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Abstract:

manufacturing. Also, the characteristics of products usually
contain outliers.

Control charts monitor product characteristics, and are vital in
product manufacturing. Different product characteristics are
measured using different types of control charts. Hoteling T2
chart is a type of control chart which can be used for most
sensitive measures, for instance, sample covariance matrix
and sample mean vector. Nonetheless, outliers eliminate the
usability of the chart. Hence, this study proposes an
innovative control chart that solves the problems linked to
other control chart. In place of covariance matrix, a robust
scale estimator Qn is employed in the proposed chart, while
winsorized modified one step M-estimator (WMOM) is
employed, replacing the sample mean vector utilizing
bootstrap sample data. The initial sample is obtained from the
standard normal distribution. Simulation and real time data are
used in results deduction. Probability of detection outliers and
false alarm are the two major measurements of performance
used. The performance of robust chart is proven to supersede
that of the conventional control chart performance.

Robust estimators can be efficiently employed, replacing the
mean vector x and the variance covariance matrix S as in the
regular Hotelling’s T 2 chart, in addressing the impact of
outliers on the established control chart. A chart with the
ability to generate solid response to the changes to the process
of production, is a robust chart. The aforementioned response
is instigated by the controlled false alarms, while the values of
probabilities of detection outliers are sufficiently large and
tends to 100%.
The bootstrap method involves the application of a
nonparametric technique and the method is not reliant on the
suppositions of data parametric distribution. However, in
single process monitoring, the technique has the ability to
construct single variable control charts. In order to attain
effectiveness, multivariate control charts and those of the
bootstrap technique can be used in combination (Poovich
Phaladiganon, Seoung Bum Kim, Victoria C. P. Chen, Jun
Geol Baek, Sun Kyoung Park, 2011).

Keywords: Robust Location Estimator wMOM and Robust
Scale Estimator Qn, Hotelling's T2 Chart, Bootstrap sample.

1.

Small size sample can be obtained but this can violate the
assumption of normality distribution. Also, the in-control state
of the control charts need to be estimated but this can reduce
the performance of the charts. Accordingly, for an unknown
distribution, Mostajeran, Iranpanah and Noorossana (2017)
proposed the use of non-parametric bootstrap control charts.
Also, non-parametric bootstrap control charts are appropriate
in estimating the process parameters from Phase I dataset or
when the use of large size is impossible or impractical.

INTRODUCTION

Statistical control charts are commonly used in
manufacturing. The function of these charts is to monitor
the production process. The characteristics of product are
monitored in terms of quality and the use of control charts
is facilitated at first. In the determination of quality of a
given product, there are many characteristics related to
quality to be taken into account. However, the approach is
not sufficiently feasible. Hence, the use of multivariate
control charts (MVCC) which could identify changes in
covariance matrix Σ and the mean vector μ can generate
the best performance of the product.

In general, normal distribution is needed for control charts in
order to allow observation. For cases with non-normal
distributions, the use of non-parametric control charts
including charts of sign control will be suitable. Here, the
algorithm of non-parametric bootstrap is used in the
computation of the control chart parameters. However,
original observations could utilized for cases that require no
assumptions of distribution.

The most commonly used MVCC methods is the Hotelling’s
chart T 2 (Alt, 1985; Montgomery, 2005), and this chart can
detect multiple outliers, mean shifts and deviations in the
distribution of control (Williams, Woodall, Birch, & Sullivan,
2006).

In control charts construction, Jones and William (1998)
utilized bootstrap instead of the conventional parametric
assumption. Bootstrap technique makes use of computing
power. In their work, the authors presented the proposed
control chart together with the comprehensive results of
computer simulation. The authors then evaluated the
performance of the control charts proposed. For the purpose,
average run length was applied.

Estimators 𝑋̅ and S2 are used in the statistic 𝑇𝑖2 and in the
situation of false alarms, these estimators are directly affected
by outliers, and this causes inability in controlling the
production processes. Failure of the chart in executing its task
has been factored by the increasing complexity of product

4001

International Journal of Applied Engineering Research ISSN 0973-4562 Volume 14, Number 21 (2019) pp. 4001-4009
© Research India Publications. http://www.ripublication.com
The application of an innovative bootstrap-based method was
demonstrated in Seyed Taghi Akhavan Niaki and Babak
Abbasi (2006) to obtain the control limits on the established
attributes, and the method allows the confidence intervals to
be simultaneously created on the attributes. Then, utilizing the
in-control and out-of-control average run length criteria, the
proposed method was examined in terms of performance.
Further, the results of the propose method were compared
with those obtained in a comparable work by Bonferroni and
Sidak and the proposed method shows superiority. The
bootstrap method and the T2 control chart were also compared
by the authors.

bootstrap control charts achieved reasonable performance.
The proposed charts were compared with the Shewhart‐type
control charts in terms of performance.
In a relevant work, Mostajeran et al. (2018) demonstrated the
application of a bootstrap multivariate control chart following
Hotelling’s T2 statistic. Using simulation study, the authors
then compared the performance of bootstrap multivariate
control with that of a multivariate Wilcoxon control chart, a
Hotelling’s T2 parametric multivariate control chart, and that
of a multivariate sign control chart.
Ahsan et al. (2018) improved the traditional Hotelling T2
chart using a new robust estimator, the successive difference
covariance matrix (SDCM) was applied on the Intrusion
detection system (IDS). The results of the proposed IDS
method with bootstrap was outperformed the other
classification methods.

Poovich Phaladiganon et al. (2011) used a bootstrap-based
multivariate T2 control in their study and reported the
capability of the chart in monitoring a process in non-normal
or unknown distribution of data. The authors assessed the
performance of the proposed control chart utilizing a
simulation study. Using simulation study, a performance
comparison was made between the proposed chart and the
chart of kernel density estimation (KDE)-based T2 and that of
the conventional Hotelling's T2, and the results prove the
superiority of the proposed method to the conventional
T2 control chart, and the comparable performance of the
proposed method with that of the KDE-based T 2 control
chart.

Haddad et al (2019) proposed a new alternative robust
Hotelling's T2 charts. In the proposed Hotelling's T2 charts, the
authors replaced the arithmetic mean with Hodges and
Lehmann vector and replaced the sensitive covariance matrix
with the covariance matrix of robust scale estimator 𝑆𝑛 ,
respectively. According to the results, the performances of the
new chart are outperformed of the traditional charts in terms
of the false alarms and the probability of detection outliers.

The method proposed in Gandy and Kvaloy (2013) was based
upon the concept of bootstrapping. Using the method, the
authors bootstrapped the data which were then applied in the
in-control state estimation. Also, the method has proven its
suitability for different types of control charts, including those
grounded on regression models. The method also proved its
robustness against the non-parametric bootstrap. Large
properties of the sample of the adjustment were used by the
author. A simulation study was carried out to show the
advantages associated with utilizing the proposed approach.

The aim of the present study is to enhance Hotelling’s T 2
chart in terms of its performance. A novel method is hence
proposed, which involves modification to the sensitivities
towards outliers. In addition, robust location estimator namely
the winsorized modified one step M-estimator (WMOM) and
the covariance matrix of the robust scale estimator
MADn , Sn ,𝑸𝒏 are employed in forming the new methodology,
whereas bootstrap method is applied in data resampling from
the normally distributed data.

The use of a non-parametric approach was demonstrated in
Ogbeide and Edopka (2013) in performing evaluation on the
cumulative sum (Cusum) and the exponentially Weighted
Moving Average (EWMA) control limits on a given dataset.
Further, the principal dataset conditional distribution was used
by the authors in deciding the control limits, while bootstrap
was used in the assessment of the control limits and in the
identification of the in-control and out of control of the
distribution. The approach contains no rigid assumption.

The following section (Section 2) provides the details of
winsorized modified one-step M-estimator (WMOM) and the
properties of the scale estimator of 𝑸𝒏 . Then, the formation of
the Hotelling’s T 2 charts is presented in Section 3. The
summarized simulation results are discussed in Section 4. This
study is concluded in Section 5.

2.

The application of an innovative bootstrap algorithm was
demonstrated in Mostajeran et al. (2016) in the Hotelling’s T2
control chart formation. A simulation study was then carried
out to evaluate the proposed method in terms of performance.
Results were compared; between those obtained by the
proposed method and those obtained from the conventional
Hotelling’s T2 control chart as well as those obtained using
bootstrap in Phaladiganon et al. (2011) utilizing in-control and
out-of-control average run lengths correspondingly denoted
by ARL0 and ARL1.

WINSORIZED MODIFIED
ESTIMATOR (MOM)

ONE

STEP

M-

From the distribution, a random sample of p variables is
obtained as follows:
“ X ij

 X 1 j ,..., X nj , j  1,..., p

. (Wilcox & Keselman,
2003), while MOM estimator is as expressed below:

ˆ 

n  i2

n

i i1 1

The application of non‐parametric bootstrap multivariate
control charts |S|, W, and G based on bootstrapped data
utilization in estimating the in‐control state was discussed in
Mostajeran et al. (2017), and from the obtained results, the

Here X (i ) j

X (i ) j
j

: i  th

characteristic variable.
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i1 : The number of

X ij

(𝑋𝑖𝑗 − 𝜇̂ ) < −𝑘 ∗ 𝑸𝑛𝑗

i 2 : The number of

X ij

The vector of winsorized MOM estimator is as expressed as
follows:

which fulfils the criterion
(2)

W1 
 
. 
W  . 
 
. 
 
W p 

which fulfils the criterion

(𝑋𝑖𝑗 − 𝜇̂ ) > 𝑘 ∗ 𝑸𝑛𝑗

(3)

n j  Number of observations in each j  th variable.

ˆ j  med X 1 j ,..., X nj , j  1,..., p
Qn = 2.2219*{|𝑥𝑖 – 𝑥𝑗 | ; i < j }

And
(4)

𝑆𝑊𝑄𝑛 (𝑊𝑖 , 𝑊𝑗 ) =

In this study, the most appropriate breakdown point
estimator Qn as proposed in Rousseeuw and Croux (1993) and
bounded influence function were employed. As indicated in
Huber (1981), in dealing with high breakdown properties, Qn
is the most useful assistant scale estimate.

2
−1
̅ )𝑇 𝑆𝑊𝑄𝑛
̅)
𝑇𝑊𝑄𝑛
(𝑋𝑖 ) = (𝑋𝑖 − 𝑊
(𝑋𝑖 − 𝑊

X ij  X 1 j ,..., X nj , j  1,..., p , the winsorized sample is

if X ij  X (i1 1) j
(5)

if X ij  X ( ni2 ) j

3.

(8)

ROBUST SCALE ESTIMATOR Qn:

In this situation, d encompasses a constant factor for turning
Qn an unbiased estimator for the value of σ, providing that the

Where:

i1 : Represents the smallest outliers in the data.

distribution is normal. Meanwhile, h 

i 2 : Represents the largest outliers in the data

Wi

and

Wj

Qn = d{|𝑥𝑖 – 𝑥𝑗 | ; i < j}

variables and winsorized MOM for j-th

1
mj

mj

W
i 1

ij

(9)

Qn and Sn carry identical properties. Qn is also appropriate for
50% breakdown point and asymmetric distribution. The
influence function of Qn is highly close and its competency is
affirmed when employed alongside a Gaussian distribution,
with the attained value of nearly 82%. Owing to the
computational complexity, the estimation of values was
initially time consuming. The computation of Qn was
highlighted in Croux and Rousseeuw (1992). Here, the
authors employed just O (n log n) time and O (n) space. Faster
algorithms were used in computing the values of Qn, and
among financial companies, these estimators are employed to
monitor the everyday stock behavior (in this study, n = 800).

variable is as expressed as follows:

Here W j 

n
 1 signifies half
2

the observation number.

As such, the winsorized covariance matrix estimated
between

(7)

The defaulting scale for the trimming criterion 𝑴𝑨𝑫𝒏 is
employed in MOM. In Syed-Yahaya et al. (2006), it was
stated that the use of different trimming criterion in MOM
leads to the formation of robust scale estimators including Qn.
The use of these estimators reduces the probability of false
alarms of certain statistics tests. Hence, in Therefore, the
trimming criterion, Qn is used in replacement of 𝑴𝑨𝑫𝑛 .

as expressed below:

if X (i1 1) j  X ij  X ( ni2 ) j

̅̅̅ ̅̅̅
[∑𝑚
𝑘=1 𝑊𝑘𝑖 𝑊𝑘𝑗 − 𝑚 ∗ 𝑊𝑖 𝑊𝑗 ]

In this study, the winsorized MOM 𝑋̅𝑊𝑄𝑛 is
employed in replacement of the mean vector while the inverse
of the covariance matrix is replaced with the inverse of
winsorized covariance matrix in the construction of the
conventional Hotelling’s T2 chart, and the equation is as
expressed below:

Using the criteria expressed in equations (2 and 3),
outliers in all samples are taken out. This is followed by the
winsorization of data, whereby for each random variable,

 X (i 1) j ,
 1
Wij   X ij ,

 X ( n j i2 ) j ,

1
𝑚−1

(6)
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using the 95th percentile of the values of simulation of robust
statistics for 5000 observations.

4. ROBUST CONTROL CHARTS
The alterations of Hotelling’s 𝑇 2 are as detailed below:
1.

Qn is used in the computation of the variance covariance
matrix for all vector pairs of variables, including 𝑋𝑗 and
𝑋𝑔 . The details are as follows:
i) The robust estimator Qn, is computed for each
pair of random variables 𝑋𝑗 and 𝑋𝑔 , j  1... p.
and g  1,..., p , 𝑗 ≠ 𝑔.
ii) The spearman rank correlation is computed
between 𝑋𝑗 , 𝑋𝑔 as expressed as follows:
𝑐𝑜𝑟𝑟( 𝑋𝑗 , 𝑋𝑔 ) (Abdullah, 1990; Haddad,
2013,2015, 2018, 2019).
iii) The robust scale estimator is employed in the
computation of the covariance between variables
Xj and Xg utilizing the following formulas:
𝑄𝑛 (𝑋𝑗 , 𝑋𝑔 )= 𝑄𝑛 (𝑋𝑗 ) 𝑄𝑛 (𝑋𝑔 ) 𝑐𝑜𝑟𝑟( 𝑋𝑗 , 𝑋𝑔 )

2.

3.
4.

The diverse control charts are scrutinized and compared under
different condition. This is to determine their potential of
detection and false alarm. Here, the group has several sizes of
observations (i.e., m=20, 30, 40, 50 and 100), with 2 quality
characteristics (p= 2). As variables can be dependent or
independent, both types are incorporated in this study. Here,
the initial sample is obtained from combined normal
distribution. The combined distribution comprises control
normal distribution Np(0 ,Ip) and out of control normal
distribution Np(µ1, Ip). In the situation where generality is
intact, the value for the in control mean parameter is
established at 0, while the out of control parameter value is
established at µ1, whereby if no change is detected,
µ1 will be set at 0 in terms of value. Meanwhile, the value of 3
denotes moderate leverage points, while 5 denotes very high
leverage points.

(10)

The winsorized variance covariance matrices are
determined utilizing the winsorized sample based on the
robust scale estimators Qn.
The inverse of the sample standard covariance matrices
which is represented by 𝑺−𝟏
𝒘𝑸𝒏 is computed.
̅ 𝒘𝑸𝒏 , in place of
Utilizing the robust location estimators 𝑿
arithmetic mean vector that is usually employed in the
conventional Hotelling T2, the alternative Hotelling’s T2
chart is formed. Equally, the vigorous scale covariance
matrices 𝑺−𝟏
𝒘𝑸𝒏 is employed in place of the conventional
inverse of the sample variance covariance. Accordingly,
the following formula is used in the construction of the
modified Hotelling’s T2 chart.
2
−1
̅ )T 𝑆𝑤𝑄𝑛
̅)
𝑇𝑤𝑄𝑛
(Xi) = (Xi - 𝑊
(Xi - 𝑊

5.

6. SIMULATION DESIGN AND THE RESULTS

Notably, in both distributions, the identified matrix Ip, carries
the function as the dispersion matrices, denoting the nonexistence of correlation among the p variables. For the
dependent variables, the production of data is based on the
following formula:

(1   ) N p (0,  0 )  N p (1 ,  0 )

(12)

In the situation where generality can be retained, the incontrol mean parameter value is established at 0, while that of
the out-of-control parameter is established at µ1. For both
distributions (out-of-control and in-control), Σ0 which denotes
the homogenous covariance matrix with pxp as the size, is set
as the covariance matrix. Σ0 is highly correlated with the
variables, and for the main diagonal, all elements are in the
form of 1’s, while the off-diagonal, they are in the form of
0.9’s (Jensen et al., 2006; Johnson, 2007; Alfaro & Ortega,
2009b, Haddad et al, 2019).

(11)

CONTROL LIMITS

The alternative Hotelling’s T2 distribution is generally
unknown, and for this reason, the upper the upper control
limits (UCL) is employed for each alternative control chart
proposed. Simulation can be employed in the determination of
the UCL (Steiner & Variyath, 2009; Alfaro & Ortega, 2009a;
Jensen et al., 2007; Haddad, 2010, 2013, 2015, 2018). Using
Np(0 ,Ip), one dataset is formed in this study at nominal false
alarm value of α = 0.05. Datasets have diverse sizes (e.g., m=
20, 30, 40, 50, 100), while optimum UCL is attained with the
application the bootstrap method in order to obtain 5000
datasets from the datasets established beforehand.

Phase I involves the estimation process of control parameters
as well as the limits for charts improvement. The details are as
follows:
1.

2.
3.

During phase I, the robust and conventional estimators are
computed for 5000 datasets, while phase II involves the
formation of additional observation for each dataset from the
Np(0 ,Ip). The robust and conventional charts for the entire
5000 additional observations are computed with the utilization
of the estimators previously computed during phase I. For the
conventional Hotelling’s T2, its UCL is computed using the
formula employed in Haddad (2010, 2013, 2015, 2018, 2019).
Meanwhile, for the robust control chart, its UCL is computed

For the variables, the established number of
characteristic is p=2, and the data are obtained from
the normal distribution mixture based on the
independent and dependent variability.
The 5000 repetitions of data are obtained from the
Bootstrap method.
The robustness and conventional scale as well as the
location estimators are calculated for all datasets,
specifically, those employed as an estimation of incontrol parameters.

Phase II involves the calculation of the possible outliers
detection and false alarms. For the purpose, the estimations
generated in phase I are applied. The details are as follows:
1.
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2.

3.

4.

and scale estimator calculated in the previous phase
(phase I).
The modified robust chart for all new observations is
computed with the use of formula 7. The
observations are made randomly from the out-ofcontrol distribution. The scale and location estimator
calculated in the previous phase (phase I) is used for
all observations.
Comparison is then made to the statistics in steps 1
and 2 with the previously computed UCL in the
simulation process.
The likelihoods of outliers and false alarms detection
denote the fraction of the amount of the statistical
values that are higher, compared to the upper control
limits.

Table 1: Rates of false Alarm and outliers detection for
the conventional and the modified Hotelling‘s 𝑇 𝟐 control
charts, where, p=2 and α=0.05, 𝜀 denotes the outliers
percentage and some non-centrality parameters values of 3
and 5, for independent variables (Case (A))

Case(A)

n

𝜀

µ

𝑇𝑥̅2−𝑆

2
𝑇𝑊𝑚𝑜𝑚−𝑊𝑄𝑛

20

0
0.1

(0,0)
(3,3)

(3.4)
(2.54)
49.7
(3.48)
94
(2.74)
4.22
(1.42)
29.66

(13.16)
(4.7)
74.94
(2.4)
92.2
(2.5)
49.66
(0.4)
63.86

(2.16)
(1.66)
42.54
(2.04)
92.02
(0.5)
2.08
(0.26)
15.24

(9.3)
(1.84)
70.44
(0.66)
91.4
(1.64)
51.6
(0.1)
66.68

(2.84)
(1.66)
40.62
(1.02)
97.3
(0.52)
0.82
(0.12)
16.1

(9.8)
(2.4)
82.18
(0.44)
97.66
(1.2)
50
(0.12)
68.1

(5.26)
(1.94)
60.06
(1.02)
99.6
(0.54)
4.86
(0.12)
54.7

(19.36)
(6.2)
93.36
(1.44)
99.74
(8)
84.4
(1.3)
95.7

(12.06)
(1.04)
76.4
(0.14)
100
(2.88)
4.3
(0.08)
87.72

24.36)
(7.52)
94.3
(1.5)
99.78
(5.36)
77.36
(0.96)
94.6

(5,5)
0.2

(3,3)
(5,5)

The study results are displayed in Table 1 and as can be
viewed, the independent variables are represented by case (A).
The first column shows the group sizes, followed by the next
column showing the fraction of outliers. The values of shifted
means vectors are displayed in the third column, whereas the
fourth column displays the performances of the two methods.

30

0
0.1

(0,0)
(3,3)
(5,5)

2

0.2

For the charts of historical datasets, both T1 and T12 wQn are the
procedures representing the control chart of the conventional
Hotelling’s T2 and the control charts for the alternative robust
chart. The rates of false alarm in the brackets and those of the
outliers’ detection that correspond to each procedure are
displayed. Values of the false alarms rates that are close to
those of the nominal value, α=5% denote robust performance
of false alarms. The obtained rates that are close to 100%
denote the robustness of the charts in detecting outliers.

(3,3)
(5,5)

40

0
0.1

(0,0)
(3,3)
(5,5)

0.2

The bivariate case with p=2, independent variables and false
alarm are displayed in Table (1). As can be observed, both the
robust chart and the conventional charts are under control,
irrespective of the group size, percentage of outliers and the
mean shifts. For the robust chart, the outlier detection rates
appear to be higher than those of the conventional chart. For
the robust chart, the outlier detection is nearing 100% for
certain cases. It is therefore deduced that in bivariate case and
independent variables, the robust chart supersedes the
conventional charts. The robust chart also shows its
superiority in the detection of outliers, with the exception of
the situations where the values of both µ and ε are larger.
Also, the performance of the robust charts increases with the
increase in the sample group size and in the rates of outlier
detection.

(3,3)
(5,5)

50

0
0.1

(0,0)
(3,3)
(5,5)

0.2

(3,3)
(5,5)

100

0
0.1

(0,0)
(3,3)
(5,5)

0.2

(3,3)
(5,5)
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Table 2: The false alarm and outlier detection probability
rates for the conventional and the modified Hotelling‘s
𝑇 2 control charts with p=2 and α=0.05, whereby 𝜀 represents
the fraction of outliers and a number of non-centrality
parameters values of 3 and 5, for the dependent variables Case
(B).
n
Case(B)

20

30

40

50

100

𝜀

µ

𝑇𝑥̅2−𝑆

2
𝑇𝑊𝑚𝑜𝑚−𝑊𝑄𝑛

0

(0,0)

(0.08)

(13.04)

0.1

(5,5)

(0.5)
88

(1.5)
92.9

0.2

(5,5)

(0.42)
22.7

(0.36)
67.16

0

(0,0)

(0.06)

(2.78)

0.1

(5,5)

(0.24)
76.7

(0.18)
83.28

0.2

(5,5)

(0.14)
8.54

(0.04)
64.62

0

(0,0)

(0)

(2.52)

0.1

(5,5)

(0.02)
90.5

(0.12)
96.01

0.2

(5,5)

(0)
8.94

(0.02)
56.5

0

(0,0)

(0)

(3.78)

0.1

(5,5)

(0.04)
95.78

(0.42)
99.26

0.2

(5,5)

(0)
28.02

(0.86)
95.67

0

(0,0)

(0)

(10.08)

0.1

(5,5)

(0.02)
99.88

(0.54)
99.54

0.2

(5,5)

(0)
71.58

(0.3)
91.5

Table 2 provides evidence of the ability of the robust chart in
controlling the rates of false alarm although its performance
declines in case of dependent variables. As opposed to the
rates of the outliers detected on the robust chart, those on the
conventional chart are lower, demonstrating the superiority of
the robust chart to the conventional control chart. Also, the
robust charts demonstrate their competency in controlling the
false alarm probability for the case of independent variable,
but not for dependent variables.
Case A which denotes the independent variables is
displayed in Figures 1-4 with the number of characteristics
at p=2. The results show that in the detection of outliers,
the new modified chart performs better as opposed to the
conventional chart. However, a slight decline in
performance is detected in the new modified chart when
μ=5, and ε=0.1 .

20 % outliers with shifted mean 3

10 % outliers with shifted mean 3

74.94

84.4

94.3

probabilityof detection
outliers

probabilityof detection
outliers

93.36
82.18

76.4

70.44
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m
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Figure:2 The rates of detection outliers when p=2 case A

Figure:1 The rates of detection outliers when p=2 case A
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99.74
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20% outliers with shifted mean 5

probabilityof detection
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probabilityof detection
outliers

10% outliers with shifted mean 5
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Figure: 4 The rates of detected outliers for p=2 case A
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Figure 3: The rates of detected outliers for p=2 case A
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8.54
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Figure: 5: The rates of detected outliers when p=2 case B
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40
m
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100

Figure: 6: The rates of detected outliers when p=2 case B
Table (4): The two variables X1 and X2 of Vargas data set with
the values of T 2 statistics utilising the conventional and the
winsorized MOM estimator

For the dependent variables (case B), Figures 5 and 6 prove
the superiority of the new chart to the conventional one,
denoting the aptness of the new chart for the aforesaid case.

Product No

X1

X2

T02

1
2
3
4
5
6
7
8
9
10
11
12

765.0
765.6
765.
765.9
7656.
76595
7655.
7656.
76550
765..
7656.
76565

.76556
5.6.7.
526595
..6.79
5266.5
.76996
.7605.
52669.
.76.5.7
.76.5
526065
526.05

0.807
12.975
0.1373
1.8375
1.5697
0.33
0.977
0.904
0.1269
0.801
0.7192
0.910

8. EMPIRICAL CASE
For comparison purposes, the results from Vargas (2003) were
used. Hence, the results of the proposed method and those of
the conventional and modified control charts were compared.
Two characteristics of random variables can be observed in
the data namely X 1 X1 and X 2 . The data were obtained from
30 different products from the production process. Vargas
(2003) employed two variables from Quesenberry dataset.
Table (4) accordingly shows the observations of both random
variables namely the values of the new Hotelling’s T2 as well
as the conventional T2 chart statistics.

4007

2
TWmom‐WQn

1.63641
10.099
0.647
1.95
1.3786
0.345
1.449
1.967
0.0529
1.049
1.17886
0.9179

International Journal of Applied Engineering Research ISSN 0973-4562 Volume 14, Number 21 (2019) pp. 4001-4009
© Research India Publications. http://www.ripublication.com
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

7655
76556
76555
765.2
7650.
76550
765.5
76..5
76.
7656.
765.0
7652.
76565
7650.
7659
7655.
765.2
76555

.76562
..67.0
526066
566.5
526505
5260.6
.7627.
.76.6
.7652.
566.0
.769..
.769.5
5265
.76759
52657.
56650.
566...
.769.2

0.483
5.2413
0.073
3.5357
2.2696
3.2442
1.398
6.8326
1.8978
3.3564
0.427546
1.1838
1.4968
0.48432
0.28989
2.0635
1.38596
0.24043
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