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Abstract
Response of a homogeneous, thermally conducting, threephase-lag model of a single crystal orthorthomic twins,
bounded symmetrically along a plane containing only one
common crystallographic axis has been studied. Laplace and
Fourier transforms technique has been applied to the basic
equations of coupled thermoelasticity and finally the resulting
equations are written in the form of a vector- matrix
differential equation which are then solved by eigenvalue
approach. Numerical results for the displacement components,
stresses, and temperature are computed numerically. A
numerical inversion technique has been used to obtain the
components in the physical domain. Particular cases as quasistatic thermo-elastic and static thermo-elastic as well as
special cases are also discussed in context of the problem. The
comparison in
Lord and Shulman (L-S), Green and
Lindsay(G-L), Green and Naghdi(G-N) and three-phase-lag
(TPL) theories has been shown graphically to show the effect
of triangular pulse in the form of instantaneous strip and
signum strip, in twinned crystal, for temperature gradient
boundary.

Generalized thermo-elasticity theories have been developed
with the objective of removing the paradox of infinite speed
of thermal signals inherent in the conventional coupled
dynamical theory of thermo-elasticity in which parabolic type
heat conduction equation is considered, contradict physical
facts. During the last three decades, generalized theories
involving finite speed of heat transportation (hyperbolic heat
transport equation) in elastic solids have been developed to
remove this paradox. The first generalization is proposed by
Lord and Shulman (1967) and is known as extended thermoelasticity theory (ETE), which involves one thermal relaxation
time parameter (single-phase-lag model). The second
generalization to the coupled thermo-elasticity theory is
developed by Green and Lindsay (1972), which involving two
relaxation times is known as temperature rate dependent
thermo-elasticity (TRDTE). Experimental studies indicate that
the relaxation times can be of relevance in the cases involving
a rapidly propagating crack tip, shock waves propagation,
laser technique etc. Because of the experimental evidence in
support of finiteness of heat propagation speed, the
generalized thermoelasticity theories are considered to be
more realistic than the conventional theory in dealing with
practical problems involving very large heat fluxes at short
intervals like those occurring in laser units and energy
channels. Bahar and Hetnarski (1978) pointed out the
disadvantages in using a potential function to solve the
coupled one-dimensional boundary value problem of
thermoelasticity.
They used the methods of matrix
exponential, which constitutes the basis of the state space
approach, to avoid the difficulties of the potential function
formulation. Bahar and Hetnarski (1979) presented a
connection between thermoelastic potential and state space
approach of elasticity.

Keywords:Generalized
thermoelasticity,
orthorhombic
material, relaxation time, Laplace and Fourier transforms,
Instantaneous strip loading, signum strip loading.

INTRODUCTION
Thermoelasticity deals with the dynamical systems whose
interactions with the surroundings include not only
mechanical work and external work but the exchange of heat
also. The studies of mechanical and thermal behavior of
anisotropic media keep special importance in structural
engineering. The co-existence of anisotropy and
thermoelasticity is a common happening in the most of the
industrial processes. The re-enforcements and laminations are
the major source of anisotropy in the composite materials.
Non-destructive evaluation of composites is based on the
mathematical models of wave propagation involving
anisotropy and thermoelasticity. On the other hand, almost,
universal presence of anisotropy is observed in many types of
rocks at many depths and in many geological and tectonic
environments. Alignments of crystals/grains, microcracks and
prestresses are among the major causes of anisotropy in the
Earth. The temperature variations and fluid-flow play a
significant role in the modification of cracks. These
modifications in microcracks are responsible for the

Dhaliwal and Sherief (1980) derived the governing field
equations of generalized thermoelasticity for anisotropic
media and also developed a variational principle for these
equations. Das, Das and Das (1983) employed the eigen value
approach to discussed boundary value problems in onedimensional coupled thermoelasticity. Sharma (1986)
discussed the problem of instantaneous heat sources in
temperature rate dependent thermoelasticity. Dhaliwal and
Rokne (1989) investigated the one dimensional thermal shock
problem with two relaxation times.
The third generalization is concerned with the thermo-
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elasticity without energy dissipation (TEWOED) and
thermoelasticity with energy dissipation (TEWED) introduced
by Green and Naghdi (1991,1992, 1993) and provides
sufficient basic modifications in the constitutive equations that
permit treatment of a much wider class of heat flow problems,
labelled as types I, II, III. The natures of these three types of
constitutive equations are such that when the respective
theories are linearized, type-I is the same as the classical heat
equation (based on Fourier’s law) whereas the linearized
versions of type-II and type-III theories permit propagation of
thermal waves at finite speed. The entropy flux vector in type
II and III ( i.e. thermo-elasticity without energy dissipation
(TEWOED) and thermo-elasticity with energy dissipation
(TEWED)) models are determined in terms of the potential
that also determines stresses. When Fourier conductivity is
dominant the temperature equation reduces to classical
Fourier law of heat conduction and when the effect of
conductivity is negligible the equation has undamped thermal
wave solutions without energy dissipation. Sherief (1994)
studied
a
thermomechanical
shock
problem
for
themoelasticity with two relaxation times. The fourth
generalization is known as low-temperature thermoelasticity,
introduced by Hetnarski and Ignaczak (1996) (called H-T
model). This model is characterized by a system of non-linear
equations.The fifth generalization to the thermo-elasticity
theory is known as the dual-phase-lag thermoelasticity
developed by Chandrasekhariah (1998) and Tzou (1995).
Tzou considered microstructural effects into the delayed
response in time in the macroscopic formulation by taking
into account that increase of the lattice temperature is delayed
due to photon-electron interactions on the macroscopic level.
Tzou (1995) introduced two-phase-lags to both the heat flux
vector and the temperature gradient. Stanley(1997) discussed
applications and potential of thermoelastic stress analysis.
Omini(1999) studied thermoelasticity and thermodynamics of
irreversible
processes.
Scott
(2001)
discussed
thermoelasticity with thermomechanical constraints. Bakshi,
Bera and Debnath(2004)discussed Eigen value approach to
study the effect of rotation and relaxation time in two
dimensional problems of generalized thermoelasticity. The
sixth generalization is known as three-phase-lag thermoelasticity which is due to Roychoudhuri (2007). Ram, Sharma
and Kumar(2008) obtained general solution to the field
equations of generalized thermodiffusion in an elastic solid in
the transformed form. Rychahivskyy and Tokovyy(2008)
considered
continuous and integrable solutions of the
differential equations for plane elasticity and thermoelasticity
in a semi-plane with the traction, displacement, or mixed type
boundary conditions. Ezzat and Youssef (2010) established a
three-dimensional model of the generalized thermoelasticity
with one relaxation time. Sarkar and Lahiri(2012) considered
a three-dimensional problem for a homogeneous, isotropic
and thermoelastic half-space subjected to a time-dependent
heat source on the boundary of the space, which is traction
free in the context of Green and Naghdi model II
(thermoelasticity
without
energy
dissipation)
of
thermoelasticity. Beom(2013) considered Linear anisotropic
thermoelastic in-plane problems.
Abbas, Kumar and
Rani(2015) studied thermoelastic interactions in a
homogeneous, thermally conducting cubic crystal, elastic

half-plane and comparison in Lord and Shulman (LS), Green
and Lindsay (GL) and Green and Naghdi (GN) theories have
been shown graphically to estimate the effect of ramping
parameter of heating for isothermal boundary. Abbs and
Marin(2017) discussed the problem of a two-dimensional
thermoelastic half-space in the context of generalized
thermoelastic theory with one relaxation time.
However, over the last few decades anisotropic materials have
been increasingly used. There are materials which have
natural anisotropy such as zinc, magnesium, sapphire, wood,
some rocks and crystals, and also there are artificially
manufactured materials such as fibre-reinforced composite
materials, which exhibit anisotropic character. The advantage
of composite materials over the traditional materials lies on
their valuable strength, elastic and other properties. A
reinforced material may be regarded to some order of
approximation, as homogeneous and anisotropic elastic
medium having a certain kind of elastic symmetry depending
on the symmetry of reinforcement. Some glass fibre
reinforced plastics may be regarded as transversely isotropic.
Thus problems of solid mechanics should not be restricted to
the isotropic medium only. Increasing use of anisotropic
media demands that the study of elastic problems should be
extended to anisotropic medium also.
To the authors’ knowledge, under three-phase-lag effect no
solution of orthorhombic thermoelastic materials has been
reported. With this motivation in mind the present analysis is
to study the thermo-elastic stresses, displacement and
temperature distribution in a orthorhombic thermoelastic
materials using eigen-value approach. The results obtained
theoretically have been computed numerically and are
presented graphically for silicon crystal like material.

2. BASIC EQUATIONS
Following Dhaliwal and Sherief (1980), Lord and Shulman
(1967) and Choudhuri (2007) the field equations and
constitutive relations for homogeneous, anisotropic
thermoelasticity in the absence of body forces and heat
sources are given by

tij , j  ui ,

(1)





K ij 1   T  T,ij  K*ij 1   v  T,ij


t 
t 
2


2  
 1   q   q 2  (ce T  Toiju i, j ),
t
t 


ekl  sijkl t ij   ij (1   a

(2)


)T,i ,
t

 ij  sijkl kl , sijkl  (c klij ) 1 ; (i,j,k,l  1,2,3). (3)

where
u  (u, v, w) displacement vector, T(x,y,z,t)
temperature change, sijkl isothermal elastic parameters,
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t time, t ij stress tensor,
temperature, 
relaxation times,

K *ij 

e ij strain

(iii)

The specific heat

density,

 T , , q and  a are thermal

(iv)

 kl linear

thermal expansion tensor.

The isothermal linear elasticities are positive-definite
in the sense that

sijkl eij ekl >0.

ce s11
is the material characteristic constant of the
4

theory. The comma notation is used for spatial derivatives and
dot notation represents time differentiation.

3. FORMULATION
PROBLEM

sijkl satisfies the (Green) symmetry conditions:

Parameters in (1)-(3) are assumed to satisfy the following
conditions:
The thermal conductivity tensor

K ij is symmetric

and positive-definite;
(ii)

The thermoelastic coupling tensor

AND

SOLUTION

OF

THE

We consider a homogenous, thermoelastic infinite crystal with
orthorhombic symmetry in the undeformed state at uniform
temperature T0.The infinite crystal is cut it in two halves so
that the plane interface contains one crystallographic axis (z
say) and makes angle  with another crystallographic axis (x
say), see Figure 1(a); then rotate one half-space by 180
degrees about the normal to the interface, see Figure 1(b);
finally rebond the half-spaces, see Figure 1(c).

sijkl  sklij  sijlk  s jikl .

(i)

ce at constant strain is positive;

uniform

tensor, T0

 ij is non-

singular;

Figure 1: (a) Cutting, (b) rotating (c) bonding of a orthorhombic crystal.

Another way of producing such twins would be as follows:
consider the interface described in Figure 2, where the upper
and lower half-spaces are made of the same crystal with at
least orthorhombic symmetry and with misorientedcrystallographic axes ‘x’ and ‘y’ (represented on the Figure
making an angle   with the interface and its normal) and
common crystallographic axis Z (normal to the plane of the
Figure 2)

Figure 2: Twinned crystal
The rectangular Cartesian co-ordinate system (x,y,z) having
origin on the interface y=0 with y-axis pointing into medium
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is introduced. As an application, thermal loading in the form
of triangular pulse which depends on time t and spatial
coordinate z (-   z   ), is acting at some interior point
of the infinite medium, taken as origin, i.e., the load is applied
at the origin of the bi-material made of two perfectly bonded
cubic crystal materials. Both half-spaces are made of the same
crystal (mass density  ). However, the normal to the

can

be

rewritten

as

u,xx  c1u,yy  c2 v,xy - 1 (1  ia ) T,x  2u ,

(6)

v, yy  c3 v, xx  c 4 u, xy -  2 (1  i a ) T, y  - 2 v, (7)
(i - T 2 )(T,xx T,yy )  K (1 * )(1  i  )(T,xx T,yy )
 ( )(1  i q  

interface Ox2 and the direction of propagation Ox1 are
inclined at an angle  to the crystallographic axis oy and ox

2

of the lower (x2 >0) half-space and at an angle -  for the
upper ( x2<0) half-space.

2

q2
2

)T  1 (u, x  v, y ),

where comma notation is

used for spatial

Following Ting (2000) and Destrade (2003), in the lower halfspace isothermal elastic parameters are given as

derivatives, we have defined the quantities

 cos 4   (2s12
  s66 ) cos 2  sin 2   s22 sin 4 ,
s11  s11

x 

1* x
,
v1

v 

s
s s
v11*
T
v , T  , c1  66 , c 2  12 66 ,
1T0
T0
s11
s11

y 

1* y
,
v1

u 

(8)

v11*
u,
1T0

t  1* t,

 cos4   (2s12
  s66
 ) cos2  sin2   s11
 sin4  ,
s22  s22
  (s11
  s22  2s12
  s66 ) cos 2  sin 2 ,
s12  s12
  4( s11
  s22
  2s12
  s66
 ) cos2  sin2  ,
s66  s66

s16  [2s22 sin 2   2s11
 cos 2 

s
c3  66 ,
s 22

 (2s12
  s66
 )( cos 2   sin 2 ) ]cos  sin ,

K
s s

,  2
c 4  12 66 , K 
K
s 22
1
*

 sin 2 
s26  [2s22 cos 2   2s11
  s66 )( cos 2   sin 2 )] cos  sin .(4)
 (2s12

 

In the upper half  space  is changed to opposite


, T  1*T ,   1* , t1  1* t1
*
1

so that by (4)s11 , s 22 , s12 ,s66
remains unchanged whilst s16, s26 change signs.
For plane strain two-dimensional
displacement vector


u =(u,v,0)

problem,

we

q  1*q , a  1*a

take

(5)
t zz 

and T(x, y, t) as temperature change.
Using the contracting subscript notations in equation (3) as

t zz
,
1T0

tzx 

1 

12To
.
k11*

t zx
hv
, h  *1 ,
1T0
1
1

1  11, 2  22, 3  33, 4  23, 5  13, 6  12
relate s ijkl to s pq ( i, j, k, l = 1,2,3 and p, q = 1,2...6).
s pq

from equation (3) in equations (1)

and (2), then the field equations and constitutive relations for
such a medium in the absence of body forces and heat
sources in non-dimensional form after suppressing the primes
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(10)

 s 2
c s
*
and v1   11  and 1  e 11 are, respectively, the
K1
 
velocity of compressional waves in x-direction and
characteristic frequency of the medium.

Making use of the

(9)
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The initial and regularity conditions are given by

u  x, y, 0  0  u  x, y, 0 ,
w  x, y, 0  0  w  x, y, 0  ,

T  x, y, 0  0  T  x, y, 0 for y  0,    x  ,
and u  x, y, t   w  x, y, t   T  x, y, t   0 for t  0

(11)
when

y .

(12)

Applying the Laplace and Fourier transforms


f̂  x, y, p    f  x, y, t  e  pt dt

and

0

f  , y, p 



 fˆ  x,

y, p eix dx .

(13)



on the resulting expressions, we obtain

d2u
dw
 R11u  R13 T  R15
,
2
dy
dy

(14)

d2 w
du
dT
 R 22 w  R 24
 R 26
,
2
dz
dy
dy

(15)

d2T
dw
 R 31u  R 33 T  R 35
.
2
dy
dy

(16)

where

R11 

 2  p2

R22 

c1

R13 

,

c1 2  p 2
,
c3

R31  

R26 

 i
,
c1


c3

,

R15 

ic2
,
c1

R24 

ic2
,
c3

i 1 N 3 p 2
N  2  N 2 K 2  N3 p 2
, R33  1
,
( N1  N 2 ) K1
( N1  N 2 ) K1

N1  p   T p 2 ,

N2 

1v p

R35  

 1 N 3 p 2
( N1  N 2 ) K1

,

N 3  1   q p   q2 p 2 .



*
1

The equations (14)-(16) can be written as

d
W ( , y, p)  A( , p)W ( , y, p ),
dy

(17)

where

O
A 
 A1

U 
W   ,
U 
0 0 0
O  0 0 0,


0 0 0

 R11
A2  0

 R 31

I
,
A2 

1 0 0
I  0 1 0 ,


0 0 1

0
R 22
0

u~ 
 ~
U  w
,
T~ 
 
0
A1   R24

0

u~ 
~ 
,
U   w
~
T 
 
R 15
0 
0
R 26 ,

R 35
0 

R13 
0,

R 33 
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 q  


X  2 (, p)  a  q 2 ,
b  q  



To solve the equation (17),we take

W ( , y, p)  X ( , p) e

qz

(18)

so that

q  q  ,   1,2,3.

A( , p)W ( , y, p)  qW ( , y, p)

  
X  a 1 (  ,p)=  a q  ,
 b 

which leads to an eigenvalue problem. The characterstic
equation corresponding to
the matrix A is given by
det[A-qI]=0

(19)

which on expansion leads to

q 6  1q 4   2 q 2   3  0

q  


X  a 2 ( , p)  a  q 2 ,  a    3, q  q  ,   1,2,3.
 b  q  



(20)

where

1 =R15 R24+R33+R22+ R11+ R26R35
 2  R15 R 24 R 33  R13 R 24 R 35  R 22 R 33
 R11R 26 R 35  R 31R15 R 26
 R11R 33  R 31R13  R11R 22

a 

{(  c2 ) 2  p 2   c1 q2 }
,


b 

b11  q 2c2 {(2  p2 )  c1q 2}  c22}
,
 

 3  R 22 (R11R 33  R 31R13 ),
The roots of equation (20) are

 q  (  1, 2, 3) .

The eigenvalues of the matrix A are roots of equation
(19).The eigenvector X( , p) corresponding to the
eigenvalues

q

can be determined by solving the

b11  {c1q2  (2  p2 )}{(c12  p2 )  q2 (c3  c2  )}

homogeneous equation
[A-qI] X(  ,p)=0

(21)

   i{(c1 2  p 2 )  (c3  c2  )q2 },
The set of eigenvectors

X  (  ,p), (  =1,2,3,4,5,6) may be

  1,2,3.

The solution of equation (21) is given by

obtained as

X ( , p) 
X  (  , p )=  1

X  2 ( , p)

3

W(, y, p)  [B X  (, p) exp( q  y)  B3X 3 (, p) exp( q  y)], (22)
 1

where

where

  
X 1 (  ,p)= a q  ,
b 
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Thus equation (22) represents the solution of the general
problem in the plane strain case of generalized homogeneous
thermoelasticity by employing the eigenvalue approach and
therefore can be applied to a broad class of problems in the
Fourier transforms. Displacements and temperature
distribution that satisfy the regularity conditions (11) are
given by

3

 pm m e  q

~
tyy  r ( ,  ) m 1

3

~
tyx  r ( ,  ) m 1

~ (, y, p)   (a q B e -q1y  a q B e -q 2 y
w
1 1 4
2 2 5
 a 3q 3 B6 e -q 3 y ),

,

T0 *2

 sm m e  q

~( , y, p)    ( B e-q 1 y  B e-q 2 y  B e-q 3 y ), (23)
u
4
5
6

mz

mz

,

T0 *2

(24)
3

b

~
T ( , y, p)  (b1B4 e-q 1y  b2 B5 e-q 2 y  b3 B6 e-q 3 y ), (25)

~
T   r (, ) m 1

m

 e q m z
m

T0 *2

. (27)

4. APPLICATION
(4.1) Dynamic thermoelastic case:

where

(4.1a) Thermoelastic Interactions due to Thermal Source

  *1  h*2 ,

The boundary conditions at the plane surface are

*1  p1 (m3q 2b2  m2q3b3 )  p2 (m3q3b3  m3q1b1 )

t yy  0,

t yx  0,

at z  0

T
(x,y  0)  r(x, t),
y

 p3 (m2q 2b1  m1q 2b2 ),

for the temperature gradient boundary,

*2  p1 m2 b3  m3b 2   p 2 m3b1  m1b3   p3 m1b 2  m2 b1 ,

or
T(x, y  0)  r(x, t),

for the temperature input boundary,.

(26)

where r(x,t)=  ( x) F (t )

1  p2 s3  s2 p3 ,

2  p2 s3  s1 p3 ,

3  p1s2  s1 p2 ,

Applying the Laplace and Fourier transforms defined by
(13),we get

~
r( ,)  ~( ) F ( p)

q  (1  ia  )
,
s11

Making use of Eqs. (3), (9)-(13) in the boundary conditions
given by Eq. (26) and with the help of Eqs. (23)–(25), we

sm 

obtain the expressions for displacement components, stresses
and temperature distribution as

is12  a q 2s11  b  (1  ia )
p 
,   1,2,3.
s11

3

u~   r ( ,  )

  m e q

mz

m 1

T0 *2

,

3

 am qm m e  q

v~   r ( ,  ) m 1

T0 *2

mz

,
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On replacing  by (

1*T0
V1

)*1 and T0 *2 , respectively, we

R11 

obtain the expressions for temperature gradient boundary and
temperature input boundary.

c1

,

R22 

c1 2
.
c3

(4.3)Static thermo-elastic case:

-a  x  0

In static thermo-elastic case, the temperature field is constant
in time and we obtain the expressions for displacement
components, stresses and temperature distribution given

0 x a

by equation (27) with following changed values as

we set a triangular pulse

a  x ,

 ( x )  a  x ,
0,


2

x a

  0, R31  R35  0, R33 

in equation (27). Using equations (9)-(10) and applying the
Laplace and Fourier transform defined by equation (13), we
get

 

~( )  21  cos(
 

2

k2
,
k1

, k3 

k2

1 =R15 R24+R33+R22+ R11,

c2a  2 
)   ,   0.
1* 


2  ( R15R24  R22  R11) R33  R11R22 ,
3  R22 R11R33 ,

Case 1: Instantaneous strip loading:
The plane boundary z=0 is assumed to be traction free and is
subjected to an instantaneous input in temperature, i.e.

5. Special cases:

F(t) = F0 (t )

Transformed solutions of equation (27) reduces to various
models of thermoelasticity as:

with

(1)

~
F(p)  F0 ,

(28)

(2)

K

F0 is a constant representing the magnitude of constant
temperature and  (t ) is the Dirac delta function.
where

*

ij

=0.

Dual phase-lag-model of thermoelasticityij ,

K ij >>

K ij =0.
*

*

ij

=0,  T

 0,  v  0,

=0,  T

 0,  v  0,

q  .

The plane boundary z=0 is assumed to be traction free and is
subjected to input in temperature as:

(4)Green Lindsay (G-L) model- K

t 0
1,

F(t) = F0 0,
t0
 1, t  0


*

ij

 a   q  0.
(4) Coupled thermoelasticity(CT) model- K

*

ij

=0,

 T  q   v  0.

with

where

*

(3) Lord shulman (L-S) model- K

Case 2: Signum strip loading:

F
~
F(p)  0 ,
s

Classical thermoelastic model - K

(5) Uncoupled thermoelasticity(UCT) model -

(29)

=0,  T

F0 is constant.

 q   v  0.

(6) Green-Nighdi(G-N)model(Type-1)-

K *ij =0.

(4.2)Quasi-static thermo-elastic case:
In quasi-static thermoelastic case, the variation of temperature
with time is sufficiently small, the influence of inertia term in
equations (1) may be neglected and we obtain the expressions
for displacement components, stresses and temperature
distribution given by equation (27) with following changed
values

1  0, K *ij

(7) Green-Nighdi(G-N)model(Type-II)-

K ij << K *ij ,

 T  q   v  0.
(8) Green-Nighdi(G-N)model(Type-III)-
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tends to zero.
6. PARTICULAR CASES
1.

Transversely isotropic materials

8. NUMERICAL RESULT AND DISCUSSION

This type of medium has only one axis of thermal and elastic
symmetry. We take the z axis along the axis of symmetry.
Then the nonvanishing elastic and thermal parameters are

Following Weiber (2002), Walker and Tarn (1991), we take
the case of Silicon crystal-like material for numerical
calculations. The physical constants used are:

s11  s22, K1  K2 ,



2.

1  2

Cubic crystal

For cubic crystals,
parameters are

the nonvanishing elastic and thermal

s11  s22 , K1  K2  K ,

= 0.0202,

c12 = 6.39 x 1010 Nm-2,

 = 2329 kgm-3,

c66 = 7.95 x 1010 Nm-2,

ce = 703 J kg–1degree–1 ,

K  1.48 Wm-1degree-1,

1  2  , 1  2  t

c11 = 16.56 x 1010 Nm-2,

t  2.59  106 degree-1,

F0 =1, a=1, T0 = 2980K.

3.Isotropic media

The variations of normal boundary displacement w and

For isotropic material every direction is a direction of elastic
as well as thermal symmetry and the nonvanishing elastic and
thermal parameters are

boundary temperature field T

and normal stress

t zz ,

tangential stress tzx for instantaneous strip loading and signum
strip loading are shown graphically in figures 1-8 for L-S,GL,G-N and three-phase-lag(TPL) theory of thermoelasticity.
The computations were carried out for two values of time
t=1.0 and
t=2.0, non-dimensional relaxation times
 v  0.02,  T  0.04,  q  0.06, a  0.08 at z=1.0

s11  s 22    2, s12  , s66  ,
K1  K 2  K1  K2  K,
1   2   t , 1  2    (3  2) t

in the range 0  x  10.

7. INVERSION OF THE TRANSFORMS
(8.1)Thermoelastic Interactions due to Thermal Source
(Temperature gradient boundary)

To obtain the solution of the problem in the physical
domain, we must invert the transforms in equation (27) for
three-phase-lag theory of thermoelasticity. These expressions
are functions of z, the parameters of Laplace and Fourier
transforms p and , respectively, and hence are of the form

(8.1a) Dynamic thermoelastic case:
(8.1.1a) Instantaneous strip loading

~
f (,

Figure 1. shows the variation of normal displacement ‘w’ with
distance x. The values of normal displacement increase at the
initial stage, gradually decreases in the range 1  x  4 then
increases with increase in distance x in rest of the range for GL,GN,TPL theories, for both values of time. Near the point of
application of source the values of normal displacement start
with sharp increase and then become oscillatory about zero in
the whole range for L-S and G-L theories at time t=2.0.

z, p). To get the function f(x,z,t) in the physical
domain, first we invert the Fourier transform using

f̂ (x, z, p) 

1
2





e  i x f (,z,p) d



(30)





1

(cos(x) f e - i sin(x)f 0 ) d,


Figure 2. depicts the variation of temperature distribution T
with distance x. The values of T decreases with increase in
distance in the whole range for all the theories at time t=1.0,

0

where fe and f0 are, respectively, even and odd parts of the
function

~
f (, z,p).

and for G-N and TPL theories for time t=2.0. The values of T
increases in the range 0  x  1, 1.5  x  2 , 3  x  4

Thus, expression (30) gives us the Laplace transform f̂ (x, z,
p) of the function f(x,z,t). Following Honig and Hirdes

and decreases in the range 1  x  1.5 , 2  x  3 and

(x, z, p) can be

become zero in the range 4  x  10 for L-S and G-L
theories at time t=2.0.

The last step is to calculate the integral in equation (30). The
method for evaluating this integral is described by Press et al.
(1986), which involves the use of Romberg’s integration with
adaptive step size. This, also uses the results from successive
refinements of the extended trapezoidal rule followed by
extrapolation of the results to the limit when the step size

Figure 3. shows the variation of normal stress tyy with distance
x. The value of normal stress start with small increase then
follow oscillatory pattern in the whole range for all theories at
time t=1.0 and for GN and TPL theories for time t=2.0. The
values of normal stress for

(1984 ), the Laplace transform function
inverted to f(x,z,t).

f̂
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L-S and G-L theories shows oscillatory pattern about zero and
then becomes zero with increase in distance x in the range

4  x  10, at time t = 2.0.

[2]

Figure 4. shows the variation of tangential stress tyx with
distance x. The values of tangential stress shows same
oscillatory pattern in the whole range for time t=1.0 for all the
theories. The values of tangential stress shows opposite
oscillatory pattern in the range 0  x  0.5, 2  x  6

[3]

and shows same oscillatory pattern in rest of the range for
time t=2.0 w.r.t time t=1.0 for all the theories.

Case 2: Signum strip loading:
Figure 5. shows the variation of normal displacement ‘w’ with
distance x. The values of nomal displacement start with sharp
increase for L-S and G-L theories and start with small
increase for G-N and TPL theories and then become
oscillatory in the whole range for time t=1.0. The values of
normal displacement ‘w’ for L-S, G-Land TPL theories show
same oscillatory pattern whereas for G-N theory show
opposite oscillatory pattern in the whole range for time t=2.0.

[4]

Das, N. C.; Das, S.N. and Das, B. (1983): Eigen
value approach to thermoelasticity; J. Thermal
Stresses, vol.6, pp.35-43.

[5]

Dhaliwal, R.S. and Rokne, J.G. (1989): One
dimensional thermal shock problem with two
relaxation times; J. Thermal Stresses, vol.12, pp.259279.
Sharma, J.N. (1986): Instantaneous heat sources in
temperature rate dependent thermoelasticity; Proc.
Indian Math. Sci. Acad., vol.52,pp. 1375-1383
Sherief, H.H. (1994): A thermomechanical shock
problem for themoelasticity with two relaxation
times; Int. J. Engng. Sci., vol.32, pp.313-325.

[6]

[7]

Figure 6. depicts the variation of temperature distribution T
with distance x. The values of T for L-S, G-L and G-N
theories at time t=1.0 and t=2.0 show opposite oscillotary
pattern in the whole range about zero. For TPL theory the
values of temperature T at time t=1.0 and t=2.0 shows
opposite oscillatory pattern in the range 0  x  6 and
shows same pattern in rest of the range.
Figure 7. shows the variation of normal stress tyy with distance
x. The values of normal stress are observed to follow
oscillatory pattern about zero for all the theories and for both
values of time.
Figure 8. shows the variation of tangential stress tyx with
distance x.The values of L-S, G-L and TPL start with small
increase and for G-N theory start with small decrease and then
become oscillatory in the range 0  x  10 for time t=1.For
time t=2, the values of tangential stress for L-S and G-L
theories start with small decrease and for GN and TPL start
with sharp decrease and then become oscillatory in the range

[8]

Stanley,P. (1997): Applications and potential
of thermoelastic stress analysis, Journal of Materials
Processing Technology, vol. 64, pp. 359-370.

[9]

Omini,M.
(1999):
Thermoelasticity
and
thermodynamics of irreversible processes. Physica B:
Condensed Matter, vol. 270, pp. 131-139.

[10]

Scott,
N.H.
(2001):
Thermoelasticity with
thermomechanical constraints,International Journal
of Non-Linear Mechanics, vol. 36,pp. 549-564

[11]

Bakshi,A. ,Bera,R.K. and Debnath,L.(2004): Eigen
value approach to study the effect of rotation and
relaxation time in two dimensional problems of
generalized thermoelasticity, International Journal
of Engineering Science, vol. 42, pp. 1573-1585

[12]

Ram,P.,Sharma,N.,Kumar,R.(2008):Thermomechani
cal response of generalized thermoelastic diffusion
with one relaxation time due to time harmonic
sources,International
Journal
of
Thermal
Sciences, vol. 47, pp. 315-323

[13]

Rychahivskyy, A.V and Tokovyy, Y.V.(2008):
Correct Analytical Solutions to the Thermoelasticity
Problems in a Semi-Plane, Journal of Thermal
Stresses vol. 31, pp.1125-1145.

[14]

Ezzat,M.A and Youssef,M. (2010):Three-dimensional
thermal shock problem of generalized thermoelastic
half-space, Applied Mathematical Modelling, vol.
34, pp. 3608-3622

[15]

Sarkar, N. and Lahiri, A.(2012): A three-dimensional
thermoelastic problem for a half-space without
energy
dissipation,International
Journal
of
Engineering Science, vol.51, pp. 310-325.

[16]

Beom,H.G.(2013): Thermoelastic in-plane fields in a

0  x  10 .

CONCLUSION
Problem of orthorhombic three-phase-lag thermoelastic model
has been solved using matrix inversion technique and the
expressions for displacement components, stresses and
temperature distribution for Quasi-static and static thermoelastic case deduced. The effect of triangular pulse in the
form of instantaneous strip and signum strip, in twinned
crystal, for temperature gradient boundary has been shown
graphically for silicon crystal like material for dynamic case.
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