ 3(mod 8) and

g ≡ −3(mod 8), then χg ≡ −1(mod 8). Also, qk ≡ 1(mod 8),

so χgqk ≡ −1(mod 8).

Now q
φ(pn)

2 ≡ 1(mod pn) and φ(pn)
2 is odd, thus qk 6≡

−1(mod pn) for 0 ≤ k ≤ φ(pn)
2 − 1.

The set {1, q, q2, ..., q
φ(pn)

2 −1, g, gq, gq2, ..., gq
φ(pn)

2 −1} forms

a reduced residue system modulo pn, so gqk ≡ 1(mod pn) and

χ ≡ 1(mod pn). Since (8, pn) = 1, therefore χgq
φ(pn)

4 ≡
−1(mod 4pn) and hence Ωχg = −Ω1.

If p ≡ 3(mod 4) and n is even, then clearly λ ≡ 3(mod 8) and

g ≡ −3(mod 8) so λg ≡ −1(mod 8).

As qk ≡ 1(mod 8), so λgqk ≡ −1(mod 8). Similarly as above

gqk ≡ 1(mod pn) and λ ≡ 1(mod pn).

Thus, λgq
φ(pn)

4 ≡ −1(mod 4pn) and hence the result

holds.

Notation 3.5. For 0 ≤ j ≤ n− 1, define

Aj = pj
∑
sεΩgpj

αs , Bj = pj
∑

sεΩλgpj

αs , Cj = pj
∑
sεΩpj

αs, Dj = pj
∑

sεΩλpj

αs , Ej = pj
∑

sεΩ2gpj

αs , Fj = pj
∑
sεΩ2pj

αs, Gj =

pj
∑

sεΩ4gpj

αs, Hj = pj
∑
sεΩ4pj

αs, Ij = pj
∑

sεΩ8gpj

αs, Jj = pj
∑
sεΩ8pj

αs.

Here, Aqj = Aj , so Aj ∈ F . Similarly Bj , Cj , Dj , Ej , Fj , Gj , Hj , Ij and Jj all are in F .
Theorem 3.6. The explicit expressions for primitive idempotents corresponding to cyclotomic cosets Ω0, Ωpn , Ω2pn , Ω3pn , Ω4pn ,

Ω5pn , Ω6pn and Ω7pn in R8pnare given by

P0(x) = 1
8pn [Z0 + Zpn + Z2pn + Z3pn + Z4pn + Z5pn + Z6pn + Z7pn +

n−1∑
i=0

{Zpi + Z2pi + Z4pi + Z8pi + Zλpi

+ Zµpi + Zνpi + Zχpi + Zgpi + Z2gpi + Z4gpi + Z8gpi + Zλgpi + Zµgpi + Zνgpi + Zχgpi}]

Ppn(x) = 1
8pn [Z0 − α3p2nZpn − α2p2nZ2pn − αp

2n

Z3pn − Z4pn + α3p2nZ5pn + α2p2nZ6pn + αp
2n

Z7pn

+

n−1∑
i=0

{−α3pn+i

Zpi − α2pn+i

Z2pi − Z4pi + Z8pi − α3λpn+i

Zλpi + α2pn+i

Zµpi + α3pn+i

Zνpi − α3χpn+i

Zχpi

+ α3pn+i

Zgpi + α2pn+i

Z2gpi − Z4gpi + Z8gpi + α3λpn+i

Zλgpi − α2pn+i

Zµgpi − α3pn+i

Zνgpi − α3λpn+i

Zχgpi}]

P2pn(x) = 1
8pn [Z0 − α2p2nZpn − Z2pn + α2p2nZ3pn + Z4pn − α2p2nZ5pn − Z6pn + α2p2nZ7pn +

n−1∑
i=0

{−α2pn+i

Zpi

− Z2pi + Z4pi + Z8pi + α2pn+i

Zλpi − Zµpi − α2pn+i

Zνpi + α2pn+i

Zχpi + α2pn+i

Zgpi + Z2pi + Z4gpi + Z8gpi

− α2pn+i

Zλgpi − Zµgpi + α2pn+i

Zνgpi − α2pn+i

Zχgpi}]
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P3pn(x) = 1
8pn [Z0 − αp

2n

Zpn + α2p2nZ2pn − α3p2nZ3pn − Z4pn + αp
2n

Z5pn − α2p2nZ6pn + α3p2nZ7pn

+

n−1∑
i=0

{−αp
n+i

Zpi + α2pn+i

Z2pi − Z4pi + Z8pi − αλp
n+i

Zλpi − α2pn+i

Zµpi + αp
n+i

Zνpi − αχp
n+i

Zχpi

+ αp
n+i

Zgpi − α2pn+i

Z2gpi − Z4gpi + Z8gpi + αλp
n+i

Zλgpi + α2pn+i

Zµgpi − αp
n+i

Zνgpi − αλp
n+i

Zχgpi}]

P4pn(x) = 1
8pn [Z0 − Zpn + Z2pn − Z3pn + Z4pn − Z5pn + Z6pn − Z7pn +

n−1∑
i=0

{−Zpi + Z2pi + Z4pi + Z8pi − Zλpi

+ Zµpi − Zνpi − Zχpi − Zgpi + Z2gpi + Z4gpi + Z8gpi − Zλgpi + Zµgpi − Zνgpi − Zχgpi}]

P5pn(x) = 1
8pn [Z0 + α3p2nZpn − α2p2nZ2pn + αp

2n

Z3pn − Z4pn − α3p2nZ5pn + α2p2nZ6pn − αp
2n

Z7pn

+

n−1∑
i=0

{α3pn+i

Zpi − α2pn+i

Z2pi − Z4pi + Z8pi + α3λpn+i

Zλpi + α2pn+i

Zµpi − α3pn+i

Zνpi + α3χpn+i

Zχpi

− α3pn+i

Zgpi + α2pn+i

Z2gpi − Z4gpi + Z8gpi − α3λpn+i

Zλgpi − α2pn+i

Zµgpi + α3pn+i

Zνgpi + α3λpn+i

Zχgpi}]

P6pn(x) = 1
8pn [Z0 + α2p2nZpn − Z2pn − α2p2nZ3pn + Z4pn + α2p2nZ5pn − Z6pn − α2p2nZ7pn +

n−1∑
i=0

{α2pn+i

Zpi

− Z2pi + Z4pi + Z8pi − α2pn+i

Zλpi − Zµpi + α2pn+i

Zνpi − α2pn+i

Zχpi − α2pn+i

Zgpi + Z2pi + Z4gpi + Z8gpi

+ α2pn+i

Zλgpi − Zµgpi − α2pn+i

Zνgpi + α2pn+i

Zχgpi}]

P7pn(x) = 1
8pn [Z0 + αp

2n

Zpn + α2p2nZ2pn + α3p2nZ3pn − Z4pn − αp
2n

Z5pn − α2p2nZ6pn − α3p2nZ7pn

+

n−1∑
i=0

{αp
n+i

Zpi + α2pn+i

Z2pi − Z4pi + Z8pi + αλp
n+i

Zλpi − α2pn+i

Zµpi − αp
n+i

Zνpi − αλp
n+i

Zχpi − αp
n+i

Zgpi

− α2pn+i

Z2gpi − Z4gpi + Z8gpi − αλp
n+i

Zλgpi + α2pn+i

Zµgpi + αp
n+i

Zνgpi + αλp
n+i

Zχgpi}]
Proof. To evaluate P0(x), take s = 0 in (3.1), then ρ0

k =
∑
sεΩ0

α0 = 1 for all 0 ≤ k ≤ 8pn − 1. Therefore, P0(x) = 1
8pn [Z0 +

Zpn + Z2pn + Z3pn + Z4pn + Z5pn + Z6pn + Z7pn +

n−1∑
i=0

{Zpi + Z2pi + Z4pi + Z8pi + Zλpi

+ Zµpi + Zνpi + Zχpi + Zgpi + Z2gpi + Z4gpi + Z8gpi + Zλgpi + Zµgpi + Zνgpi + Zχgpi}]
For evaluation of Ppn(x), take s = pn in (3.1), so we have to compute ρp

n

k for k = 0, pn, 2pn, 3pn, 4pn, 5pn, 6pn,

7pn, pi, 2pi, 4pi, 8pi, λpi, µpi, νpi, χpi, gpi, 2gpi, 4gpi, 8gpi, λgpi, µgpi, νgpi, χgpi.

Here, ρp
n

k =
∑
sεΩpn

α−ks = α−p
nk = α7pnk, using lemma 3.3.

Therefore, ρp
n

0 = −ρp
n

4pn = −ρp
n

4pi = ρp
n

8pi = −ρp
n

4gpi = ρp
n

8gpi = 1,

ρp
n

pn = −ρp
n

5pn = −α3p2n , ρp
n

2pn = −ρp
n

6pn = −α2p2n , ρp
n

3pn = −ρp
n

7pn = −αp2n ,

ρp
n

pi = −ρp
n

νpi = −ρp
n

gpi = −ρp
n

νgpi = −αpn+i

,

ρp
n

2pi = −ρp
n

µpi = −ρp
n

2gpi = −ρp
n

µgpi = −α2pn+i

,

ρp
n

λpi = −ρp
n

χpi = −ρp
n

λgpi = −ρp
n

χgpi = −α3λpn+i

.

Hence, Ppn(x) = 1
8pn [Z0 − α3p2nZpn − α2p2nZ2pn − αp

2n

Z3pn − Z4pn + α3p2nZ5pn + α2p2nZ6pn + αp
2n

Z7pn

+

n−1∑
i=0

{−α3pn+i

Zpi − α2pn+i

Z2pi − Z4pi + Z8pi − α3λpn+i

Zλpi + α2pn+i

Zµpi + α3pn+i

Zνpi − α3χpn+i

Zχpi

+ α3pn+i

Zgpi + α2pn+i

Z2gpi − Z4gpi + Z8gpi + α3λpn+i

Zλgpi − α2pn+i

Zµgpi − α3pn+i

Zνgpi − α3λpn+i

Zχgpi}]
Similarly, P2pn(x),P3pn(x),P4pn(x),P5pn(x),P6pn(x) and P7pn(x) can be obtained using lemma 3.3.

Lemma 3.7. For 0 ≤ i ≤ n and 0 ≤ j ≤ n− 1,
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∑
sεΩpj

α4gpis =
∑
sεΩλpj

α4gpis =
∑
sεΩνpj

α4gpis =
∑

sεΩχpj

α4gpis =


−φ(pn−j)

2 , if i+ j ≥ n,
1
pjGi+j , if i+ j ≤ n− 1, g 6= 1,
1
pjHi+j , if i+ j ≤ n− 1, g = 1.

∑
sεΩpj

α8gpis =
∑
sεΩλpj

α8gpis =
∑
sεΩνpj

α8gpis =
∑

sεΩχpj

α8gpis =


φ(pn−j)

2 , if i+ j ≥ n,
1
pj Ii+j , if i+ j ≤ n− 1, g 6= 1,
1
pj Ji+j , if i+ j ≤ n− 1, g = 1.

Proof. Here
∑
sεΩpj

α4gpis =

φ(pn−j)
2 −1∑
t=0

α4(1+2pn)gpi+jqt =

φ(pn−j)
2 −1∑
t=0

α4gpi+jqt =
∑
sεΩpj

α4gpis

Let β = α4pi+j . Then,
∑
sεΩpj

α4gpis =

φ(pn−j)
2 −1∑
t=0

βgq
t

.

If i+ j ≥ n, then β is 2nd root of unity, therefore
∑
sεΩpj

α4gpis =

φ(pn−j)
2 −1∑
t=0

α4gpi+jqt = −φ(pn−j)

2
.

If i + j ≤ n − 1, then β is 2pn−i−jth root of unity, then βgq
l ≡ βgq

r

if and only if gql ≡ gqr(mod 2pn−i−j) if and only if

l ≡ r(mod φ(pn−i−j)
2 ), therefore

∑
sεΩpj

α4gpis =

φ(pn−j)
2 −1∑
t=0

βgq
t

=
pi+j

pj

φ(pn−i−j)
2 −1∑
t=0

βgq
t

=
1

pj
Gi+j .

Similarly, using lemma 3.2, the result holds for other expression.

Theorem 3.8. For p ≡ 1(mod 4), the expressions for primitive idempotents corresponding to Ω4pj and Ω8pj are given by

P4pj (x) = 1
8pn [φ(pn−j)

2 {Z0 − Zpn + Z2pn − Z3pn + Z4pn − Z5pn + Z6pn − Z7pn}+ φ(pn−j)
2

n−1∑
i=n−j

{−Zpi

+ Z2pi + Z4pi + Z8pi − Zλpi + Zµpi − Zνpi − Zχpi − Zgpi + Z2gpi + Z4gpi + Z8gpi − Zλgpi + Zµgpi − Zνgpi

− Zχgpi}+
1

pj

n−j−1∑
i=0

{Hi+jZpi + Ji+jZ2pi + Ji+jZ4pi + Ji+jZ8pi +Hi+jZλpi + Ji+jZµpi +Hi+jZνpi +Hi+jZχpi

+Gi+jZgpi + Ii+jZ2gpi + Ii+jZ4gpi + Ii+jZ8gpi +Gi+jZλgpi + Ii+jZµgpi +Gi+jZνgpi +Gi+jZχgpi}]

P8pj (x) = 1
8pn [φ(pn−j)

2 {Z0 + Zpn + Z2pn + Z3pn + Z4pn + Z5pn + Z6pn+ Z7pn}+ φ(pn−j)
2

n−1∑
i=n−j

{Zpi

+ Z2pi + Z4pi + Z8pi + Zλpi + Zµpi + Zνpi + Zχpi + Zgpi + Z2gpi + Z4gpi + Z8gpi + Zλgpi + Zµgpi + Zνgpi

+ Zχgpi}+
1

pj

n−j−1∑
i=0

{Ji+jZpi + Ji+jZ2pi + Ji+jZ4pi + Ji+jZ8pi + Ji+jZλpi + Ji+jZµpi + Ji+jZνpi + Ji+jZχpi

+ Ii+jZgpi + Ii+jZ2gpi + Ii+jZ4gpi + Ii+jZ8gpi + Ii+jZλgpi + Ii+jZµgpi + Ii+jZνgpi + Ii+jZχgpi}].
whereGn−1 = 1

2p
n−1(
√
p+1),Hn−1 = 1

2p
n−1(
√
p−1), In−1 = 1

2p
n−1(
√
p−1), Jn−1 = 1

2p
n−1(−√p−1) for p ≡ 1(mod 4) and

Gn−1 = 1
2p
n−1(1 +

√
−p), Hn−1 = 1

2p
n−1(1−

√
−p), In−1 = 1

2p
n−1(
√
−p− 1), Jn−1 = − 1

2p
n−1(
√
−p+ 1) for p ≡ 3(mod 4)

and for all j ≤ n− 2, Gj = Hj = Ij = Jj = 0.

Proof. To evaluate P4pj (x), take s = 4pj in (3.1), so we have to compute ρ4pj

k for k = 0, pn, 2pn, 3pn, 4pn,

5pn, 6pn, 7pn, pi, 2pi, 4pi, 8pi, λpi, µpi, νpi, χpi, gpi, 2gpi, 4gpi, 8gpi, λgpi, µgpi, νgpi, χgpi.

Since in this case Ω4pj = −Ω4pj , using lemma 3.4. So, ρ4pj

k =
∑
sεΩ4pj

α−sk =
∑
sεΩpj

α4ks.

Therefore, using lemma 3.7, we have

ρ4pj

0 = −ρ4pj

pn = ρ4pj

2pn = −ρ4pj

3pn = ρ4pj

4pn = −ρ4pj

5pn = ρ4pj

6pn = −ρ4pj

7pn = φ(pn−j)
2 ,

ρ4pj

pi = ρ4pj

λpi = ρ4pj

νpi = ρ4pj

χpi =

{
−φ(pn−j)

2 , if i+ j ≥ n,
1
pjHi+j , if i+ j ≤ n− 1,

ρ4pj

2pi = ρ4pj

4pi = ρ4pj

8pi = ρ4pj

µpi =

{
φ(pn−j)

2 , if i+ j ≥ n,
1
pj Ji+j , if i+ j ≤ n− 1,
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ρ4pj

gpi = ρ4pj

λgpi = ρ4pj

νgpi = ρ4pj

χgpi =

{
−φ(pn−j)

2 , if i+ j ≥ n,
1
pjGi+j , if i+ j ≤ n− 1,

ρ4pj

2gpi = ρ4pj

4gpi = ρ4pj

8gpi = ρ4pj

µgpi =

{
φ(pn−j)

2 , if i+ j ≥ n,
1
pj Ii+j , if i+ j ≤ n− 1,

So, P4pj (x) = 1
8pn [φ(pn−j)

2 {Z0 − Zpn + Z2pn − Z3pn + Z4pn − Z5pn + Z6pn − Z7pn}+ φ(pn−j)
2

n−1∑
i=n−j

{−Zpi

+ Z2pi + Z4pi + Z8pi − Zλpi + Zµpi − Zνpi − Zχpi − Zgpi + Z2gpi + Z4gpi + Z8gpi − Zλgpi + Zµgpi − Zνgpi

− Zχgpi}+
1

pj

n−j−1∑
i=0

{Hi+jZpi + Ji+jZ2pi + Ji+jZ4pi + Ji+jZ8pi +Hi+jZλpi + Ji+jZµpi +Hi+jZνpi +Hi+jZχpi

+Gi+jZgpi + Ii+jZ2gpi + Ii+jZ4gpi + Ii+jZ8gpi +Gi+jZλgpi + Ii+jZµgpi +Gi+jZνgpi +Gi+jZχgpi}]
Similarly, using lemma 3.7, we can evaluate P8pj (x).

We can obtain the expressions for P4gpj (x), P8gpj (x) by interchanging G and I by H and J respectively in the expression

of P4pj (x), P8pj (x) for p ≡ 1(mod 4). The expressions for P4pj (x),P8pj (x), P4gpj (x) and P8gpj (x) above also represents

P4gpj (x),P8gpj (x), P4pj (x) and P8pj (x) respectively in case when p ≡ 3(mod 4).

Lemma 3.9. For 0 ≤ i ≤ n and 0 ≤ j ≤ n− 1,∑
sεΩpj

α2gpis =
∑
sεΩνpj

α2gpis =
∑
sεΩλpj

αµgp
is =

{
−φ(pn−j)

2 α2pi+j , if i+ j ≥ n,
1
pjEi+j , if i+ j ≤ n− 1.∑

sεΩpj

α2pis =
∑
sεΩνpj

α2pis =
∑
sεΩλpj

αµp
is =

{
φ(pn−j)

2 α2pi+j , if i+ j ≥ n,
1
pj Fi+j , if i+ j ≤ n− 1.

Proof. Proof can be obtained on similar lines as that of lemma 3.7 and using lemma 3.4.

Theorem 3.10. For p ≡ 1(mod 4), the expressions for primitive idempotents corresponding to Ω2pj and Ωµpj are given by

P2pj (x) = 1
8pn [φ(pn−j)

2 {Z0 − α2pn+j

Zpn − Z2pn + α2pn+j

Z3pn + Z4pn − α2pn+j

Z5pn − Z6pn + α2pn+j

Z7pn}

+ φ(pn−j)
2

n−1∑
i=n−j

{−α2pi+jZpi − Z2pi + Z4pi + Z8pi + α2pi+jZλpi − Zµpi − α2pi+jZνpi + α2pi+jZχpi + α2pi+jZgpi

+ Z2gpi + Z4gpi + Z8gpi − α2pi+jZλgpi − Zµgpi + α2pi+jZνgpi − α2pi+jZχgpi}+
1

pj

n−j−1∑
i=0

{−Fi+jZpi +Hi+jZ2pi

+ Ji+jZ4pi + Ji+jZ8pi + Fi+jZλpi +Hi+jZµpi − Fi+jZνpi + Fi+jZχpi − Ei+jZgpi +Gi+jZ2gpi + Ii+jZ4gpi

+ Ii+jZ8gpi + Ei+jZλgpi +Gi+jZµgpi − Ei+jZνgpi + Ei+jZχgpi}]

Pµpj (x) = 1
8pn [φ(pn−j)

2 {Z0 + α2pn+j

Zpn − Z2pn − α2pn+j

Z3pn + Z4pn + α2pn+j

Z5pn − Z6pn − α2pn+j

Z7pn}

+ φ(pn−j)
2

n−1∑
i=n−j

{α2pi+jZpi − Z2pi + Z4pi + Z8pi − α2pi+jZλpi − Zµpi + α2pi+jZνpi − α2pi+jZχpi − α2pi+jZgpi

− Z2gpi + Z4gpi + Z8gpi + α2pi+jZλgpi − Zµgpi − α2pi+jZνgpi + α2pi+jZχgpi}+
1

pj

n−j−1∑
i=0

{Fi+jZpi +Hi+jZ2pi

+ Ji+jZ4pi + Ji+jZ8pi − Fi+jZλpi +Hi+jZµpi + Fi+jZνpi − Fi+jZχpi + Ei+jZgpi +Gi+jZ2gpi + Ii+jZ4gpi

+ Ii+jZ8gpi + Ei+jZλgpi +Gi+jZµgpi + Ei+jZνgpi − Ei+jZχgpi}].
where En−1 = 1

2

√
−p2n−1 − 2p2(n−1) + 1

2p
n−1, Fn−1 = − 1

2

√
−p2n−1 − 2p2(n−1) + 1

2p
n−1 for p ≡ 1(mod 4) and En−1 =

1
2

√
3p2n−1 + 1

2p
n−1, Fn−1 = − 1

2

√
3p2n−1 + 1

2p
n−1 for p ≡ 3(mod 4) and for all j ≤ n− 2, Ej = Fj = 0.

Proof. Proof can be obtained on similar lines as that of theorem 3.8 using lemmas 3.7 and 3.9.

We can obtain the expressions for Pµgpj (x), P2gpj (x) by interchanging E and G by −F and H respectively in the expression

of P2pj (x), Pµpj (x) for p ≡ 1(mod 4). The expressions for P2pj (x),Pµpj (x), P2gpj (x) and Pµgpj (x) above also represents

P2gpj (x),Pµgpj (x), P2pj (x) and Pµpj (x) respectively in case when p ≡ 3(mod 4).
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Lemma 3.11. For 0 ≤ i ≤ n and 0 ≤ j ≤ n− 1,∑
sεΩpj

αgp
is =

∑
sεΩλpj

αλgp
is =

∑
sεΩνpj

ανgp
is =

{
−φ(pn−j)

2 αp
i+j

, if i+ j ≥ n,
1
pjAi+j , if i+ j ≤ n− 1.∑

sεΩpj

αλgp
is =

∑
sεΩχpj

ανgp
is = −

∑
sεΩχpj

αgp
is =

{
−φ(pn−j)

2 αλp
i+j

, if i+ j ≥ n,
1
pjBi+j , if i+ j ≤ n− 1.∑

sεΩpj

αp
is =

∑
sεΩλpj

αλp
is =

∑
sεΩνpj

ανp
is =

{
φ(pn−j)

2 αp
i+j

, if i+ j ≥ n,
1
pjCi+j , if i+ j ≤ n− 1.∑

sεΩpj

αλp
is =

∑
sεΩχpj

ανp
is = −

∑
sεΩλpj

ανp
is =

{
φ(pn−j)

2 αλp
i+j

, if i+ j ≥ n,
1
pjDi+j , if i+ j ≤ n− 1.

Proof. Proof can be obtained on similar lines as that of lemma 3.7 and using lemma 3.4.

Theorem 3.12. For p ≡ 1(mod 4), the expressions for primitive idempotents corresponding to Ωpj , Ωλpj , Ωgpj and Ωλgpj are

given by

Ppj (x) = 1
8pn [φ(pn−j)

2 {Z0 − αλp
n+j

Zpn − α2pn+j

Z2pn − α3λpn+j

Z3pn − Z4pn + αλp
n+j

Z5pn + α2pn+j

Z6pn

+ α3λpn+j

Z7pn}+ φ(pn−j)
2

n−1∑
i=n−j

{−αλp
i+j

Zpi − α2pi+jZ2pi − Z4pi + Z8pi − αp
i+j

Zλpi + α2pi+jZµpi + αλp
i+j

Zνpi

+ αp
i+j

Zχpi + αλp
i+j

Zgpi + α2pi+jZ2gpi − Z4gpi + Z8gpi + αp
i+j

Zλgpi − α2pi+jZµgpi − αλp
i+j

Zνgpi − αp
i+j

Zχgpi}

+
1

pj

n−j−1∑
i=0

{−Di+jZpi − Fi+jZ2pi +Hi+jZ4pi + Ji+jZ8pi − Ci+jZλpi + Fi+jZµpi +Di+jZνpi + Ci+jZχpi

−Bi+jZgpi − Ei+jZ2gpi +Gi+jZ4gpi + Ii+jZ8gpi −Ai+jZλgpi + Ei+jZµgpi +Bi+jZνgpi +Ai+jZχgpi}]

Pλpj (x) = 1
8pn [φ(pn−j)

2 {Z0 − αp
n+j

Zpn + α2pn+j

Z2pn − α3pn+j

Z3pn − Z4pn + αp
n+j

Z5pn − α2pn+j

Z6pn

+ α3pn+j

Z7pn}+ φ(pn−j)
2

n−1∑
i=n−j

{−αp
i+j

Zpi + α2pi+jZ2pi − Z4pi + Z8pi − αλp
i+j

Zλpi − α2pi+jZµpi + αp
i+j

Zνpi

+ αλp
i+j

Zχpi + αp
i+j

Zgpi − α2pi+jZ2gpi − Z4gpi + Z8gpi + αλp
i+j

Zλgpi + α2pi+jZµgpi − αp
i+j

Zνgpi

− αλp
i+j

Zχgpi}+
1

pj

n−j−1∑
i=0

{−Ci+jZpi + Fi+jZ2pi +Hi+jZ4pi + Ji+jZ8pi −Di+jZλpi − Fi+jZµpi + Ci+jZνpi

+Di+jZχpi −Ai+jZgpi + Ei+jZ2gpi +Gi+jZ4gpi + Ii+jZ8gpi −Bi+jZλgpi − Ei+jZµgpi +Ai+jZνgpi

+Bi+jZχgpi}]

Pgpj (x) = 1
8pn [φ(pn−j)

2 {Z0 + αλp
i+j

Zpn + α2pn+j

Z2pn + α3λpn+j

Z3pn − Z4pn − αλp
n+j

Z5pn − α2pn+j

Z6pn

− α3λpi+jZ7pn}+ φ(pn−j)
2

n−1∑
i=n−j

{αλp
i+j

Zpi + α2pi+jZ2pi − Z4pi + Z8pi + αp
i+j

Zλpi − α2pi+jZµpi − αλp
i+j

Zνpi

− αp
i+j

Zχpi − αλp
i+j

Zgpi − α2pi+jZ2gpi − Z4gpi + Z8gpi − αp
i+j

Zλgpi + α2pi+jZµgpi + αλp
i+j

Zνgpi + αp
i+j

Zχgpi}

+
1

pj

n−j−1∑
i=0

{−Bi+jZpi − Ei+jZ2pi +Gi+jZ4pi + Ii+jZ8pi −Ai+jZλpi + Ei+jZµpi +Bi+jZνpi +Ai+jZχpi

−Di+jZgpi − Fi+jZ2gpi +Hi+jZ4gpi + Ji+jZ8gpi − Ci+jZλgpi + Fi+jZµgpi +Di+jZνgpi + Ci+jZχgpi}]

Pλgpj (x) = 1
8pn [φ(pn−j)

2 {Z0 + αp
n+j

Zpn − α2pn+j

Z2pn + α3pn+j

Z3pn − Z4pn − αp
n+j

Z5pn + α2pn+j

Z6pn

− α3pn+j

Z7pn}+ φ(pn−j)
2

n−1∑
i=n−j

{αp
i+j

Zpi − α2pi+jZ2pi − Z4pi + Z8pi + αλp
i+j

Zλpi + α2pi+jZµpi − αp
i+j

Zνpi

− αλp
i+j

Zχpi − αp
i+j

Zgpi + α2pi+jZ2gpi − Z4gpi + Z8gpi − αλp
i+j

Zλgpi − α2pi+jZµgpi + αp
i+j

Zνgpi

+ αλp
i+j

Zχgpi}+
1

pj

n−j−1∑
i=0

{−Ai+jZpi + Ei+jZ2pi +Gi+jZ4pi + Ii+jZ8pi −Bi+jZλpi − Ei+jZµpi +Ai+jZνpi
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+Bi+jZχpi − Ci+jZgpi + Fi+jZ2gpi +Hi+jZ4gpi + Ji+jZ8gpi −Di+jZλgpi − Fi+jZµgpi + Ci+jZνgpi

+Di+jZχgpi}]
where Ai+j , Bi+j , Ci+j and Di+j are obtained by the following relations:

An−1Bn−1 + Cn−1Dn−1 = − 1
2p

(2n−1) − 1
2p

2(n−1)

An−1Dn−1 +Bn−1Cn−1 = −p(2n−1)

A2
n−1 +B2

n−1 + C2
n−1 +D2

n−1 = 0

An−1Cn−1 +Bn−1Dn−1 = 1
2p

(2n−1) + 1
2p

2(n−1) for p ≡ 1(mod 4)

and An−1Bn−1 + Cn−1Dn−1 = −p(2n−1)

An−1Dn−1 +Bn−1Cn−1 = − 1
2p

(2n−1) − 1
2p

2(n−1)

A2
n−1 +B2

n−1 + C2
n−1 +D2

n−1 = 1
2p

(2n−1) + 1
2p

2(n−1)

An−1Cn−1 +Bn−1Dn−1 = 0 for p ≡ 3(mod 4), n is odd

and An−1Bn−1 + Cn−1Dn−1 = −2p(2n−1) + p2(n−1)

An−1Dn−1 +Bn−1Cn−1 = 3
2p

(2n−1) − 1
2p

2(n−1)

A2
n−1 +B2

n−1 + C2
n−1 +D2

n−1 = −p(2n−1) − p2(n−1)

An−1Cn−1 +Bn−1Dn−1 = 0 for p ≡ 3(mod 4), n is even

and for all j ≤ n− 2, Aj = Bj = Cj = Dj = 0.

Proof. Proof can be obtained on similar lines as that of theorem 3.8 and using lemmas 3.7, 3.9 and 3.11.

The expressions for Ppj (x), Pλpj (x), Pgpj (x) and Pλgpj (x) above also represent Pgpj (x), Pλgpj (x), Ppj (x) and Pλpj (x) respec-

tively in case when p ≡ 3(mod 4), n is odd and Pνgpj (x), Pχgpj (x), Pνpj (x) and Pχpj (x) respectively in case when p ≡ 3(mod 4),

n is even.
Theorem 3.13. The expressions for primitive idempotents corresponding to Ωνpj , Ωχpj , Ωνgpj and Ωχgpj are given by

Pνpj (x) = 1
8pn [φ(pn−j)

2 {Z0 + αλp
n+j

Zpn − α2pn+j

Z2pn + α3λpn+j

Z3pn − Z4pn − αλp
n+j

Z5pn + α2pn+j

Z6pn

− α3λpn+j

Z7pn}+ φ(pn−j)
2

n−1∑
i=n−j

{αλp
i+j

Zpi − α2pi+jZ2pi − Z4pi + Z8pi + αp
i+j

Zλpi + α2pi+jZµpi − αλp
i+j

Zνpi

− αp
i+j

Zχpi − αλp
i+j

Zgpi + α2pi+jZ2gpi − Z4gpi + Z8gpi − αp
i+j

Zλgpi − α2pi+jZµgpi + αλp
i+j

Zνgpi + αp
i+j

Zχgpi}

+
1

pj

n−j−1∑
i=0

{Di+jZpi − Fi+jZ2pi +Hi+jZ4pi + Ji+jZ8pi + Ci+jZλpi + Fi+jZµpi −Di+jZνpi − Ci+jZχpi

+Bi+jZgpi − Ei+jZ2gpi +Gi+jZ4gpi + Ii+jZ8gpi +Ai+jZλgpi + Ei+jZµgpi −Bi+jZνgpi −Ai+jZχgpi}]

Pχpj (x) = 1
8pn [φ(pn−j)

2 {Z0 + αp
n+j

Zpn + α2pn+j

Z2pn + α3pn+j

Z3pn − Z4pn − αp
n+j

Z5pn − α2pn+j

Z6pn

− α3pn+j

Z7pn}+ φ(pn−j)
2

n−1∑
i=n−j

{αp
i+j

Zpi + α2pi+jZ2pi − Z4pi + Z8pi + αλp
i+j

Zλpi − α2pi+jZµpi − αp
i+j

Zνpi

− αλp
i+j

Zχpi + αgp
i+j

Zgpi + α2gpi+jZ2gpi − Z4gpi + Z8gpi + αλgp
i+j

Zλgpi − α2gpi+jZµgpi − αgp
i+j

Zνgpi

− αλgp
i+j

Zχgpi}+
1

pj

n−j−1∑
i=0

{Ci+jZpi + Fi+jZ2pi +Hi+jZ4pi + Ji+jZ8pi +Di+jZλpi − Fi+jZµpi − Ci+jZνpi

−Di+jZχpi +Ai+jZgpi + Ei+jZ2gpi +Gi+jZ4gpi + Ii+jZ8gpi +Bi+jZλgpi − Ei+jZµgpi −Ai+jZνgpi
−Bi+jZχgpi}]

Pνgpj (x) = 1
8pn [φ(pn−j)

2 {Z0 − αλp
n+j

Zpn + α2pn+j

Z2pn + α3λpn+j

Z3pn − Z4pn + αλp
n+j

Z5pn − α2pn+j

Z6pn

− α3λpn+j

Z7pn}+ φ(pn−j)
2

n−1∑
i=n−j

{−αλp
i+j

Zpi + α2pi+jZ2pi − Z4pi + Z8pi − αp
i+j

Zλpi − α2pi+jZµpi + αλp
i+j

Zνpi

+ αp
i+j

Zχpi + αλp
i+j

Zgpi − α2pi+jZ2gpi − Z4gpi + Z8gpi + αp
i+j

Zλgpi + α2pi+jZµgpi − αλp
i+j

Zνgpi − αp
i+j

Zχgpi}

+
1

pj

n−j−1∑
i=0

{Bi+jZpi − Ei+jZ2pi +Gi+jZ4pi + Ii+jZ8pi +Ai+jZλpi + Ei+jZµpi −Bi+jZνpi −Ai+jZχpi
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+Di+jZgpi − Fi+jZ2gpi +Hi+jZ4gpi + Ji+jZ8gpi + Ci+jZλgpi + Fi+jZµgpi −Di+jZνgpi − Ci+jZχgpi}]

Pχgpj (x) = 1
8pn [φ(pn−j)

2 {Z0 − αp
n+j

Zpn − α2pn+j

Z2pn − α3pn+j

Z3pn − Z4pn + αp
n+j

Z5pn + α2pn+j

Z6pn

+ α3pn+j

Z7pn}+ φ(pn−j)
2

n−1∑
i=n−j

{−αp
i+j

Zpi − α2pi+jZ2pi − Z4pi + Z8pi − αλp
i+j

Zλpi + α2pi+jZµpi + αp
i+j

Zνpi

+ αλp
i+j

Zχpi + αp
i+j

Zgpi + α2pi+jZ2gpi − Z4gpi + Z8gpi + αλp
i+j

Zλgpi − α2pi+jZµgpi − αp
i+j

Zνgpi

− αλp
i+j

Zχgpi}+
1

pj

n−j−1∑
i=0

{Ai+jZpi + Ei+jZ2pi +Gi+jZ4pi + Ii+jZ8pi +Bi+jZλpi − Ei+jZµpi −Ai+jZνpi

−Bi+jZχpi + Ci+jZgpi + Fi+jZ2gpi +Hi+jZ4gpi + Ji+jZ8gpi +Di+jZλgpi − Fi+jZµgpi − Ci+jZνgpi
−Di+jZχgpi}]
Proof. Proof can be obtained on similar lines as theorem 3.8 and using lemmas 3.7, 3.9 and 3.11.

The expressions for Pνpj (x), Pχpj (x), Pνgpj (x) and Pχgpj (x) above also represent Pνgpj (x), Pχgpj (x), Pνpj (x) and Pχpj (x)

respectively in case when p ≡ 3(mod 4), n is odd and Pgpj (x), Pλgpj (x), Ppj (x) and Pλpj (x) respectively in case when p ≡
3(mod 4), n is even.

4. DIMENSION AND GENERATING POLYNOMIALS

If α is primitive 8pnth root of unity in some extension field of F , then ms(x) =
∏
sεΩs

(x − αs) denote the minimal polynomial for

αs. Then the generating polynomial for cyclic code Ms of length 8pn corresponding to the cyclotomic coset Ωs is x8pn−1
ms(x) and the

dimension of minimal cyclic code Ms is equal to the cardinality of the class Ωs [5].
Theorem 4.1. (i) The generating polynomial for the codes M0,Mpn ,M2pn ,M3pn ,M4pn ,M5pn ,M6pn and M7pn are (1 + x +

x2 + ... + x8pn−1), (x4 − 1)(x2 + β)(x + δ)(1 + x8 + ... + x8(pn−1)), (x6 − x4 + x2 − 1)(x + β)(1 + x8 + ... + x8(pn−1)),

(x4−1)(x2+β)(x+δ1)(1+x8+...+x8(pn−1)), (x7−x6+x5−x4+x3−x2+x−1)(1+x8+...+x8(pn−1)), (x4−1)(x2+β)(x−
δ)(1+x8 + ...+x8(pn−1)), (x4−1)(x2 +β)(x−β)(1+x8 + ...+x8(pn−1)), and (x4−1)(x2 +β)(x−δ1)(1+x8 + ...+x8(pn−1))

respectively, where β is 4th and δ, δ1 are 8th root of unity.

(ii) The generating polynomial for M4pi ⊕M4gpi , M8pi ⊕M8gpi and Mpi ⊕M2pi ⊕Mλpi ⊕Mµpi ⊕Mνpi ⊕Mχpi ⊕Mgpi ⊕
M2gpi ⊕Mλgpi ⊕Mµgpi ⊕Mνgpi ⊕Mχgpi are (xp

n−i−1

+1)(xp
n−i −1)(x2pn−i

+1)(x4pn−i
+1)(1+x8pn−i

+ ...+x8pn−i(pi−1)

),

(xp
n−i−1 − 1)(xp

n−i
+ 1)(x2pn−i

+ 1)(x4pn−i
+ 1)(1 + x8pn−i

+ ...+ x8pn−i(pi−1)

) and (x2pn−i−1

+ 1)(x2pn−i − 1)(x4pn−i−1

+

1)(1 + x8pn−i
+ ...+ x8pn−i(pi−1)

) respectively.

Proof. (i) The minimal polynomial for α0, αp
n

, α2pn , α3pn , α4pn , α5pn , α6pn and α7pn are (x − 1), (x − δ), (x − β), (x − δ1),

(x+ 1), (x+ δ), (x+ β), and (x+ δ1) respectively. The corresponding generating polynomials are (1 + x+ x2 + ...+ x8pn−1),

(x4−1)(x2 +β)(x+δ)(1+x8 + ...+x8(pn−1)), (x6−x4 +x2−1)(x+β)(1+x8 + ...+x8(pn−1)), (x4−1)(x2 +β)(x+δ1)(1+

x8 + ...+x8(pn−1)), (x7−x6 +x5−x4 +x3−x2 +x−1)(1+x8 + ...+x8(pn−1)), (x4−1)(x2 +β)(x−δ)(1+x8 + ...+x8(pn−1)),

(x4 − 1)(x2 + β)(x− β)(1 + x8 + ...+ x8(pn−1)) and (x4 − 1)(x2 + β)(x− δ1)(1 + x8 + ...+ x8(pn−1)).

(ii) The product of minimal polynomial satisfied by α4pi and α4gpi is xp
n−i

+1

xpn−i−1+1
. Therefore, the generating polynomial for M4pi ⊕

M4gpi is (xp
n−i−1

+ 1)(xp
n−i − 1)(x2pn−i

+ 1)(x4pn−i
+ 1)(1 + x8pn−i

+ ...x8pn−i(pi−1)

). The product of minimal polynomial

satisfied by α8pi and α8gpi is xp
n−i
−1

xpn−i−1−1
. Therefore, the generating polynomial for M8pi ⊕ M8gpi is (xp

n−i−1 − 1)(xp
n−i

+

1)(x2pn−i
+ 1)(x4pn−i

+ 1)(1 + x8pn−i
+ ...x8pn−i(pi−1)

). Also the product of minimal polynomial satisfied by αp
i

, α2pi , αgp
i

,

α2gpi , αλp
i

, αλgp
i

, αµp
i

, αµgp
i

, ανp
i

, ανgp
i

, αχp
i

and αχgp
i

is x2pn−i
+1

x2pn−i−1+1
. Therefore, the generating polynomial forM4pi⊕M4gpi ,

M8pi ⊕ M8gpi and Mpi ⊕ M2pi ⊕ Mλpi ⊕ Mµpi ⊕ Mνpi ⊕ Mχpi ⊕ Mgpi ⊕ M2gpi ⊕ Mλgpi ⊕ Mµgpi ⊕ Mνgpi ⊕ Mχgpi is

(x2pn−i−1

+ 1)(x2pn−i − 1)(x4pn−i−1

+ 1)(1 + x8pn−i
+ ...x8pn−i(pi−1)

).
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5. MINIMUM DISTANCE

If l is a cyclic code of length m generated by g(x) and its minimum distance is d, then the code l̄ of length mk generated by
g(x)(1 + xm + x2m + ...+ x(k−1)m) is a repetition code of l repeated k times and its minimum distance is dk[3]. Here, we find the
minimum distance of the minimal cyclic code Ms of length 8pn, generated by the primitive idempotent Ps.
Theorem 5.1. Each of the codes M0,Mpn ,M2pn ,M3pn ,M4pn ,M5pn ,M6pn and M7pn are of minimum distance 8pn. For 0 ≤
i ≤ n − 1, the minimum distance of the cyclic codes M4pi ,M4gpi ,M8pi and M8gpi are greater than or equal 16pi and minimum

distance for the codes Mpi ,Mgpi ,M2pi ,M2gpi ,Mλpi ,Mλgpi ,Mµpi ,

Mµgpi ,Mνpi ,Mνgpi ,Mχpi and Mχgpi are greater than or equal to 8pi.

Proof. Since generating polynomial for the codeM0 is (1+x+x2+...+x8pn−1), which is itself a polynomial of length 8pn, hence its
minimum distance is 8pn. Also, the generating polynomial for the cyclic codeMpn is (x4−1)(x2+β)(x+δ)(1+x8+...+x8(pn−1)).
If we take a cyclic code of length 8 generated by the polynomial (x4 − 1)(x2 + β)(x+ δ), then the minimal distance of this code is
8. Since the cyclic code of length 8pn with generating polynomial (x4 − 1)(x2 + β)(x+ δ)(1 + x8 + ...+ x8(pn−1)) is a repetition
code of the cyclic code of length 8 with generating polynomial (x4− 1)(x2 + β)(x+ δ), repeated pn times. Therefore its minimum
distance is 8pn.
Similarly, the minimum distance of each of the cyclic codes M2pn ,M3pn ,M4pn ,M5pn ,M6pn and M7pn is 8pn. Consider the cyclic
codes M4pi and M4gpi , since the generating polynomial of the cyclic code of length 8pn−i is (xp

n−i−1

+ 1)(xp
n−i − 1)(x2pn−i

+

1)(x4pn−i
+ 1)(1 + x8pn−i

+ ...+ x8pn−i(pi−1)

). Therefore, if we take a cyclic code C of length pn−i generated by the polynomial
(xp

n−i−1

+ 1), then the minimal distance of this code is 2. Now consider the cyclic code C1 of length 2pn−i generated by the
polynomial (xp

n−i−1

+ 1)(xp
n−i − 1) and then minimum distance of this code is 4, as it is 2 time repetition of the code C. Further,

the minimum distance of the code C2 of length 4pn−i generated by the polynomial (xp
n−i−1

+ 1)(xp
n−i − 1)(x2pn−i

+ 1) is 8, as
it is 2 time repetition of the code C1. Hence, the minimum distance of the code C3 of length 8pn−i generated by the polynomial
(xp

n−i−1

+ 1)(xp
n−i − 1)(x2pn−i

+ 1)(x4pn−i
+ 1) and then minimum distance of this code is 16, as it is 2 time repetition of

the code C2. Since the cyclic code of length 8pn generated by the polynomial (xp
n−i−1

+ 1)(xp
n−i − 1)(x2pn−i

+ 1)(x4pn−i
+

1)(1 + x8pn−i
+ ...x8pn−i(pi−1)

) is a repetition code of the code C3, repeated pi times. Hence its minimum distance is 16pi. The
codes corresponding to M4pi and M4gpi are the sub codes of the above codes, so their minimum distances are greater than or
equal to 16pi. Similarly, the minimum distance of the cyclic code M8pi and M8gpi of length 8pn with generating polynomial

(xp
n−i−1 − 1)(xp

n−i
+ 1)(x2pn−i

+ 1)(x4pn−i
+ 1)(1 + x8pn−i

+ ...+ x8pn−i(pi−1)

) is also greater than or equal to 16pi.
Now, the product of generating polynomial for the cyclic codes Mpi ,Mgpi ,M2pi ,M2gpi ,Mλpi ,Mλgpi ,Mµpi ,

Mµgpi ,Mνpi ,Mνgpi ,Mχpi and Mχgpi is (x2pn−i−1

+ 1)(x4pn−i−1

+ 1)(x2pn−i − 1)(1 + x8pn−i
+ ...+ x8pn−i(pi−1)

),
therefore, if we take a code C of length 8pn−i generated by the polynomial (x2pn−i−1

+ 1)(x4pn−i−1

+ 1)(x2pn−i − 1), then the
minimum distance of this code is 8.Since the cyclic code C1 of length 8pn generated by the polynomial (x2pn−i−1

+ 1)(x4pn−i−1

+

1)(x2pn−i − 1)(1 + x8pn−i
+ ...+ x8pn−i(pj−1)

) is a repetition code of the code C, repeated pi times. Hence its minimum distance
is 8pi.
The codes corresponding to Ωpi , Ωgpi ,Ω2pi , Ω2gpi , Ωλpi , Ωλgpi , Ωµpi , Ωµgpi , Ωνpi , Ωνgpi , Ωχpi and Ωχgpi are the subcodes of
above codes so, their minimum distances are greater than or equal to 8pi.

6. EXAMPLE

Example 6.1. Cyclic Codes of length 24.

Take p = 3, n = 1, q = 73. Then the q-cyclotomic cosets are

Ω0 = {0}, Ω1 = {1}, Ω2 = {2}, Ω3 = {3}, Ω4 = {4}, Ω5 = {5}, Ω6 = {6}, Ω7 = {7}, Ω8 = {8}, Ω9 = {9}, Ω10 = {10},

Ω11 = {11}, Ω12 = {12}, Ω13 = {13}, Ω14 = {14}, Ω15 = {15}, Ω16 = {16}, Ω17 = {17}, Ω18 = {18}, Ω19 = {19},

Ω20 = {20},Ω21 = {21}, Ω22 = {22},Ω23 = {23},
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and the corresponding primitive idempotents in GF (73)[x]
<x24−1> are

P0(x) = 1
24 [Z0 + Z3 + Z6 + Z9 + Z12 + Z15 + Z18 + Z21 + Z1 + Z2 + Z4 + Z8 + Z7 + Z14 + Z13 + Z19

+ Z5 + Z10 + Z20 + Z16 + Z11 + Z22 + Z17 + Z23]

P1(x) = 1
24 [Z0 + 51Z3 + 27Z6 + 10Z9 − Z12 − 51Z15 − 27Z18 − 10Z21 − 2Z2 + 9Z48Z8 + 4Z7 + 2Z14−

4Z19 − 13Z5 + Z10 + 8Z20 − 9Z16 − 24Z11 − Z22 + 13Z17 + 24Z23]

P2(x) = 1
24 [Z0 + 27Z3 − Z6 − 27Z9 + Z12 + 27Z15 − Z18 − 27Z21 − 2Z1 + 9Z2 + 8Z4 + 8Z8 − 2Z7+

9Z14 − 2Z13 + 2Z19 + Z5 + 8Z10 − 9Z20 − 9Z16 − Z11 + 8Z22 + Z17 − Z23]

P3(x) = 1
24 [Z0 + 10Z3 + 27Z6 + 51Z9 − Z12 − 10Z15 − 27Z18 − 51Z21 + 10Z1 + 27Z2 − Z4 + Z8 − 10Z7

+27Z14 − 51Z13 + 10Z19 − 51Z5 + 27Z10 − Z20 + Z16 + 10Z11 − 27Z22 + 51Z17 − 10Z23]

P4(x) = 1
24 [Z0 − Z3 + Z6 − Z9 + Z12 − Z15 + Z18 − Z21 + 9Z1 + 8Z2 + 8Z4 + 8Z8 + 9Z7 + 8Z14 + 9Z13

+9Z19 + 8Z5 − 9Z10 − 9Z20 − 9Z16 + 8Z11 − 9Z22 + 8Z17 + 8Z23]

P5(x) = 1
24 [Z0 − 51Z3 − 27Z6 − 10Z9 − Z12 + 51Z15 + 27Z18 + 10Z21 − 13Z1 + Z2 + 8Z4 − 9Z8 − 24Z7

−Z14 + 13Z13 + 24Z19 − 2Z10 + 9Z20 + 8Z16 + 4Z11 + 2Z22 − 4Z23]

P6(x) = 1
24 [Z0 + 27Z3 − Z6 − 27Z9 + Z12 + 27Z15 − Z18 − 27Z21 − 27Z1 − Z2 + Z4 + Z8 + 27Z7 − Z14

−27Z13 + 27Z19 + 27Z5 − Z10 + Z20 + Z16 − 27Z11 − Z22 + 27Z17 − 27Z23]

P7(x) = 1
24 [Z0 − 10Z3 − 27Z6 − 51Z9 − Z12 + 10Z15 + 27Z18 + 51Z21 + 4Z1 + 2Z2 + 9Z4 + 8Z8 − 2Z14

−4Z13 − 24Z5 − Z10 + 8Z20 − 9Z16 − 13Z11 + Z22 + 24Z17 + 13Z23]

P8(x) = 1
24 [Z0 + Z3 + Z6 + Z9 + Z12 + Z15 + Z18 + Z21 + 8Z1 + 8Z2 + 8Z4 + 8Z8 + 8Z7 + 8Z14 + 8Z13

+8Z19 − 9Z5 − 9Z10 − 9Z20 − 9Z16 − 9Z11 − 9Z22 − 9Z17 − 9Z23]

P9(x) = 1
24 [Z0 + 51Z3 − 27Z6 − 10Z9 − Z12 − 51Z15 − 27Z18 − 10Z21 + 10Z1 + 27Z2 − Z4 + Z8 − 51Z7

−27Z14 − 10Z13 + 51Z19 − 10Z5 − 27Z10 − Z20 + Z16 + 51Z11 + 27Z22 + 10Z17 − 51Z23]

P10(x) = 1
24 [Z0 − 27Z3 − Z6 + 27Z9 + Z12 − 27Z15 − Z18 + 27Z21 + Z1 + 8Z2 − 9Z4 − 9Z8 − Z7 + 8Z14

+Z13 − Z19 − 2Z5 + 9Z10 + 8Z20 + 8Z16 + 2Z11 + 9Z22 − 2Z17 + 2Z23]

P11(x) = 1
24 [Z0 + 10Z3 + 27Z6 + 51Z9 − Z12 − 10Z15 − 27Z18 − 51Z21 − 24Z1 − Z2 + 8Z4 − 9Z8 − 13Z7

+Z14 + 24Z13 + 13Z19 − 4Z5 + 2Z10 + 9Z20 + 8Z16 − 2Z22 − 4Z17]

P12(x) = 1
24 [Z0 − Z3 + Z6 − Z9 + Z12 − Z15 + Z18 − Z21 − Z1 + Z2 + Z4 + Z8 − Z7 + Z14 − Z13 − Z19

−Z5 + Z10 + Z20 + Z16 − Z11 + Z22 − Z17 − Z23]

P13(x) = 1
24 [Z0 − 51Z3 + 27Z6 − 10Z9 − Z12 + 51Z15 − 27Z18 + 10Z21 − 2Z2 + 9Z4 + 8Z8 − 4Z7 + 2Z14

+4Z19 + 13Z5 + Z10 + 8Z20 − 9Z16 + 24Z11 − Z22 − 13Z17 − 24Z23]

P14(x) = 1
24 [Z0 − 27Z3 − Z6 + 27Z9 + Z12 − 27Z15 − Z18 + 27Z21 + 2Z1 + 9Z2 + 8Z4 + 8Z8 − 2Z7

+9Z14 + 2Z13 − 2Z19 − Z5 + 8Z10 − 9Z20 − 9Z16 + Z11 + 8Z22 − Z17 + Z23]

P15(x) = 1
24 [Z0 − 10Z3 − 27Z6 − 51Z9 − Z12 + 10Z15 − 27Z18 + 51Z21 − 51Z1 − 27Z2 − Z4 + Z8 + 10Z7

+27Z14 + 51Z13 − 10Z19 + 51Z5 + 27Z10 − Z20 + Z16 − 10Z11 − 27Z22 − 51Z17 + 10Z23]

P16(x) = 1
24 [Z0 + Z3 + Z6 + Z9 + C12 + C15 + C18 + C21 − 9Z1 − 9Z2 − 9Z4 − 9Z8 − 9Z7 − 9Z14

−9Z13 − 9Z19 + 8Z5 + 8Z10 + 8Z20 + 8Z16 + 8Z11 + 8Z22 + 8Z17 + 8Z23]

P17(x) = 1
24 [Z0 + 51Z3 − 27Z6 + 10Z9 − Z12 − 51Z15 + 27Z18 − 10Z21 + 13Z1 + Z2 + 8Z4 − 9Z8 + 24Z7

−Z14 − 13Z13 − 24Z19 − 2Z10 + 9Z20 + 8Z16 − 4Z11 + 2Z22 + 4Z23]

P18(x) = 1
24 [Z0 − 27Z3 − Z6 + 27Z9 + Z12 − 27Z15 − Z18 − 27Z21 + 27Z1 − Z2 + Z4 + Z8 − 27Z7 − Z14

+27Z13 − 27Z19 − 27Z5 − Z10 + Z20 + Z16 + 27Z11 − Z22 − 27Z17 + 27Z23]

P19(x) = 1
24 [Z0 + 10Z3 − 27Z6 + 51Z9 − Z12 − 10Z15 + 27Z18 − 51Z21 − 4Z1 + 2Z2 + 9Z4 + 8Z8 − 2Z14

+4Z13 + 24Z5 − Z10 + 8Z20 − 9Z16 + 13Z11 + Z22 − 24Z17 − 13Z23]

P20(x) = 1
24 [Z0 − Z3 + Z6 − Z9 + Z12 − Z15 + Z18 − Z21 + 8Z1 − 9Z2 − 9Z4 − 9Z8 + 8Z7 − 9Z14 + 8Z13

+8Z19 + 9Z5 + 8Z10 + 8Z20 + 8Z16 + 9Z11 + 8Z22 + 9Z17 + 9Z23]

P21(x) = 1
24 [Z0 − 51Z3 − 27Z6 − 10Z9 − Z12 + 51Z15 + 27Z18 + 10Z21 − 10Z1 + 27Z2 − Z4 + Z8 + 51Z7

−27Z14 + 10Z13 − 51Z19 − 10Z5 − 27Z10 − Z20 + Z16 − 51Z11 + 27Z22 − 10Z17 + 51Z23]

P22(x) = 1
24 [Z0 + 27Z3 − Z6 − 27Z9 + Z12 + 27Z15 − Z18 − 27Z21 − Z1 + 8Z2 − 9Z4 − 9Z8 + Z7 + 8Z14

−Z13 + Z19 + 2Z5 + 9Z10 + 8Z20 + 8Z16 − 2Z11 + 9Z22 + 2Z17 − 2Z23]
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P23(x) = 1
24 [Z0 − 10Z3 + 27Z6 − 51Z9 − Z12 − 10Z15 − 27Z18 + 51Z21 + 24Z1 − Z2 + 8Z4 − 9Z8 + 13Z7

+Z14 − 24Z13 − 13Z19 − 4Z5 + 2Z10 + 9Z20 + 8Z16 − 2Z22 + 4Z17]

Minimal polynomials for α0, α1, α2, α3, α4, α5, α6, α7, α8, α9, α10, α11, α12, α13, α14, α15, α16, α17, α18, α19,

α20, α21, α22 and α23 are x− 1, x− 30, x− 24, x− 63, x− 65, x− 52, x− 27, x− 7, x− 64, x− 22, x− 3, x− 17, x+ 1, x− 43,
x− 49, x− 10, x− 8, x− 21, x− 46, x− 66, x− 9, x− 51, x− 70 and x− 56 respectively.
The minimal codes M0, M1, M2, M3, M4, M5, M6, M7, M8, M9, M10, M11, M12, M13, M14, M15, M16, M17, M18, M19, M20,
M21, M22 and M23 of length 24 are as follows:

Code Dim. Min. Distance Bound Generating Polynomial

M0 1 24 1 +x+x2 +x3 +x4 +x5 +x6 +x7 +x8 +x9 +x10 +x11 +x12 +

x13 + x14 + x15 + x16 + x17 + x18 + x19 + x20 + x21 + x22 + x23

M1 1 8 ≤ d ≤ 24 56+70x+51x2 +9x3 +66x4 +46x5 +21x6 +8x7 +10x8 +49x9 +

43x10 + 72x11 + 17x12 + 3x13 + 22x14 + 64x15 + 7x16 + 27x17 +

52x18 + 65x19 + 63x20 + 24x21 + 30x22 + x23

M2 1 8 ≤ d ≤ 24 70+9x+46x2 +8x3 +49x4 +72x5 +3x6 +64x7 +27x8 +65x9 +

24x10 + x11 + 70x12 + 9x13 + 46x14 + 8x15 + 49x16 + 72x17 +

3x18 + 64x19 + 27x20 + 65x21 + 24x22 + x23

M3 1 24 51+46x+10x2 +72x3 +22x4 +27x5 +63x6 +x7 +51x8 +46x9 +

10x10 + 72x11 + 22x12 + 27x13 + 63x14 + x15 + 51x16 + 46x17 +

10x18 + 72x19 + 22x20 + 27x21 + 63x22 + x23

M4 1 16 ≤ d ≤ 24 9 + 8x+ 72x2 + 64x3 + 65x4 + x5 + 9x6 + 8x7 + 72x8 + 64x9 +

65x10 +x11 +9x12 +8x13 +72x14 +64x15 +65x16 +x17 +9x18 +

8x19 + 72x20 + 64x21 + 65x22 + x23

M5 1 8 ≤ d ≤ 24 66 + 49x+ 22x2 + 65x3 + 56x4 + 46x5 + 43x6 + 64x7 + 63x8 +

70x9 + 21x10 + 72x11 + 7x12 + 24x13 + 51x14 + 8x15 + 17x16 +

27x17 + 30x18 + 9x19 + 10x20 + 3x21 + 52x22 + x23

M6 1 24 46 + 72x+ 27x2 +x3 + 46x4 + 72x5 + 27x6 +x7 + 46x8 + 72x9 +

27x10 + x11 + 46x12 + 72x13 + 27x14 + x15 + 46x16 + 72x17 +

27x18 + x19 + 46x20 + 72x21 + 27x22 + x23

M7 1 8 ≤ d ≤ 24 21+3x+63x2 +9x3 +43x4 +27x5 +56x6 +8x7 +22x8 +24x9 +

66x10 +72x11 +52x12 +70x13 +10x14 +64x15 +30x16 +46x17 +

17x18 + 65x19 + 51x20 + 49x21 + 7x22 + x23

M8 1 16 ≤ d ≤ 24 8+64x+x2 +8x3 +64x4 +x5 +8x6 +64x7 +x8 +8x9 +64x10 +

x11 + 8x12 + 64x13 + x14 + 8x15 + 64x16 + x17 + 8x18 + 64x19 +

x20 + 8x21 + 64x22 + x23
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M9 1 24 10+27x+51x2 +72x3 +63x4 +46x5 +22x6 +x7 +10x8 +27x9 +

51x10 + 72x11 + 63x12 + 46x13 + 22x14 + x15 + 10x16 + 27x17 +

51x18 + 72x19 + 63x20 + 46x21 + 22x22 + x23

M10 1 8 ≤ d ≤ 24 49+65x+46x2 +64x3 +70x4 +72x5 +24x6 +8x7 +27x8 +9x9 +

3x10 + x11 + 49x12 + 65x13 + 46x14 + 64x15 + 70x16 + 72x17 +

24x18 + 8x19 + 27x20 + 9x21 + 3x22 + x23

M11 1 8 ≤ d ≤ 24 43 + 24x + 10x2 + 65x3 + 21x4 + 27x5 + 66x6 + 64x7 + 51x8 +

3x9 + 56x10 + 72x11 + 30x12 + 49x13 + 63x14 + 8x15 + 52x16 +

46x17 + 7x18 + 9x19 + 22x20 + 70x21 + 17x22 + x23

M12 1 24 −1+x−x2 +x3−x4 +x5−x6 +x7−x8 +x9−x10 +x11 −x12 +

x13 − x14 + x15 − x16 + x17 − x18 + x19 − x20 + x21 − x22 + x23

M13 1 8 ≤ d ≤ 24 17 + 70x+ 22x2 + 9x3 + 7x4 + 46x5 + 52x6 + 8x7 + 63x8 + 49x9 +

30x10 + 72x11 + 56x12 + 3x13 + 51x14 + 64x15 + 66x16 + 27x17 +

21x18 + 65x19 + 10x20 + 24x21 + 43x22 + x23

M14 1 8 ≤ d ≤ 24 3 + 9x+ 27x2 + 8x3 + 24x4 + 72x5 + 70x6 + 64x7 + 46x8 + 65x9 +

49x10 +x11 +3x12 +9x13 +27x14 +8x15 +24x16 +72x17 +70x18 +

64x19 + 46x20 + 65x21 + 49x22 + x23

M15 1 24 22+46x+63x2 +72x3 +51x4 +27x5 +10x6 +x7 +22x8 +46x9 +

63x10 + 72x11 + 51x12 + 27x13 + 10x14 + x15 + 22x16 + 46x17 +

63x18 + 72x19 + 51x20 + 27x21 + 10x22 + x23

M16 1 16 ≤ d ≤ 24 64 + 8x+x2 + 64x3 + 8x4 +x5 + 64x6 + 8x7 +x8 + 64x9 + 8x10 +

x11 + 64x12 + 8x13 + x14 + 64x15 + 8x16 + x17 + 64x18 + 8x19 +

x20 + 64x21 + 8x22 + x23

M17 1 8 ≤ d ≤ 24 7 + 49x + 51x2 + 65x3 + 17x4 + 46x5 + 30x6 + 64x7 + 10x8 +

70x9 + 52x10 + 72x11 + 66x12 + 24x13 + 22x14 + 8x15 + 56x16 +

27x17 + 43x18 + 9x19 + 63x20 + 3x21 + 21x22 + x23

M18 1 24 27 + 72x+ 46x2 + x3 + 27x4 + 72x5 + 46x6 + x7 + 27x8 + 72x9 +

46x10 + x11 + 27x12 + 72x13 + 46x14 + x15 + 27x16 + 72x17 +

46x18 + x19 + 27x20 + 72x21 + 46x22 + x23

M19 1 8 ≤ d ≤ 24 52 + 3x+ 10x2 + 9x3 + 30x4 + 27x5 + 17x6 + 8x7 + 51x8 + 24x9 +

7x10 + 72x11 + 21x12 + 70x13 + 63x14 + 64x15 + 43x16 + 46x17 +

56x18 + 65x19 + 22x20 + 49x21 + 66x22 + x23

M20 1 16 ≤ d ≤ 24 65 + 64x+ 72x2 + 8x3 + 9x4 + x5 + 65x6 + 64x7 + 72x8 + 8x9 +

9x10 +x11 + 65x12 + 64x13 + 72x14 + 8x15 + 9x16 +x17 + 65x18 +

64x19 + 72x20 + 8x21 + 9x22 + x23

M21 1 24 63+27x+22x2 +72x3 +10x4 +46x5 +51x6 +x7 +63x8 +27x9 +

22x10 + 72x11 + 10x12 + 46x13 + 51x14 + x15 + 63x16 + 27x17 +

22x18 + 72x19 + 10x20 + 46x21 + 51x22 + x23

M22 1 8 ≤ d ≤ 24 24 + 65x+ 27x2 + 64x3 + 3x4 + 72x5 + 49x6 + 8x7 + 46x8 + 9x9 +

70x10 + x11 + 24x12 + 65x13 + 27x14 + 64x15 + 3x16 + 72x17 +

49x18 + 8x19 + 46x20 + 9x21 + 70x22 + x23

M23 1 8 ≤ d ≤ 24 30+24x+63x2 +65x3 +52x4 +27x5 +7x6 +64x7 +22x8 +3x9 +

17x10 + 72x11 + 43x12 + 49x13 + 10x14 + 8x15 + 21x16 + 46x17 +

66x18 + 9x19 + 51x20 + 70x21 + 56x22 + x23
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