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Abstract
The line Mycielskian graph [12] of a graph G, denoted by
Lµ (G), is the graph obtained from L(G) by adding q + 1
new vertices E 0 = {e0i : 1 ≤ i ≤ q} and e, then for
1 ≤ i ≤ q, joining e0i to the neighbours of ei and to e. The
vertex e is called the root of Lµ (G). In this paper, we study the
connectedness, connectivity, covering invariants, chromatic
number, domination number of line Mycielskian graph of a
graph.
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numbers. Mycielski [2] introduced the graph–transformation
as follows:

graph,
Figure 1: Graph G and Mycielskian graph of G
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Let G be a graph with vertex set V = {vi : 1 ≤ i ≤ p}. The
Mycielski graph of G, denoted by µ(G), is the graph obtained
from G by adding p + 1 new vertices V 0 = {vi0 : 1 ≤ i ≤ p}
and u, then for 1 ≤ i ≤ p, joining vi0 to the neighbours of
vi and to u. vi and vi0 are known as twin–vertices, and V and
V 0 are known as twin–sets in µ(G). The vertex u is called the
root of µ(G). Clearly, V [µ(G)] = V ∪ V 0 ∪ {u}. The beauty
of Mycielski graph µ(G) is that it transforms the triangle–free
graph G into a triangle–free graph µ(G), and it produces three
new triangles for every triangle of G.

Introduction

In this paper, we consider only simple finite and undirected
graphs. For a graph
G = (V, E), let V (G), E(G) denote the vertex set and
edge set. If two distinct edges x and y are incident with
a common vertex then they are called adjacent edges. The
degree of a vertex vi in G is the number of edges incident
to vi and is denoted by di = deg(vi ). The minimum degree
among the vertices of G is denoted by δ(G) = δ. The
open–neighbourhood N (ei ) of an edge ei in E(G) is the set of
edges adjacent to ei . N (ei ) = {ej /ei , ej are adjacent in G}.
Let x be any number, then dxe denote the least integer greater
than or equal to x and bxc denote the greatest interger less than
or equal to x. For undefined terms and notations refer[6]. The
line graph L(G) of a graph G is the graph with vertex set as the
edge set of G and two vertices of L(G) are adjacent whenever
the corresponding edges in G have a vertex in common [6].
Mycielski [13] used a fascinating construction in order to
create a triangle free graphs with arbitrarily large chromatic
∗ Corresponding

Figure 2: Line Mycielskian graph of G
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Suppose G is not K2 and assume that G has atleast two edges.
Then L(G) ∪ K2 has q + 2 vertices where as Lµ (G) has 2q + 1
vertices, q > 1. Hence L(G) ∪ K2 has less number of vertices
than Lµ (G). Clearly Lµ (G) 6= L(G) ∪ K2 , a contradiction.
Hence G must be K2 .

Motivated by this concept on the same lines the concept of
line Mycielskian graph of a graph is introduced in [12] and is
defined as follows:
Let G be a graph with edge set E = {ei : 1 ≤ i ≤ q}. The
line Mycielskian graph of a graph G, denoted by Lµ (G), is
the graph obtained from L(G) by adding q + 1 new vertices
E 0 = {e0i : 1 ≤ i ≤ q} and e, then for 1 ≤ i ≤ q, joining e0i to
the neighbours of ei and to e. The vertex e is called the root of
Lµ (G). Clearly, V [Lµ (G)] = E ∪ E 0 ∪ {e}. The line graph
L(G) is an induced subgraph of Lµ (G).

Theorem 2.2. For any connected (p, q) graph G with p ≥ 3,
Lµ (G) is connected.
Proof. Let G be a connected graph with p ≥ 3 vertices. Let
V [Lµ (G)] = E1 ∪ E2 ∪ {e} where hE1 i = L(G) and E2 is
the set of newly introduced vertices such that ei implies e0i is a
bijective map from E1 onto E2 satisfying N (e0i ) = N (ei )∩E1 ,
for all ei ∈ E1 and the vertex e is called the root of Lµ (G).
Let a, b ∈ V (Lµ (G)).

Recently, there has been an increasing interest in the study of
Mycielskians graph, especially, in the study of their circular
chromatic numbers [2, 7, 8, 9, 10] and which are also
studied in [1, 3, 4, 11, 13, 14]. In this paper, we study the
connectedness, connectivity, covering invariants, chromatic
number, domination number of line Mycielskian graph of a
graph.

We consider the following cases:
Case 1. a, b ∈ E1 . Since G is a connected graph with p ≥ 3,
L(G) is a nontrivial connected graph. Since by Remark 1.1,
there exists an a − b path in Lµ (G).
Case 2. a ∈ E1 and b ∈ E2 . Let e ∈ E1 be such that
N (b) = N (e) ∩ E1 . Choose w ∈ N (b). Since a and w ∈ E1 ,
as in Case 1, a and w are joined by a path in Lµ (G). Hence a
and b are connected by a path in Lµ (G).
Case 3. a, b ∈ E2 . As in Case 2, there exists c and d
in E1 such that c ∈ N (a) and d ∈ N (b). Consequently,
ca, db ∈ E[Lµ (G)]. Also c and d are joined by a path in
Lµ (G). Hence a and b are connected by a path in Lµ (G).
Case 4. a ∈ E2 and a root vertex {e}. By definition of Lµ (G),
all points of E2 are joined by a root vertex e. Hence there exists
a path from the vertices of E2 to the root vertex of Lµ (G).
In all the cases, a and b are connected by a path in Lµ (G).
Thus Lµ (G) is connected.

Remark 1.1. [12] L(G) is an induced subgraph of Lµ (G).

2

Connectedness of Line Mycielskian graph of
a graph

In the following theorem, we study when line Mycielskian
graph Lµ (G) is connected and disconnected.
Theorem 2.1. The line Mycielskian graph Lµ (G) of a graph
G is disconnected iff G = K2 .
Proof. Suppose G = K2 , then L(G) has exactly one vertex.
By definition, in Lµ (K2 )

3

Connectivity and Edge Connectivity of line
Mycielskian graph of a graph

Connectivity or vertex–connectivity is a minimum number
of vertices whose removal from G results into a disconnected
or trivial graph and is denoted by κ(G). Edge–connectivity of
a graph is the minimum number of edges whose removal from
G results into a disconnected or trivial graph and is denoted by
h(G).
In the following theorem, we determine vertex–connectivity of
line Mycielskian graph κ(Lµ (G)) and the edge–connectivity
of line Mycielskian graph h(Lµ (G)) of a graph.

for each edge e1 of G, a new vertex e01 is taken and a new vertex
e is introduced which is adjacent to new point e01 . Further e1
is not adjacent to either e01 nor e and results in a disconnected
graph of order 3. By Remark 1.1, it is clear that, Lµ (G) =
L(G)∪K2 . Hence Lµ (G) is disconnected. Conversely, assume
Lµ (G) is disconnected Lµ (G) = L(G) ∪ K2 .

Theorem 3.1. For a connected (p, q) graph G, the
vertex–connectivity of line Mycielskian graph of a graph is
κ(Lµ (G))
4553
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Proof. From Whitney’s result, we have

We now consider the following cases.

κ(Lµ (G)) ≤ h(Lµ (G)) ≤ δ(Lµ (G)) and

Case 1. If λ(L(G)) = 0, then obviously λ(Lµ (G)) = 0.
Case 2. If λ(L(G)) = 1, then L(G) = K2 or it is a connected
graph with a bridge x = ei ej , say.
We have the following subcases of this case.
Subcase 2.1. If L(G) = K2 . Then Lµ (G) = C5 .
Consequently,
λ(Lµ (G)) = δ(L(G)) + 1 = 2.
Subcase 2.2. L(G) is a connected with a bridge ei ej . If
ei is a pendant vertex in L(G) then Lµ (G) is a connected
graph having a vertex e0i with a degree degLµ (G) (e0i ) = 2.
The removal of edges incident with e0i disconnects Lµ (G).
Thus, λ(Lµ (G)) = δ(L(G)) + 1 = 2. If neither ei nor
ej is a pendant vertex in L(G), and δ(L(G)) = 2, then
δ(Lµ (G)) = 3 and let e0k be a vertex of Lµ (G) with a
degLµ (G) (e0k ) = 3. In Lµ (G), there are only three edges
incident with e0k and the removal of these edges disconnects
Lµ (G). So, λ(Lµ (G)) = δ(L(G)) + 1. If δ(L(G)) = m ≥ 3,
where m is an integer. Then let ek be a vertex in L(G) with
degL(G) (ek ) = δ(L(G)) = m. Then, degLµ (G) (e0k ) = m + 1
and the removal of the set {el e0k , ee0k : 1 ≤ l ≤ m} results in a
disconnected graph, so that

κ(L(G)) ≤ h(L(G)) ≤ δ(L(G)).
By Remark 1.1 we have, κ(Lµ (G)) ≥ κ(L(G)).
Case 1. If κ(L(G)) = 0, then obviously κ(Lµ (G)) = 0.
Case 2. If κ(L(G)) = 1, then L(G) = K2 or it is a connected
graph with a cutvertex ei .
We have the following subcases:
Subase 2.1. If L(G) = K2 . Then Lµ (G) = C5 .
Consequently, κ(Lµ (G)) = δ(L(G)) + 1 = 2.
Subcase 2.2. L(G) is connected with a cutvertex ei . If
δ(L(G)) = 1, then let ej be a pendant vertex of L(G) which
is adjacent to ei . Then e0i is a vertex of Lµ (G) such that
degLµ (G) (e0i ) = 2 and so, removal of e0i results in a connected
graph with root vertex e as a cutvertex. So removal of root
vertex e results in a disconnected graph. Hence κ(Lµ (G)) =
δ(L(G)) + 1.
If δ(L(G)) ≥ 2, then the removal of a cutvertex ei of L(G)
and its corresponding vertex e0i and the root vertex e from
Lµ (G) results in a disconnected graph. Hence κ(Lµ (G)) =
2κ(L(G)) + 1. Now, suppose κ(L(G)) = n, where n is an
integer. Then L(G) has a minimum vertex–cut {el : 1 ≤
l ≤ n} whose removal from Lµ (G) results in a disconnected
graph.
There are two types of vertex–cuts in Lµ (G) depending on the
structure of L(G).
[1] vertex–cut containing exactly 2n + 1 vertices, that is,
{el , e0l , e : 1 ≤ l ≤ n} whose removal increases the number of
components of Lµ (G).
[2] vertex–cut containing δ(L(G)) + 1 vertices.
Thus,
(
;
2n + 1, if n ≤ δ(L(G))+1
2
κ(Lµ (G)) =
δ(L(G)) + 1, otherwise.

λ(Lµ (G))

(m + 1)λ(L(G))

=

(δ(L(G)) + 1) λ(L(G)).

Case 3. If λ(L(G)) = n, where n is an integer. Then
L(G) has minimum edge–cut {el : el = ul vl , 1 ≤ l ≤ n}
whose removal makes L(G) disconnect. As above, there are
two types of edge–cuts in Lµ (G) depending on the structure
of L(G). Among these, one edge–cut contains exactly
(δ(L(G)) + 1) λ(L(G)) edges whose removal increases the
number of components of Lµ (G) and the other is δ(L(G)) + 1
edge cuts.
Thus, we have
(
λ(Lµ (G)) =

Hence,
κ(Lµ (G))

=

(δ(L(G)) + 1) λ(L(G)), if n ≤ δ(L(G)) + 1;
δ(L(G)) + 1, otherwise.

= min{2κ(L(G)) + 1, δ(L(G)) + 1}.

4

Covering invariants of line Mycielskian

Theorem 3.2. If G is a (p, q) connected graph, then the
graph of a graph
edge–connectivity of line Mycielskian of a graph G is given
as
A vertex and an edge are said to cover each other if they are
(
incident. A set of vertices in a graph G is a vertex covering
(δ(L(G)) + 1) λ(L(G)), if n ≤ δ(L(G)) + 1;
set, which covers all the edges of G. The vertex covering
λ(Lµ (G)) =
δ(L(G)) + 1, otherwise.
number α0 (G) of G is the minimum number of vertices in
a vertex covering set of G. A set of edges in a graph G is
Proof. From, Whitney’s result we have
an edge covering set, which covers all vertices of G. The
κ(Lµ (G)) ≤ h(Lµ (G)) ≤ δ(Lµ (G)) and by Remark 1.1 we
edge covering number α1 (G) of G is the minimum number
have λ(Lµ (G)) ≥ λ(L(G)).
of edges in an edge covering set of G. A set of vertices in a
4554
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Theorem 4.3. For any connected (p, q) graph G with p ≥ 3,
we have
lqm
q + 1 ≤ α1 (Lµ (G)) ≤ 2
+ 1 and
2
jqk
2
+ 1 ≤ β1 (Lµ (G)) ≤ q + 1.
2

graph G is independent if no two of them are adjacent. The
maximum number of vertices in such a set is called the vertex
independence number of G and is denoted by β0 (G). The set
of edges in a graph G is independent if no two of them are
adjacent. The maximum number of edges in such a set is called
the edge independence number of G and is denoted by β1 (G).
The following theorem is useful in the proof of the result:

Proof. Let G be a connected (p, q) graph G with p ≥ 3
vertices and e1 , e2 , e3 , ..., eq edges. Let E1 = e01 , e02 , e03 , ..., e0q
be the set of newly introduced vertices in the construction
of Lµ (G). For each pair {ei , ej } of adjacent edges of G,
we have an edge ei ej in L(G). Corresponding to this edge
ei ej , there are edges ei ej , ei e0j , e0i ej in Lµ (G). Among these,
ei e0j and e0i ej are independent in Lµ (G). Thus, each pair
of adjacent edges of G gives rise to two independent edges
in Lµ (G). That is, each edge of L(G) gives rise to two
indepenent edges in Lµ (G). So, β1 (L(G)) independent edges
of L(G) give rise 2β1 (G) independent edges in Lµ (G). Hence
β1 (Lµ (G)) ≥ 2β1 (L(G)). By Theorem 4.1, it follows that
 
2 2q + 1 ≤ β1 (Lµ (G)). Since Lµ (G) has 2q + 1 vertices and
α1 (Lµ (G)) + β1 (Lµ (G)) = 2q + 1, we have α1 (Lµ (G)) ≤
 
2 2q + 1. Now, if L(G) contains a spanning odd cycle Cq :
e1 e2 e3 ...eq e1 ; q = 2k + 1, k ≥ 1, then the subset N of
E(Lµ (G)), where N = {e1 e02 , e2 e03 , ..., eq−1 e0q , eq e01 } also
forms an edge cover of Lµ (G) with |N | = q. In this case,
q < 2α1 (L(G)). Also, Lµ (G) has atleast q independent edges
of E(Lµ (G)) to cover these independent vertices in Lµ (G).
Therefore, α1 (Lµ (G)) cannot be less than q + 1. Hence
q + 1 ≤ α1 (Lµ (G)).
Thus we have,
 
q + 1 ≤ α1 (Lµ (G)) ≤ 2 2q + 1 and
by Gallai’s result, we obtain
 
2 2q + 1 ≤ β1 (Lµ (G)) ≤ q + 1.

Theorem 4.1. [5] If L(G) is the line graph of a nontrivial
connected graph G, then
(i) α1 (L(G)) =
(ii) β1 (L(G)) =

lqm
2
jqk
2

(iii) α0 (L(G)) = q − β1 (G)
(iv) β0 (L(G)) = β1 (G).
In the following theorem, we obtain vertex covering number,
edge covering number of line Mycielskian graph of a graph.
Also, we establish the upper and lower bounds for the edge
covering number and edge independence number for line
Mycielskian graph of a graph.

Theorem 4.2. For any connected (p, q) graph G of order
p ≥ 3, we have
(i) α0 (Lµ (G)) = min{2q + 1, 2α0 (L(G)) + 1}
(ii) β0 (Lµ (G)) = max{2q + 1, 2β0 (L(G)) + 1}.
Proof. (i) By Remark 1.1, we have α0 (L(G)) < α0 (Lµ (G)).
There are two kinds of covering sets of Lµ (G), depending
upon the structure of G. The first kind is the set E(G) ∪
0
E (G) ∪ {e}, where E(G) is a trivial edge covering set
of G and also, a trivial vertex covering set of L(G). So,
α0 (Lµ (G)) ≤ 2q + 1.
The second kind of vertex covering set of Lµ (G) is as follows:
Let N0 = {ei : 1 ≤ i ≤ p} be a minimum vertex covering
set in L(G). Then N00 = {e0i : 1 ≤ i ≤ p} is an independent
subset of V (Lµ (G)) such that N0 ∪ N00 ∪ {e} is a trivial vertex
covering set of Lµ (G). Then by definition, we have

5

Domination number and Chromatic number
of line Mycielskian graph of a graph

A set D of vertices in a graph G is a dominating set if every
vertex in V (G) − D is adjacent to atleast one vertex of D.
A dominating set D is said to be a minimal dominating set,
if no proper subset of D is a dominating set. The minimum
cardinality of a dominating set is called the domination number
of G and is denoted by γ(G). A set S of edges of a graph G is
an edge dominating set if every edge in E(G) − S is adjacent
to atleast one edge of S.
A coloring of a graph is an assignment of colors to its
vertices(or edges) so that no two adjacent vertices(or adjacent
edges) have the same color. The chromatic number χ(G) of
G is the minimum number of colors required to assign to the
vertices of G in such a way that no two adjacent vertices of G
0
receive the same colour. The edge chromatic number χ (G) of
a graph G is the minimum number of colors required to assign

α0 (Lµ (G)) = min{2q + 1, 2α0 (L(G)) + 1}.
(ii) Lµ (G) has 2q +1 vertices and α0 (Lµ (G))+β0 (Lµ (G)) =
2q + 1. By substitution the value of α0 (Lµ (G)) from (i), we
have
β0 (Lµ (G)) = max{2q + 1, 2β0 (L(G)) + 1}.
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