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Abstract
In this paper, we consider the problem of estimating the population mean under
double sampling using auxiliary information in presence of measurement error
and non-response error simultaneously. Some modified ratio, product and
difference estimators in double sampling have been adapted from Singh and
Kumar (2010) and their properties are studied presence of measurement error
and non-response error simultaneously. An empirical study is carried to study
the merits of the estimators over conventional unbiased estimator and other
known estimators where we analyzed the effect of measurement error on the
adapted estimators at different levels. Both theoretical and empirical study
results present the soundness and usefulness of the suggested estimators in
practice under presence of measurement error and non-response error
simultaneously.

1. INTRODUCTION
In survey sampling, it is presumed that the observations are recorded correct
measurements on characteristics being studied. But such kind of assumption is not
satisfied in many applications and data is recorded with measurement errors, such as
reporting errors and computing errors. These measurement errors make the result
invalid. If measurement error is very small and we can neglect it, then the statistical
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inferences based on observed data continue to remain valid. On the contrary if
measurement error is not negligible, the inferences may not be simply invalid and
inaccurate, but may often lead to unexpected, undesirable and unfortunate
consequences (see Srivastava and Shalabh (2001)).
Consider a finite population U  U1,U 2 ,...,U N  of N units. Let Y and X be the
study variate and auxiliary variate, respectively. Suppose that we have a set of n
paired observations obtained through simple random sampling procedure on two
characteristics X and Y. Further, suppose that  xi , yi  for the ith sampling units are
observed with measurement error instead of their true values  X i , Yi  . For a simple
random sampling scheme, let  xi , yi  be observed values instead of the true values

 X i , Yi 

for ith (i=1, 2,...n) unit such that

where ui

ui  yi - Yi

(1.1)

vi  xi - X i

(1.2)

and vi are associated measurement errors which are stochastic

2
2
(probabilistic) in nature with mean zero, variances  u and  v respectively. Further,

we assume that ui and vi are uncorrelated although X i are Yi are correlated. Let the
population means of X and Y characteristics be  x and  y where population
2
variances of X and Y be  x and  y2 . Let  xy be the population covariance between x

and y .

In surveys covering human populations, information is in most cases not obtained
from all the units in the survey even after some call-backs. An estimate obtained from
such incomplete data may be misleading especially when the respondents differ from
the non-respondents because the estimate can be biased. Hansen and Hurwits (1946)
envisaged a simple technique of sub-sampling the non-respondents in order to adjust
for the non-response in a mail survey. In estimating population parameters like the
mean, total or ratio, sample survey experts sometimes use auxiliary information to
improve the precision. When the population mean X of the auxiliary variable x is
known and in presence of non-response, the problem of estimation of population
mean Y of the study variate y has been dealt by Cochran (1977), Rao (1986, 1987)
and Khare and Srivastava (1993, 1997). However , many situations of practical
importance the problem of estimation of population mean Y of the study variate y
assumes importance when the population mean X of auxiliary variate x is not
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known in presence of non-response. But, if such information is missing then such
situation we generally resort to double sampling as suggested by Okafor and Lee
(2000), Tabasum and Khan (2004) and recently by Singh and Kumar (2010) among
others. If the population mean X of the auxiliary variable is not known then Okafor
and Lee (2000) proposed to use the sample mean x ' obtained from a large first phase
preliminary sample of size n ' drawn from N units by simple random sampling
without replacement (SRSWOR). It is noteworthy to mention here that it is assumed
that all the first phase sample units supplied the auxiliary information; see Singh and
Kumar (2010). Then a second phase sample of size n ( n  n ' ) is drawn from the n '
by simple random sampling without replacement (SRSWOR) and study variable y is
measured on it. At the second phase from the sample of size n , let n1 units respond
and n2 units refuse to respond. Now, we use Hansen Hurwitz (1946) sampling
strategy to sub-sample r units from n2 non-responding units and enumerated by
direct interview such that r  n2 / k , k  1 . It is again implicitly assumed that these r
units respond to the direct interview. Okafor and Lee (2000) and Tabasum and Khan
(2004) have mentioned that the procedure of two phase sampling can be applied to a
household survey where household size is an auxiliary variable for the estimation of
family expenditure. The information such as family size might be completely known
while there may be a non-response on the household expenditure. A similar example
would be regarding disposable income survey where personal taxes paid are known
due to tax laws while there may be non-response on the study variable i.e. disposable
income.
In this paper throughout we assume the deterministic set up of non-response exactly
on the similar lines as that of Singh and Kumar (2010) and assume that the whole
population (denoted by  ) is stratified into two strata: one is the stratum (denoted by
1 ) of N1 units, which would respond on the first call at the second phase and the
other stratum (denoted by  2 ) of N 2 units, which would not respond on the first call
but would respond on the second call. Let the first and second phase samples be
denoted by s and s ' respectively, and let s1  s  1 and s2  s  2 . The subsample of s2 will be denoted by s2m . Summation over the units in the set s will be
denoted by



s

. As tradition goes, throughout in this paper, the population

parameters are denoted by capital letters and the sample statistics are denoted by
small letters.
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2. ADAPTED ESTIMATORS
With this background, the usual ratio, product and difference estimators using two
phase sampling in presence of non-response and measurement error are respectively
defined by

y*
T1  * x
x

(2.1)

T2 

y* *
x
x

(2.2)

T3 

y*
x
x

(2.3)

T4 

y*
x
x

(2.4)

 x  x 
T5  y *  *  
 x  x 

(2.5)

*

x*  x 
T6  y    
 x   x 

(2.6)



2

 x  1  x 
T7  y *  *   
x  x 



(2.7)



T8  y *  d1 x  x *  d2  x  x 



(2.8)



(2.9)

T10  y *  d4  x  x 

(2.10)

T9  y *  d3 x *  x

where 1,  2 , di (i  1, 2,3, 4) are characterizing scalars to be suitably chosen.
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3. BIAS AND MEAN SQUARE ERROR
The bias of these estimators is given below while estimators (1.8), (1.9) and (1.10) are
unbiased.

W  k  1 R 2
1 1  1
Bias T1       R  x2   v2    xy   2
 x2   v22

n
n
X
nX







(3.1)

W  k  1
1 1  1
Bias T2       xy  2
 xy2
nX
 n n  X

(3.2)

1 1  1
Bias T4       R  x2   v2    xy 
 n n  X

(3.3)

1 1  1
Bias T5       R  x2   v2    xy 
 n n  X

(3.3)

W  k  1 
1 1  1
Bias T7      3R  x2   v2   2 xy   2
R  x22   v22  2 xy2  (3.4)


nX 
 n n  X



W  k  1
1 1  1
Bias T8       R  x2   v2    xy   2
 xy2
nX
 n n  X



(3.5)

W  k  1 1
1 1  1
Bias T9       R 2  2  1  x2   v2    2 xy   2
 xy2 (3.6)
X
 n n  X
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The MSE’s of these estimators is given by

 







 1 1 
MSE (T1 )  MSE y *      x2   v2  2 yx
 n n 








W2  k  1
 x2 2   v2 2  2 yx(2) 
n




(3.7)

 1 1 
MSE (T2 )  MSE y *      x2   v2  2 yx
 n n 

 





















W2  k  1

 x2 2   v2 2  2 yx(2) 
n


(3.8)



 1 1 

MSE (T3 )  MSE y *      x2   v2  2 yx 
 n n 


 



 1 1 

MSE (T4 )  MSE y *      x2   v2  2 yx 
 n n 


 



 1 1 
MSE (T5 )  MSE y *     4  x2   v2  4 yx
 n n 

 











 1 1 
MSE (T6 )  MSE y *     4  x2   v2  4 yx
 n n 

 





W2  k  1
 x2(2)   v2(2)  2 yx(2) 

n







(3.10)



W2  k  1

 x2(2)   v2(2)  2 yx(2) 
n




(3.9)

(3.11)


(3.12)
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 1 1 
MSE (T7 )  MSE y *      22  x2   v2  2 2 yx
 n n 

 



W2  k  1 2 2

1  x(2)   v2(2)  21 yx(2) 
n


 







 

 1 1 
MSE (T8 )  MSE y *     d 22  x2   v2  2d 22 yx
 n n 

 





(3.13)



W2  k  1 2 2

d1  x(2)   v2(2)  2d1 yx(2) 
n


 





 

 1 1 
MSE (T9 )  MSE y *     d32  x2   v2  2d3 yx
 n n 

 







(3.14)



W2  k  1 2 2

d3  x(2)   v2(2)  2d3 yx(2) 
n


 





 

(3.15)



 1 1 

MSE (T10 )  MSE y *     d 42  x2   v2  2d 4 yx 
 n n 


 



(3.16)

The optimum values which minimizes the MSE is

1 



 yx( 2)
 x2( 2)   x2( 2)

2 

d1 





 yx
 x2   v2





 yx( 2)

 x2( 2)   x2( 2)

(3.17)

(3.18)



(3.19)
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d2 



 yx
2
x

  v2



(3.20)

W2 (k  1)
 1 1 

 yx(2) 
 n  n   yx 
n



d3  
W2 (k  1) 2
 1 1  2

2
 x(2)   v2(2) 
 n  n   x   v 
n






d4  



 yx
2
x





(3.21)





  v2

(3.22)

and the minimum MSE’s are found to be







 

 

2

2

yx 2 
 1 1   yx
W2  k  1
    2

2
n
 x2 2   v2 2
 n n   x   v


MSE (T7 )min  MSE y *

MSE (T8 )min  MSE y *



 

MSE (T9 )min  MSE y *

MSE (T10 )min



2

2

yx 2 
 1 1   yx
W2  k  1
    2

2
n
 x2 2   v2 2
 n n   x   v




 

 









2


 1 1 
k



    yx   yx(2) 
n
 n n 





  1 1  2

k

2
2
2
     x   v   x(2)   v(2)  
n n 
n
 
 





 

2


1
1
yx


 MSE y *    
 n n   2   2
x
v


 






















(3.23)









(3.24)

(3.25)

(3.26)
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It can be easily seen that T7 and T8 have the same minimum mean square error.

MSEmin T7   MSEmin T8 

 

 MSE y *





2

2


yx
 1 1 
W  k  1
yx
 2
    2
 2
2
n
 x2 2   v2 2
 n n   x   v




 













(3.27)

4. DETERMINATION OF OPTIMUM VALUES OF n, n′ AND k
The expected total cost of the survey apart from the overhead cost is given by
cW 

C  cn  n  c  c1W1  2 2 
k 


(4.1)

where c is the cost per unit of the first phase sample of size, n ; c is the cost per
unit of the first attempt with the sample, n ; c1 is the cost per unit for processing the
respondent data at the first attempt in n1 and c2 is the cost per unit associated with
the sub sample r of n2 .
CASE I: FIXED VARIANCE
To determine the optimum values of n , n and k that minimize the cost for a fixed
variance V0 , we consider the function



  C*   MSE Tg   V0



(4.2)



  N  n 
2
2
cW 


 cn  n c  c1W1  2 2     
 y2   u2   x   v g32  2 yx g3 

k 


  Nn





 



 N  n  2   2 g 2
(k  1) N 2 2
 y(2)   y2(2)   x2(2)   v2(2) g12  2 yx(2) g1 
x
v
3
Nn
Nn





2 yx g3   V0
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cW 
  U  (k  1)W2U 2  U 3  U 3 U1 


 cn  n c  c1W1  2 2      1

   V0  (4.3)
k 
n
n N 










2
2
where U1   y2   u2   x   v g32  2 yx g3  ,





 





U 2    y2( 2)   u2( 2)   x2( 2)   x2( 2) g12  2 yx( 2) g1  and U 3   x g32  2 yx g3


2

 and 

is Lagrange’s multiplier.

Now differentiating (4.3) with respect to n , n and k , and on equating with zero, we
get

n

Y 2 U1   k  1W2U 2  U 3 
c2W2 

c  c1W1 

k 


Y 2U 2
n

k
c2
n 

(4.4)

(4.5)

Y 2U 3
c

(4.6)

On putting (4.4) in (4.5), we get
kopt 

c2 U1  W2U 2  U 3 

 c  c1W1 U 2

(4.7)

which is required optimum value of k . Further on substituting the value of n and k
in the expression of MSE, we get
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2
U1   k  1W2U 2  U 3  c  c1W1  c2W

k


V0 YU1 
 

N 
Y





cU 3

(4.8)

On using this value of  we get the optimum value of n , as

U   k
1

opt



 1 W2U 2  U 3

nopt 

c2W2 

c  c1W1 
  c U1  kopt  1 W2U 2  U 3 U 3
kopt 











c2W2   V0 U1 
c  c1W1 
  
kopt   Y 2 N 




(4.9)

Similarly, on using this value of  we get the optimum value of n , as

U   k
1

 
nopt

opt


c W 
 1 W2U 2  U 3 U 3 c  c1W1  2 2   cU 3
kopt 

V U 
c  02  1 
N
Y





(4.10)
1

On substituting the optimum value of n , n and k also ignoring the terms of O  
N
we get the minimum cost for fixed variance V0 given as

 
Y2  
C 
2 c U1  kopt  1 W2U 2  U 3
V0  
 



*








c2W2  

c

c
W

U

 3  cU 3
1 1
kopt  




cW 


 U1  kopt  1 W2U 2  U 3 c  c1W1  2 2 
kopt 












(4.11)
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CASE II: FOR FIXED COST
To determine the optimum values of n , n and k that minimize the MSE (Tg ) for a
fixed cost ( C *  C0 ), we consider the function






 *  MSE Tg    cn   c  c1W1 


c2W2  

k 

(4.12)

where  is Lagrange’s multiplier.
Now differentiating (4.12) with respect to n , n and k on equating with zero, we get

n

Y 2 U1   k  1W2U 2  U 3 



 c  c1W1 

c2W2 

k 

(4.13)

Y 2U 2
n

k
 c2

(4.14)

Y 2U 3
 c

(4.15)

n 

On using (4.13) in (4.14) we get,
kopt 

c2 U1  W2U 2  U 3 

 c  c1W1 U 2

(4.16)

Further, on substituting the values of n , n and k in the expression of expected cost,
we get


c W 
Y 2 U1  kopt .  1 W2U 2  U 3 c  c1W1  2 2   cU 3
kopt . 


C0









(4.17)
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Again, on substituting the value of  in (4.13), we get the optimum value of n as

nopt 

C0

c2W2 


c  c1W1 

kopt 





U   k
1

opt



 1 W2U 2  U 3





cW 


U1  kopt  1 W2U 2  U 3  c c  c1W1  2 2 U 3 
kopt 


 









(4.18)

Similarly, on substituting the value of  in (4.15), we get the optimum value of n as
 
nopt

C0 U 3

 c U1  kopt  1 W2U 2  U 3











(4.19)



c2W2 




c

c
W


c
U


1 1
3
k

opt






On substituting the optimum value of n , n and k , we get the mean square error of
Tg for fixed cost ( C *  C0 ) as

 

MSE Tg 

1
C0


 U1  kopt  1 W2U 2  U 3










2  c U1  kopt  1 W2U 2  U 3












 c  c W  ckW   cU




2

2

1 1

opt



3



c2W2   U1C0 

c

c
W

U


 3
1 1
kopt  
N 



(4.20)

Ignoring the terms of order

1
we get the mean square error of Tg for fixed cost
N

( C *  C0 ) as

 

MSE Tg 

1 
 U1  kopt  1 W2U 2  U 3
C0 











 c  c W  ckW   cU


2

2

1 1

opt



3
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2  c U1  kopt  1 W2U 2  U 3











c2W2  

c  c1W1 
U 3 
kopt  



(4.21)

From (4.1) to (4.21) it is clear that on replacing any other estimator with Tg we will
1 1 
get different value of U1 being the coefficient of    , U 2 being the coefficient
n N 

of

W2  k  1
1 1
and U 3 being the coefficient of    , respectively in the
n
 n N 

expression for mean square error of Tg and hence the optimum values of n , n and k
can be obtained for both the cases of fixed cost as well as for fixed precision. For the
sake of brevity we are omitting the derivations.

5. EMPIRICAL STUDY
The present data belong to the data on physical growth of upper socio- economic
group of 95 school going children of Varanasi under an ICMR study, Department of
Pediatrics, BHU during 1983-84 has been taken under study, Khare and Sinha (2007).
The first 25% (i.e. 24 children) units have been considered as non-response units. The
values of parameters related to the study characters y (weight of children in kg), the
auxiliary character x (chest circumference of the children in cm) have been given as
follows:
Y2  19.4968; X  55.8611;  y  3.0435;  x  3.2735;  y( 2)  02.3552;  x( 2)  2.5137;

 yx  8.428611;  yx  4.315874.
( 2)

The problem considered is to estimate the weight of the male children aged 6-7 years
using chest circumference as the auxiliary character.
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Table 5.1 PRE & MSE under measurement error & non-response
↓ Estimators

y*

T1

T3

1/ k

↓ME %

1/2

1/3

1/4

1/5

0%

0.3207(100)

0.3608(100)

0.4008(100)

0.4408(100)

1%

0.3239(99)

0.3644(99)

0.4048(99)

0.4453(99)

5%

0.3368(95)

0.3788 (95)

0.4208(95)

0.4629(95)

10%

0.3528(91)

0.3968(91)

0.4409(91)

0.4849(91)

15%

0.3688(87)

0.4149(87)

0.4603(87)

0.5070(87)

20%

0.3849(83)

0.4329(83)

0.4809(83)

0.5290(83)

↓ME %

1/2

1/3

1/4

1/5

0%

0.2347(132)

0.2551(135)

0.2789(138)

0.3028(140)

1%

0.2346(137)

0.2590(139)

0.2833(141)

0.3076(143)

5%

0.2486(129)

0.2747(131)

0.3008(133)

0.3270(135)

10%

0.2659(121)

0.2943(123)

0.3227(124)

0.3512(126)

15%

0.2833(113)

0.3140(115)

0.3447(116)

0.3754(117)

20%

0.3007(107)

0.3336(108)

0.3666109)

0.3995(110)

↓ME %

1/2

1/3

1/4

1/5

0%

0.2474(123)

0.2874(120)

0.3275(118)

0.3675(116)

1%

0.2508(128)

0.2913(124)

0.3317(121)

0.3721(118)
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5%

0.2645(121)

0.3065(118)

0.3486(115)

0.3906(113)

10%

0.2816(114)

0.3256(111)

0.3697(108)

0.4137(107)

15%

0.2986(107)

0.3447(105)

0.3907(103)

0.4368(101)

20%

0.3157(102)

0.3638(99)

0.4118(97)

0.4599(96)

↓ME %

1/2

1/3

1/4

1/5

0%

0.1997(153)

0.2235(154)

0.2474(156)

0.2712(157)

1%

0.1977(162)

0.2171(166)

0.2365(169)

0.2558(172)

5%

0.2202(146)

0.2463(146)

0.2725(147)

0.2986(148)

10%

0.2407(133)

0.2691(134)

0.2975(135)

0.3259(135)

15%

0.2612(123)

0.2919(124)

0.3226(124)

0.3533(125)

20%

0.2817(114)

0.3147(115)

0.3476(115)

0.3806(116)

↓ME %

1/2

1/3

1/4

1/5

0%

0.1933(158)

0.2120(163)

0.2308(167)

0.2495(170)

1%

0.1977(162)

0.2171(166)

0.2365(169)

0.2558(172)

5%

0.2154(149)

0.2371(152)

0.2589(155)

0.2807(157)

10%

0.2369(135)

0.2616(138)

0.2863(140)

0.3110(142)

15%

0.2580(124)

0.2855(126)

0.3131(128)

0.3406(129)

20%

0.2787(115)

0.3090(117)

0.3393(118)

0.3696(119)
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T9

T10

T8

↓ME %

1/2

1/3

1/4

1/5

0%

0.1938(157)

0.2127(162)

0.2316(166)

0.2505(170)

1%

0.1982(162)

0.2178(166)

0.2373(169)

0.2568(172)

5%

0.2159(149)

0.2378(152)

0.2597(154)

0.2816(157)

10%

0.2374(135)

0.2622(138)

0.2871(140)

0.3120(141)

15%

0.2585(124)

0.2861(126)

0.3138(128)

0.3415(129)

20%

0.2791(115)

0.3095(117)

0.3400(118)

0.3704(119)

↓ME %

1/2

1/3

1/4

1/5

0%

0.2145(142)

0.2546(135)

0.2946(131)

0.3347(127)

1%

0.2188(147)

0.2592(139)

0.2997(134)

0.3401(130)

5%

0.2356(136)

0.2777(130)

0.3197(125)

0.3618(122)

10%

0.2563(125)

0.3003(120)

0.3444(116)

0.3884(113)

15%

0.2765(116)

0.3225(112)

0.3686(109)

0.4146(106)

20%

0.2964(108)

0.3444(105)

0.3925(102)

0.4405(100)

↓ME %

1/2

1/3

1/4

1/5

0%

0.1933(158)

0.2120(163)

0.2308(167)

0.2495(170)

1%

0.1977(162)

0.2171(166)

0.2365(169)

0.2558(172)

5%

0.2153(149)

0.2371(152)

0.2589(155)

0.2807(157)

10%

0.2369(135)

0.2616(138)

0.2863(140)

0.3110(142)

15%

0.2580(124)

0.2855(126)

0.3131(128)

0.3406(129)

20%

0.2787(115)

0.3090(117)

0.3393(118)

0.3696(119)
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Table 5.2 PRE(MSE) with measurement error and without non-response

Estimator

0%

1%

5%

10%

15%

20%

y̅*

0.2807(100) 0.2835(101) 0.2947(105) 0.3088(110) 0.3228(115) 0.3368(120)

T1

0.1823(154) 0.1868(67)

T3

0.7223(39) 0.7269(259) 0.7450(265) 0.7676(273) 0.7902(282) 0.8128(290)

T5

0.1759(160) 0.1795(64)

T7

0.5439(52) 0.5441(194) 0.5454(194) 0.5480(195) 0.5517(197) 0.5562(198)

T9

0.1749(160) 0.1788(64)

0.1940(69)

0.2126(76)

0.2308(82)

0.2487(89)

T10

0.1749(160) 0.1788(64)

0.1940(69)

0.2126(76)

0.2308(82)

0.2489(89)

T8

0.1745(161) 0.1784(64)

0.1936(69)

0.2122(76)

0.2305(82)

0.2483(88)

0.2049(73)

0.1941(69)

0.2276(81)

0.2123(76)

0.2502(89)

0.2305(82)

0.2728 (97)

0.2487(89)

Table 5.3 PRE (MSE) with measurement error for optimum value of k
Estimators ↓
Percent of ME →

MSE(PRE)
1%

5%

10%

15%

20%

y̅*

0.4175(99) 0.4340(95) 0.4546(91) 0.4753(87) 0.4960(83)

T1

0.4894(84) 0.5156(80) 0.5477(75) 0.5792(71) 0.6101(68)

T3

0.4988(83) 0.5257(79) 0.5584(74) 0.5903(70) 0.6215(67)

T5

0.4149(100) 0.4545(91) 0.5004(83) 0.5430(76) 0.5831(71)

T7

0.4094(101) 0.4507(92) 0.4976(83) 0.5404(76) 0.5801(71)
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T9

0.4107(101) 0.4519 (91) 0.4985(83) 0.5412(76) 0.5808(71)

T10

0.4034(102) 0.4510(92) 0.5024(82) 0.5479(75) 0.5894(70)

T8

0.4094(101) 0.4507(92) 0.4976(83) 0.5404(76) 0.5801(71)

Table 5.4 PRE(MSE) without measurement error and with non-response error for
optimum value of k
Estimators

MSE

y̅*

0.4133(100)

T1

0.4827(86)

T3

0.4920(84)

T5

0.4045(102)

T7

0.3983(104)

T9

0.3997(103)

T10

0.3901(106)

T8

0.3983(104)

Table 5.5 PRE(MSE) without measurement error and with non-response error
Estimators

1/2

1/3

1/4

1/5

y̅*

0.3207(100)

0.3608(100)

0.4008(100)

0.4408(100)

T1

0.2312(132)

0.2551(135)

0.2789(138)

0.3028(140)

T3

0.2474(123)

0.2874(120)

0.3275(118)

0.3675(116)

T5

0.1997(153)

0.2235(154)

0.2474(156)

0.2712(157)

T7

0.1933(158)

0.2120(163)

0.2308(1167)

0.2495(170)

T9

0.1938(157)

0.2127(162)

0.2316(166)

0.2505(170)
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T10

0.2145(142)

0.2546(135)

0.2946(131)

0.3347(127)

T8

0.1933(158)

0.2120(163)

0.2308(167)

0.2495(170)

6. CONCLUDING REMARKS
1. It is evident from the expressions (3.7) to (3.16) of MSE’s of the estimators
that the measurement errors seem to have inflated the MSE of these estimators
and thereby decreasing the efficiency.
2. The expressions (3.7) to (3.16) of MSE can be broken into 4 major
components owing to non-response and measurement error are given below:

MSE  A  B  C  D
where A = Component of MSE due to sampling error without measurement
error and non-response,
B = Component of MSE due to sampling error with measurement error
and without non-response,
C = Component of MSE due to sampling error without measurement
error and with non-response, and
D = Component of MSE due to sampling error with measurement error
and with non-response.
For Example: Consider the expression of MSE of T8 given by
1
1 1 
MSE (T8 )      y2  d 2 2 x2 - 2d 2 xy    y2
n'
 n n'
A



1 2
 u  d22 v2 
n
B





W2 (k -1) 2
 y 2  d12 x2 2 - 2d1 xy 2
n



C





W2 (k -1) 2
 u2  d12 v2 2
n



D

3. If the measurement error is absent then we get the expression of the MSE of
conventional estimators under non-response from the results of this study
thereby the present study provides a more general and pragmatic approach for
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the estimation of population mean. For example: When ui = 0 = vi, for each i,
then  u2   v2   u22   v22  0 and we get
1
1 1 
MSE (T8 )      y2  d 2 2 x2 - 2d 2 xy    y2
n'
 n n'




A

W2 (k -1) 2
 y 2  d12 x2 2 - 2d1 xy 2
n



C

so that only components A and C are left, which is same expression as
proposed by Singh and Kumar (2010) while proposing T8 .
4. If the measurement error is absent then we get the expression of the optimum
values of the characterizing scalars and minimum MSE of conventional
estimators under non-response from the results of this study thereby the
present study. For example: When ui = 0 = vi, for each i, then
 u2   v2   u22   v22  0 and we get optimum values of d1 and d 2 as
d1   xy2 /  x2 2 and d2   xy /  x2 .

and the minimum mean square error of T8 as





W (k -1)
1
1 1 
MSE (T8 )min     1   2   y2  2
1  22  y2 2   y2
n
n'
 n n' 

which is same expression of minimum MSE as proposed by Singh and Kumar
(2010) while proposing T8 .
5. The measurement error seems to have affected all the estimators but the
optimal estimators T7 and T8 perform far better than the remaining estimators
where the auxiliary information was not properly utilized. For example: This
is w.r.t. the empirical results in table 5.1 where T8 utilized the auxiliary
information optimally and outperformed all the remaining estimators.
6. The measurement error seems to have affected the better estimators more
where the auxiliary information was properly utilized than those estimators
where the auxiliary information was not properly utilized. For example: This
is w.r.t. the empirical results in table 5.1 where T8 utilized the auxiliary
information optimally and has lost 51% efficiency with 1/5 sub-sampling
fraction which is far more in comparison to T3 , estimator where the auxiliary
information was not properly utilized, lost only 22% efficiency with 1/5 subsampling fraction or even y * which lost 17% efficiency with 1/5 subsampling fraction.
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7. The gains in efficiency of various estimators were calculated w. r. t. y * with
no non-response error in table 5.2. The best choice, which is in consonance
with the theoretical results, is T7 and T8 at all levels of measurement error.
8. The percent relative efficiency of various estimators were calculated w. r. t.
y * with optimum sub-sampling fraction 1/k in table 5.3. The best choice,
which is in consonance with the theoretical results, is T7 and T8 at all levels
of measurement error.
9. The gains in efficiency of various estimators were calculated w. r. t. y * with
no measurement error in table 5.4. The best choice, which is in consonance
with the theoretical results, is T7 and T8 at all levels of measurement error.
10. The percent relative efficiency of various estimators were calculated w. r. t.
y * without measurement error and with different non-respondent subsampling fraction 1/k in table 5.5. The best choice is T7 and T8 which is in
consonance with the theoretical results of Singh and Kumar (2010).
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