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Abstract 

Let f: V(G)→{1,2,…..p+q} be an injective function .For a vertex labeling “f ” 

the induced edge labeling f(e=uv) is defined by ,f(e)= ⌈
𝑓(𝑢)3+𝑓(𝑣)3

𝑓(𝑢)2+𝑓(𝑣)2
⌉ (or) 

⌊
𝑓(𝑢)3+𝑓(𝑣)3

𝑓(𝑢)2+𝑓(𝑣)2
⌋, then f is called Super Lehmer -3 mean labeling ,if {f (V(G))} U 

{f(e)/e Є E(G)} ={1,2,3,…..p+q}, A graph which admits Super Lehmer -3 

Mean labeling is called Super Lehmer -3 Mean graph 

Keywords: Lehmer-3 mean graph,Super Lehmer-3 mean graph, Path, Comb, 

Kite, Crown. 

 

INTRODUCTION 

A graph considered here are  finite, undirected and simple. The vertex set and edge set 

of a graph are denoted by V(G) and E(G) respectively. For standerd terminology and 

notations we follow Harrary[1]. S Somasundaram &  S.S Sandhya introduced the 

concept of Harmonic Mean Labeling of Graphs in [2] and its basic results was proved 

in [3] and [4].We will provide a brief summary of other informations which are 

necessary for our present investigation. 
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Definition 1.1  

A graph G=(V,E) with P vertices and q edges is called Lehmer  -3 mean graph,if it 

is possible to label vertices x ЄV with distinct labels f(x) from 1,2,3,………….q+1 in 

such a way that when each edge e=uv is labeled with f(e=uv)=⌈
𝑓(𝑢)3+𝑓(𝑣)3

𝑓(𝑢)2+𝑓(𝑣)2
⌉ (or) 

⌊
𝑓(𝑢)3+𝑓(𝑣)3

𝑓(𝑢)2+𝑓(𝑣)2
⌋ , then the edge labels are distinct. In this case “f ” is called Lehmer -3 

mean labeling of G. 

 

Definition 1.2  

Let f:V(G)→{1,2,…..p+q} be an injective function .For a vertex labeling “f ” the 

induced edge labeling f(e=uv) is defined by ,f(e)= ⌈
𝑓(𝑢)3+𝑓(𝑣)3

𝑓(𝑢)2+𝑓(𝑣)2
⌉ (or) ⌊

𝑓(𝑢)3+𝑓(𝑣)3

𝑓(𝑢)2+𝑓(𝑣)2
⌋, then 

f is called Super Lehmer -3 mean labeling ,if {f (V(G))} U {f(e)/e Є E(G)} 

={1,2,3,…..p+q}, A graph which admits Super Lehmer -3 Mean labeling is called 

Super Lehmer -3 Mean graph 

 

Definition 1.3 

A Path Pn  is obtained by joining ui to the consecutive vertices ui+1  for 1≤i≤n 

 

Definition 1.4  

Comb is a graph obtained by joining a single pendant edge to each vertex of a path 

 

Definition 1.5 

A closed path is called a cycle of G. 

 

Definition 1.6 

A star graph is a graph obtained from a complete bipartite graph k1,n. 

 

Definition 1.6 

A Leaf is a graph which yields a path when K1,nis removed from Pn 
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2. MAIN RESULTS 

Theorem 2.1 

S(Pn) is a Super Lehmer-3 mean graph. 

Proof :- 

Let Pn be a graph of n vertices u1,u2,…..un, and v1,v2,….vn-1 be the vertices between 

ui’s. 

we define a function f:V(G)→{1,2,…..p+q}  by 

 f(ui)=4i-3    ; 1≤i≤n  

 f(vj)=4i-1    ; 1≤j≤n-1  

The edge labels are 

 f(uivj)=2i     ; i=1,3,5,7,…..  

 f(viui+1)=2i   ; i=2,4,6,8,……  

Thus {f(v)f(e)}= {1,2,…..p+q}  which satisfies the hypothesis of our definition. 

Hence S(Pn) is a super Lehmer-3 mean graph. 

 

Example 2.2 

S(P4) is a Super Lehmer -3 mean graph. 

 

Theorem 2.3 

S(PnʘK1)  is a Super Lehmer-3 mean graph. 

Proof :- 

Let us consider a graph PnʘK1, let Pn be a path of n vertices and K1 be a pendent 

graph joined to each vertices of the path Pn. Here we make subdivision in three cases. 

Case (i) 

Let u1,u2,….un be the vertices of Pn and the pendent vertices be v1,v2,…..vn. let the 

new vertices used for subdivision between the vertices of path be w1,w2,…..wn.  

Define a function f:V(G)→{1,2,…..p+q}  by 
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 f(ui)=(6i-5)   ; i=1,2,3,… 

 f(vi)=(6i-3)   ; 1≤i≤n  

f(wi)=6i-1      ; 1≤i≤n -1 

The edges are labeled as  

f(uivi)=6i-4    ; 1≤i≤n  

 f(uiwi)=6i-2  ; 1≤i≤n -1 

 f(wiui+1)=6i   ; 1≤i≤n -1 

Then the edge labels are distinct and f(V(G)E(G))= {1,2,…..p+q}  which is a Super 

Lehmer-3 mean graph. 

 

Example 2.4 

Labeling pattern of S(P4ʘK1)  is given below.

 

Case (ii) 

In this case we now subdivide each pendent edges with wi 1≤i≤n  where ui’s,vi’s 

where already existing vertices of the graph PnʘK1. 

 We define a function f:V(G)→{1,2,…..p+q}  by  

f(ui)=(6i-5)   ; 1≤i≤n  

f(vi)=6i-1      ; 1≤i≤n   

 f(wi)=6i-3    ; 1≤i≤n  

Then we get distinct edge labels.The edge labels and vertex labels together are 

{1.2…..p+q}. Hence S(PnʘK1)  is a Super Lehmer-3 mean graph. 
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Example 2.5 

S(P4ʘK1) labeling pattern is 

 

 

Case (iii) 

In this case of subdivision we subdivide the path Pn as well as the pendant edges. 

 The vertices of path be u1,u2,….un , and w1,w2,……wn be the vertices of pendant 

edges . 

 we implement new vertices vi’s and xi’s between existing vertices.  

We define a function  f:V(G)→{1,2,…..p+q}  by 

 f(ui)=8i-7        ; 1≤i≤n  

f(vi)=8i-5        ;1≤i≤n  

f(w1)= v1+2, 

 f(wi)=8i-2     ; 2≤i≤n 

 f(xi)=8i-1     ; 1≤i≤n-1 

Thus f(V(G)E(G))= {1,2,…..p+q}  which are all distinct. Hence S(PnʘK1)  forms a 

Super Lehmer-3 mean graph. 
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Example 2.6 

This is the labeling pattern of  S(PnʘK1)  .

 

 

Theorem 2.7 

S(Cn) is a Super Lehmer-3 mean graph n≥6. 

Proof:- 

Cn be a cycle of n vertices u1,u2,…..un , 

 let vi’s be the subdivided vertices which varies from 1 to m, here for a cycle always 

m=n .  

let us define a function f:V(G)→{1,2,…..p+q}  by  

f(ui)=2i-1          ; i=1,3,5,….2n-3  

f(vi)=2i-1         ; i=2,4,6,….(2m-2) 

 f(un)=2[(n-1)+(m-1)+1]  

 f(vn)=2(m+n)  

The edge labels are all distinct.Hence f(V(G)E(G))= {1,2,…..p+q}. 

 Therefore S(Cn) is a super Lehmer 3 mean graph. 

 

 

 

 

 



Subdivision on Super Lehmer-3 Mean Graphs 39 

Example 2.8 

S(C6) labeling is shown below. 

 

Theorem 2.9 

S(K1,n) is a Super Lehmer-3 mean graph. 

Proof :- 

Let us consider a star K1,n with vertices u,vi,wi respectively. Here vi is the vertex used 

for subdivision. 

 A function defined on K1,n is f:V(G)→{1,2,…..p+q} such that  

f(u)=1  

f(vi)=4i-1        ; i=1,2,….n 

 f(wi)=4i+1     ; i=1,2,3,….  

Then the obtained edge labels are  

f(uvi)=2i         ; i=1,3,5…..(2n-1)  

f(viwi)=2i        ; i=2,4,6,…(2n) 

Thus the edge labels and vertex labels are distinct and f(V(G)E(G))= 

{1,2,…..p+q}.Hence S(K1,n) is a Super Lehmer-3 mean graph. 
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Example 2.10 

Diagrammatic representation of S(K1,10) is given below. 

 

Theorem 2.11 

A graph obtained by identifying a pendant vertex of Pn with a K1,n forms a Super 

Lehmer-3 mean graph under subdivision. 

Proof :- 

Let u be the central vertex of K1,m and w1,w2,….wm be the vertices of K1,m and the 

subdivided vertices be vi where 1≤i≤m, the  vertices of the path Pn be xj, 1≤j≤n and the 

new vertices between xj’s be yj where 1≤j≤n.  

Define a function f:V(G)→{1,2,…..p+q} such that 

 f(u)=1 

 f(vi)=4i-1                    ; i=1,2,3,….m  

f(wi)=4i+1                   ; i=1,2,3,….m 

 f(xi)=f(u)=1 
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 f(xj)=4(m+1)+(2j-3)   ; j=2,4,6,8,….  

F(yj)= 4m+(4j-1)        ; j=1,2,….(n-1).  

Thus the edge labels are all distinct . Hence f(V(G)UE(G))= {1,2,…..p+q} which 

admits a Super Lehmer-3 mean graph under subdivision.  

Example 2.12 

An example of a subdivided leaf graph is shown below. 
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