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Abstract 
 

In this paper we consider the concepts of vertex covering and stability in 

hypergraphs. In particular we study the effect of removing a vertex from the 

hypergraph on the parameters like vertex covering number and stability 

number. In particular we prove that the vertex covering number may increase 

or remain unchanged when this operation (of removing a vertex) is performed. 

However, the stability number of the given hypergraph will always decrease. 
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1. Introduction 

The concepts of stability and vertex covering in hypergraphs have been well explored 

by many researchers [1]. Vertex covering and independence have found an important 

place in graph theory due to their various applications in optimization theory, 

matching theory and other areas of graph theory. In fact they have provided new 

techniques which are useful in other areas of mathematics. 

When we think about the concepts of stability and vertex covering in hypergraph 

theory, they can be defined in similar manner as in graph theory and also their 

variants can be defined in hypergraphs. As a result we prove similar theorems in 

hypergraph theory and different theorems suitable for hypergraph as well. 

In this paper we studied vertex covering sets and stable sets in hypergraphs which 

have been already defined [2]. 

 

 

2. Basic definitions 

Definition 2.1: (Stable set, Stability number) [2]: A set  in a hypergraph 
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 is a Stable set if no edge is a subset of . A Stable set with maximum cardinality is 

called a maximum stable set of  and is denoted as -set of G. 

The cardinality of a maximum Stable set is called the Stability number of  and it is 

denoted as  

 

Definition 2.2: (Vertex covering set, Vertex covering number) [2]: A subset  of 

 is called a vertex covering set if every edge of  has non-empty intersection 

with . 

A vertex covering set with minimum cardinality is called -set of . 

The cardinality of a minimum vertex covering set of  is called the vertex covering 

number of  and it is denoted as . 

It is obvious to see that 

i.  The complement of a vertex covering set is an stable set and 

ii.  A subset  of  is a minimum vertex covering set if and only if  

is a maximum stable set. 

 

Therefore,  the number of vertices of hypergraph . 

 

Definition 2.3: (Edge degree) [2]: If is a vertex of hypergraph  then the edge 

degree  is defined to be the number of edges which contain the vertex . 

Here we consider the sub-hypergraph  whose vertex set is  and the edge 

set is sub-edges obtained by removing the vertex  from every edge of . In this 

section we will consider the sub-hypergraph . 

In the following lemma we shall prove that the vertex covering number cannot 

decrease when a vertex  is removed from the hypergraph . 

We may again assume that in a hypergraph an edge may have only one vertex. 

 

 

3. Main Results: 

Lemma 3.1: If  is a hypergraph and  is a vertex of G then  

 

Proof: Let  be a minimum vertex covering set of . Let  be any edge of . 

If then is an edge of  and since  is a vertex covering set of , 

 If  is an edge of  and  then  is an edge of . Since 

 is a vertex covering set of , Therefore,  

Hence,  is a vertex covering set of . Therefore, ∎ 

Now we shall state and prove the necessary and sufficient condition under which the 

vertex covering number of a hypergraph does not change when a vertex is removed 

from the hypergraph. 

 

Theorem 3.2: Let  be a hypergraph and . Then if and 

only if there is a minimum vertex covering set  of  such that  

 

Proof: First suppose that . Let  be a minimum vertex covering set 

of . By above lemma 3.1,  is a vertex covering set of . 
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If  not a minimum vertex covering set of  then which is a 

contradiction. Hence  is a minimum vertex covering set of  and since 

 

Conversely, let  be a minimum vertex covering set of  such that . Let  be 

any edge of  then  for some edge  of . Now  and therefore 

 Because  Therefore  is a vertex covering set of . Thus, 

 

Hence ,  ∎ 

 

Example 3.3: Consider the hypergraph  whose vertex set  and 

edge set  then  is a 

minimum vertex covering set of  and also  then Note 

that  does not belong to this minimum vertex covering set. 

 

 
 

Figure: 3.1 

 

 

Corollary 3.4: With notation as above  if and only if for 

every minimum vertex covering set  of . ∎ 

 

Example 3.5: Consider the hypergraph  with  and 

 Note that,  However,  Thus 

. 

 

 
 

Figure: 3.2 
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Note that  is the only minimum vertex covering set of . Thus  belongs to every 

minimum vertex covering set of , and thus . 

Here also we prove that the stability number of G reduces when a vertex is removed. 

 

Theorem 3.6: If  is a hypergraph and  then . 

 

Proof: Let  be a minimum stable set of G \ {v}. We claim that is a stable set 

in . For this suppose  is an edge of  such that . 

Case I:  

Then and  is a subset of . Hence,  is not a stable set of , 

which is a contradiction. 

Case II:  

Since, and thus  is not a stable set of , again a 

contradiction. 

So, must be a stable set of . 

Therefore,  

Hence .∎ 

 

Example 3.7: Consider the hypergraph  with  and 

 then  is a stable set of 

.Therefore . Also  is a stable set of  

and . Hence,  

 

 
 

Figure: 3.3 

 

 

Now we prove necessary and sufficient condition under which  

 

Theorem 3.8: if and only if there is a maximum stable set  of 

 such that  

 

Proof: Suppose there is a maximum stable set S of G such that  

Now consider the set  First  is a Stable set in . Suppose there is an 

edge  of  such that  is a subset of . Let  be any edge of  such that 

 then it is obvious that  is a subset of . This contradicts the fact that  is a 
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stable set of . 

Thus  must be a stable set in . Since  S1 must be a maximum 

stable set of . 

Thus,  

Conversely suppose . 

Let  be a maximum stable set of  and . First we prove that  is a 

stable set of . Suppose there is an edge  of  such that  is a subset of . 

Case I: . 

Then, . Hence  is a subset of . This contradicts the fact that  is a 

stable set of . 

Case II: . 

Then Since  is a subset of ,  is a subset of . Again this contradicts 

the fact that  is a stable set of  

Hence, from both the cases it follows that S is a stable set of G. Also 

 

Therefore,  is a maximum stable of . Note that  This completes the proof of 

the theorem. ∎ 

 

Remark 3.9: From the above theorem it is clear that if  is a maximum stable set of  

and then  

Thus, if  are all maximum stable set of  and  then 

if and only if . 

 

Corollary 3.10: The number of vertices  in G such that 

 where and  is the family of all maximum 

stable sets of . 

 

Remark 3.11: From the proof of the above theorem 4.2.12 it is clear that if 

 and if  is a maximum stable set of  then is a maximum 

stable set of  containing . 

Conversely, if  is a maximum stable set of  containing v then  is a 

maximum stable set of  

Also we make the following conclusions from the above theorems (under the 

assumption that ): 

1)  There is a one-one correspondence between the maximum stable sets of  

and the maximum stable sets of  containing the vertex . 

2)  It is also obvious that the number of maximum stable sets of  is greater than 

or equal to the number of maximum stable sets of  

3)  It is clear to that the number of maximum stable sets of  equal the number of 

maximum stable sets of  if and only if  belongs to the intersection of all 

maximum stable sets of . 

4)  Also it may be noted that the number of vertices  such that 
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We state the following corollary. 

 

Corollary 3.12:  if and only if  for any maximum stable 

set  of . 

Now we consider a hypergraph  in which the vertex set is  and the edge 

set is equal to the set of those edges of  which do not contain the vertex . This is 

called the partial sub-hypergraph of . 

First we established that if  then  

 

Proposition 3.13: Let G be a hypergraph and if  then  

 

Proof: Note that every edge of  is also an edge of . 

Let  be a minimum vertex covering set of . 

Case I:  

If  is any edge of  then  is also an edge of  and hence  Since 

Thus  is a vertex covering set of  

Case II: . 

Let  be any edge of  then  is also an edge of . Hence,  

Thus,  is a vertex covering set of  Therefore,  or  is a vertex covering 

set of  Hence ∎ 

 

Proposition 3.14: If  is a hypergraph and  If  then 

 

 

Proof: Let  be a minimum vertex covering set of  then  cannot be a vertex 

covering set of . Therefore there is an edge  of  such that . Then it 

implies that . Note that must be a vertex covering set of . 

Therefore,  Thus, ∎ 

 

Theorem 3.15: Let  be a hypergraph and . Then  if and 

only if there is a minimum vertex covering set  of  such that  

 

Proof: Suppose . 

Let  be a minimum vertex covering set of  then  is a minimum 

vertex covering set of . Thus,  and  is a minimum vertex covering set of . 

Conversely, let  be a minimum vertex covering set of  such that  Consider 

the set  Let  be any edge of  then  is also an edge of  Since  

is a vertex covering set of ,  

Since Thus  is a vertex covering set of  

Therefore, Hence, .∎ 

 

Corollary 3.16: Let G be a hypergraph and  Then  if and 

only if for every minimum vertex covering set  of ,  
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Example 3.17: Let  be the hypergraph whose vertex set  and 

 Let  then the partial sub-hypergraph  

has no edges. Also  belongs to the only minimum vertex covering set  Therefore, 

 In fact, we may note that  and  

 

Corollary 3.18: Let  be a hypergraph and such that  is not isolated and 

then for every minimum vertex covering set  of ,  

 

Proof: Let S be any minimum vertex covering set of G then . Let  be any edge 

containing  then . Thus ∎ 

 

Remark 3.19: It may be noted that the compliment of a vertex covering set is an 

independent set. Also it may be noted that if and for some minimum 

vertex covering set  then  Thus we introduce the following two 

notations. 

 and then 

 

Thus,  

 

Since the compliment of every vertex covering set is a stable set, it follows that  is 

also a stable set. 

Thus, we have the following corollary. 

 

Corollary 3.20:  is a stable set. 

Since every edge containing the vertex intersect every vertex covering set of  it 

follows that  the minimum edge degree of a hypergraph , provided there is 

vertex in the hypergraph  such that . If there is no vertex in  then every 

vertex  and therefore  the minimum edge degree of a hypergraph . 

 

Corollary 3.21: Suppose  is a hypergraph and for this hypergraph , Then 

. 

 

Proof: Let  be a minimum vertex covering set of  and . By corollary 4.2.23, 

if  is an edge of  containing then . Also note that if  and  are distinct 

edges of  containing v then (because  is a hypergraph and no two 

edges can intersect in more than one vertex). 

Thus,  the number of edges containing vertex . That is .∎ 

We may prove as in the case of a vertex covering that the stability number of a 

hypergraph does not decrease when a vertex is removed from the hypergraph . 

 

Lemma 3.22: If  is a hypergraph and then  

 

Proof: Let  be a maximum stable set of  then obviously  is also an stable set of 

. Thus,  Hence, ∎ 
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Example 3.23: Consider the hypergraph  whose vertex set  

and edge set  

In this hypergraph the set  and  are maximum stable sets and its 

stability number . 

Now let  The sub-hypergraph  has the vertex set is 

and the edge set is  

The set  and  are maximum stable sets of  and its stability 

number is Note that  

Now we prove the necessary and sufficient condition under which the stability 

number of hypergraph G does not change. 

 

Theorem 3.24:  if and only if there is a maximum stable set  of  

such that . 

 

Proof: Suppose . Let  be a maximum stable set of Now  is 

also a stable set of . 

Also  and thus  is a maximum stable set of  not containing the vertex 

. 

Conversely, let  be a maximum stable set of  such that . Since , S is also 

a stable set of  and therefore Thus,  

Therefore .∎ 

 

Corollary 3.25: if and only if  belongs to every maximum stable 

set of  

Now we introduce the following notations, 

 

 

Thus we can deduce that, . Also it may 

be noted that 

. 

Now we prove that when decreases remains same and when  

remains same  decreases.(when vertex is removed from the hypergraphs). 

 

Theorem 3.26: 

(1) If  then  

(2) If  then . 

 

Proof: (1) = the number of vertices of hypergraph G. 

Now . 

Thus  

Hence  

From this it follows that  

Proof of (2) is similar. ∎ 
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