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Abstract 

The aim of this paper is to introduce and study the concept of fuzzy 𝜌-door 

spaces as well as some relations between different well-known fuzzy 

topological spaces and fuzzy 𝜌-door spaces are investigated. Also, some 

interesting properties of them are established. 
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1.  INTRODUCTION  

In order  to deal with uncertainties, the idea of fuzzy sets, fuzzy set operations was 

introduced by Zadeh [1] in his classical paper in the year 1965, describing fuzziness 

mathematically for the first time. Thereafter Chang [2] in 1968 paved the way for the 

subsequent tremendous growth of the numerous fuzzy topological concepts. The 

concept of 𝜌-closed set was introduced by Devamanoharan et al [3]. The concept of 

fuzzy door spaces was introduced and studied by Anjalmose and Thangaraj [4]. The 

aim of this paper is to introduce and study the concept of fuzzy 𝜌-door spaces as well 

as some relations between different well-known fuzzy topological spaces and fuzzy 𝜌-

door spaces are investigated. Also, some interesting properties of them are 

established. 
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2. PRELIMINARIES 

Definition 2.1. [1] Let  𝑋  be a non-empty set and 𝐼 be the unit interval [0, 1]. A fuzzy 

set  in 𝑋 is an element of the set  𝐼𝑋 of all functions from  𝑋 to I. 

Definition 2.2. [2] A fuzzy topology is a family 𝜏 of fuzzy sets in  𝑋 which satisfies 

the following conditions : 

(i) 0𝑋 , 1𝑋    ∈   𝜏, 

(ii) if  𝜆, 𝜇  ∈   𝜏,  then  𝜆 ∧  𝜇  ∈  𝜏, 

(iii) if  𝜆𝑖   ∈  𝜏  for each 𝑖  ∈  ℐ  then  ∨ 𝜆𝑖  ∈   𝜏. 

      𝜏  is called a fuzzy topology on 𝑋 and the ordered pair (𝑋, 𝜏) is called a fuzzy 

topological space (in short,  𝐹𝑇𝑆). Every member of  𝜏 is called a fuzzy open set. The 

complement of a fuzzy open set is called a fuzzy closed set. As  

(ordinary) topologies, the indiscrete fuzzy topology contains only 0𝑋 and 1𝑋, while 

the discrete fuzzy topology contains all fuzzy sets. 

Definition 2.3. [1] Let  𝐴 be the subset of  𝑋. A characteristic function of  𝐴, 𝜒𝐴 ∶

𝑋 → [0, 1 ] is defined as 𝜒𝐴(𝑥) = {
1,   if    𝑥 ∈ 𝐴

 0,   otherwise
  

Definition 2.4. [5] Let (𝑋, 𝜏)  be a fuzzy topological space and  𝑌 be an ordinary 

subset of  𝑋. Then 𝜏𝑌 = {  𝜆/𝑌     |  𝜆  ∈  𝜏 }  is a fuzzy topology on 𝑌 and is called the 

induced or relative fuzzy topology. The pair  (𝑌, 𝜏𝑌) is called  a fuzzy subspace of  

(𝑋, 𝜏) : (𝑌, 𝜏𝑌) is called  a fuzzy open / fuzzy closed / fuzzy 𝛽 open / fuzzy subspace 

if the characteristic function of  𝑌 viz.  𝜒𝑌 is fuzzy open / fuzzy closed / fuzzy 𝛽 open 

respectively. 

Definition 2.5. [6]  A fuzzy set  𝜆 in a fuzzy topological space (𝑋, 𝜏) is called fuzzy 

dense if there exists no fuzzy closed set 𝜇  in (𝑋, 𝜏) such that  𝜆 <  𝜇 < 1𝑋. That is 

𝐶𝑙(𝜆) = 1𝑋  in (𝑋, 𝜏).  

Definition 2.6. [6]  A fuzzy set  𝜆 in a fuzzy topological space (𝑋, 𝜏) is called fuzzy 

nowhere dense if there exists no non-zero fuzzy open set 𝜇  in (𝑋, 𝜏) such that   𝜇 <

𝐶𝑙(𝜆). That is  𝐼𝑛𝑡(𝐶𝑙(𝜆)) = 0𝑋  in (𝑋, 𝜏).  

Definition 2.7. [7] A fuzzy topological space (𝑋, 𝜏) is called a fuzzy resolvable space 

if there exists a fuzzy dense set  𝜆 in  (𝑋, 𝜏) such that 𝐶𝑙(1𝑋 − 𝜆) = 1𝑋. Otherwise, 

(𝑋, 𝜏)  is called a fuzzy irresolvable space. 

Definition 2.8. [8] A fuzzy topological space (𝑋, 𝜏) is called a fuzzy submaximal  

space if 𝐶𝑙(𝜆) = 1𝑋 , for any non-zero fuzzy set  𝜆 in  (𝑋, 𝜏), then 𝜆 ∈  𝜏. 
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Definition 2.9. [9] A fuzzy topological space (𝑋, 𝜏) is called a fuzzy quasi-maximal 

space if  for every  fuzzy dense set  𝜆 in  (𝑋, 𝜏) with 𝐼𝑛𝑡(𝜆)  ≠ 0𝑋 , 𝐼𝑛𝑡(𝜆) is also 

fuzzy dense in  (𝑋, 𝜏). 

Definition 2.10. [10] A fuzzy topological space (𝑋, 𝜏) is called a fuzzy nodec space 

if every non-zero  fuzzy nowhere dense set  𝜆 is fuzzy closed in (𝑋, 𝜏). That is, if  𝜆 

is a fuzzy nowhere dense set in (𝑋, 𝜏), then  1𝑋 − 𝜆 ∈  𝜏. 

Definition 2.11 [4] A fuzzy topological space (𝑋, 𝜏) is said to be a fuzzy door space 

if every fuzzy subset of  𝑋 is either fuzzy open or fuzzy closed. 

Definition 2.12. [11]  Let  𝜆 be a fuzzy set in a fuzzy topological space 𝑋. Then the 

fuzzy boundary of 𝜆 is defined as 𝐵𝑑(𝜆) = 𝐶𝑙(𝜆) ∧ 𝐶𝑙(𝜆′). Obviously, 𝐵𝑑(𝜆) is a 

fuzzy closed set. 

Definition 2.13. [12] Let  { (𝐿𝐹(𝑋𝑡),   𝛿𝑡) }𝑡∈𝑇   be a  family of pairwise disjoint L-

fts’s, i.e.,  𝑋𝑡1
∩ 𝑋𝑡2

= ∅  for  𝑡1 ≠ 𝑡2. Consider the set  𝑋 =  ⋃𝑡 ∈𝑇 𝑋𝑡. ∀ 𝑡 ∈ 𝑇,  𝑗𝑡 ∶

𝑋𝑡  → 𝑋  is the usual inclusion mapping (ie., ∀ 𝑥 ∈ 𝑋𝑡, 𝑗𝑡(𝑥) = 𝑥 ), it naturally 

induces an L-fuzzy mapping 𝑗𝑡 ∶ 𝐿𝐹(𝑋𝑡) → 𝐿𝐹(𝑋). Then the final L- fuzzy topology  

𝑇𝑡(𝛿𝑡, 𝑗𝑡, 𝑇) on  LF(X) for  {𝛿𝑡}𝑡 ∈𝑇  and is denoted by ∑ 𝛿𝑡𝑡∈𝑇 . L-fts  (𝐿𝐹(𝑋), Σt ∈T)  

is called the L-fuzzy sum topological (L-ftss, for short) of {(𝐿𝐹 (𝑋𝑡, 𝛿𝑡))}𝑡 ∈𝑇 , and 

written as  ∑ (𝐿𝐹 (𝑋𝑡), 𝛿𝑡)𝑡 ∈𝑇 , briefly Σ(𝐿𝐹 (𝑋𝑡), 𝛿𝑡). 

 

3. ON FUZZY 𝝆-DOOR SPACES 

Notation 3.1. Let  (𝑋, 𝜏)  be a fuzzy topological space. Let  𝜆 ∈ 𝐼𝑋 be any fuzzy set 

in  (𝑋, 𝜏). Then, the complement of  𝜆 is  𝜆′ = 1𝑋 − 𝜆. 

Notation 3.2. Let  (𝑋, 𝜏)  be a fuzzy topological space. Then the fuzzy interior, fuzzy 

closure and fuzzy pre-closure are denoted by  𝐹𝐼𝑛𝑡,   𝐹𝐶𝑙  and   𝐹𝑃𝐶𝑙 respectively.  

Definition 3.1. Let (𝑋, 𝜏) be a  𝐹𝑇𝑆. Any fuzzy set 𝜆 ∈ 𝐼𝑋 is said to be a fuzzy 𝜌-

closed set ( briefly,  𝐹𝜌-𝐶𝑠 ) in  (𝑋, 𝜏) if  𝐹𝑃𝐶𝑙(𝜆) ≤ 𝐹𝐼𝑛𝑡(𝜇)  whenever 𝜆 ≤  𝜇  and  

𝜇 ∈ 𝐼𝑋 is a fuzzy �̃�-open set. The complement of a fuzzy 𝜌-closed set is said to be a 

fuzzy 𝜌-open set. 

Note 3.1. Let (𝑋, 𝜏) be a  𝐹𝑇𝑆. Then 0𝑋  and 1𝑋  is both fuzzy 𝜌-open and fuzzy 𝜌-

closed. 
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Notation 3.3. Let (𝑋, 𝜏) be a  𝐹𝑇𝑆. The set of all fuzzy 𝜌-open set in (𝑋, 𝜏) is 

denoted by 𝐹𝜌𝑂(𝑋, 𝜏)  and  the set of all fuzzy 𝜌-closed set in (𝑋, 𝜏) is denoted by 

𝐹𝜌𝐶(𝑋, 𝜏). 

Definition 3.2. Let (𝑋, 𝜏) be a  𝐹𝑇𝑆. Then for any  𝜆 ∈ 𝐼𝑋, the fuzzy 𝜌-interior of  𝜆 

is denoted and defined as  

           𝐹𝜌𝐼𝑛𝑡( 𝜆) =   ⋁  { 𝜇 ∈ 𝐼𝑋  ∶  𝜇 ≤   𝜆  and  𝜇  is  fuzzy 𝜌 − open }. 

Definition 3.3. Let (𝑋, 𝜏) be a  𝐹𝑇𝑆. Then for any  𝜆 ∈ 𝐼𝑋, the fuzzy 𝜌-interior of  𝜆 

is denoted and defined as  

         𝐹𝜌𝐶𝑙( 𝜆) =   ⋀  { 𝜇 ∈ 𝐼𝑋  ∶  𝜆 ≤  𝜇    and  𝜇  is  fuzzy 𝜌 − closed }. 

Proposition 3.4. Let (𝑋, 𝜏) be a  𝐹𝑇𝑆 and  𝜆 ∈ 𝐼𝑋  be any fuzzy set in (𝑋, 𝜏). Then 

the following conditions hold : 

(i) 1𝑋 − 𝐹𝜌𝐶𝑙(𝜆) = 𝐹𝜌𝐼𝑛𝑡(1𝑋 − 𝜆). 

(ii) 1𝑋 − 𝐹𝜌𝐼𝑛𝑡(𝜆) = 𝐹𝜌𝐶𝑙(1𝑋 − 𝜆). 

Definition 3.5. Let (𝑋, 𝜏) be a  𝐹𝑇𝑆. Then (𝑋, 𝜏 ) is said to be a fuzzy 𝜌-door space 

if every fuzzy set  𝜆 ∈ 𝐼𝑋 is either fuzzy 𝜌-open or fuzzy 𝜌-closed in (𝑋, 𝜏). 

Example 3.1. Let  𝑋 = {𝑎, 𝑏}  and the fuzzy set 𝜆 ∈ 𝐼𝑋 be defined  as : 𝜆 (𝑎) = 0.7,  

𝜆 (𝑏) = 0.8. Then, 𝜏 = { 0𝑋 , 1𝑋 ,   𝜆 } is a fuzzy topology on 𝑋 and hence the ordered 

pair (𝑋, 𝜏) is a fuzzy topological space. Then any fuzzy set  𝜇 ∈ 𝐼𝑋  is either fuzzy 𝜌-

open or fuzzy 𝜌-closed in (𝑋, 𝜏). Therefore, (𝑋, 𝜏 ) is a fuzzy 𝜌-door space. 

Example 3.2. Let  𝑋 = {𝑎, 𝑏}  and the fuzzy set 𝜆 ∈ 𝐼𝑋 be defined  as : 𝜆 (𝑎) = 0.3,  

𝜆 (𝑏) = 0.4. Then, 𝜏 = { 0𝑋 , 1𝑋 ,   𝜆 } is a fuzzy topology on 𝑋 and hence the ordered 

pair (𝑋, 𝜏) is a fuzzy topological space. Let the fuzzy set  𝜇 ∈ 𝐼𝑋  be defined as 

follows : 𝜇(𝑎) = 0.6,   𝜇(𝑏) = 0.6. Then 𝜇  is neither fuzzy 𝜌-open nor fuzzy 𝜌-

closed in (𝑋, 𝜏).  Therefore, (𝑋, 𝜏 ) is not a fuzzy 𝜌-door space. 

Definition 3.6.  Let (𝑋, 𝜏) be a  𝐹𝑇𝑆. A fuzzy set 𝜆 ∈ 𝐼𝑋 in (𝑋, 𝜏) is called a fuzzy 

𝜌-dense set if there exists no fuzzy 𝜌-closed set 𝜇 ∈ 𝐼𝑋 in (𝑋, 𝜏)  such that  𝜆 < 𝜇 <

1𝑋 ( ie., 𝐹𝜌𝐶𝑙(𝜆) = 1𝑋 ). 

Example 3.3. In Example 3.1, let the fuzzy set  𝜇 ∈ 𝐼𝑋  be defined as follows : 

𝜇(𝑎) = 0.75,   𝜇(𝑏) = 0.85.  Then  𝐹𝜌𝐶𝑙(𝜇) = 1𝑋. Therefore, 𝜇  is a fuzzy 𝜌-dense 

set in (𝑋, 𝜏). 
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Notation 3.3. Let (𝑋, 𝜏) be a  𝐹𝑇𝑆. The set of all fuzzy 𝜌-dense set in (𝑋, 𝜏) is 

denoted by  𝐹𝒟𝜌. 

Definition 3.7. Let (𝑋, 𝜏) be a  𝐹𝑇𝑆. A fuzzy set 𝜆 ∈ 𝐼𝑋 in (𝑋, 𝜏) is called a fuzzy 

𝜌-codense set if there exists no fuzzy 𝜌-open set 𝜇 ∈ 𝐼𝑋 in (𝑋, 𝜏)  such that  𝜆 > 𝜇 >

0𝑋 ( ie., 𝐹𝜌𝐼𝑛𝑡(𝜆) = 0𝑋 ). 

Example 3.4. In Example 3.2, let the fuzzy set  𝜇 ∈ 𝐼𝑋  be defined as follows : 

𝜇(𝑎) = 0.3,   𝜇(𝑏) = 0.4. Then  𝐹𝜌𝐼𝑛𝑡(𝜇) = 0𝑋. Therefore, 𝜇  is a fuzzy 𝜌-codense 

set in (𝑋, 𝜏). 

Definition 3.8. Let (𝑋, 𝜏) be a  𝐹𝑇𝑆. A fuzzy set 𝜆 ∈ 𝐼𝑋 in (𝑋, 𝜏) is called a fuzzy 

𝜌-nowhere dense set if there exists no fuzzy 𝜌-open set 0𝑋 ≠ 𝜇 ∈ 𝐼𝑋 in (𝑋, 𝜏)  such 

that  𝜇 < 𝐹𝜌𝐶𝑙(𝜆). That is  𝐹𝜌𝐼𝑛𝑡(𝐹𝜌𝐶𝑙(𝜆)) = 0𝑋 in (𝑋, 𝜏). 

Example 3.5. In Example 3.2, let the fuzzy set  𝜇 ∈ 𝐼𝑋  be defined as follows : 

𝜇(𝑎) = 0.3,   𝜇(𝑏) = 0.29.  Then  𝐹𝜌𝐼𝑛𝑡(𝐹𝜌𝐶𝑙(𝜇)) = 0𝑋. Therefore, 𝜇  is a fuzzy 𝜌-

nowhere dense set in (𝑋, 𝜏). 

Definition 3.9. Let (𝑋, 𝜏) be a  𝐹𝑇𝑆. Then (𝑋, 𝜏 ) is said to be a fuzzy 𝜌-submaximal 

space if and only if every fuzzy 𝜌-dense set 𝜆 ∈ 𝐼𝑋 is fuzzy 𝜌-open in (𝑋, 𝜏). 

Example 3.6. In Example 3.1, every fuzzy 𝜌-dense set 𝜇 ∈ 𝐼𝑋 is fuzzy 𝜌-open in (𝑋,

𝜏). Hence (𝑋, 𝜏) is a fuzzy 𝜌-submaximal space. 

Proposition 3.10. Let (𝑋, 𝜏) be a  𝐹𝑇𝑆. Then the following statements are equivalent 

: 

(i) (𝑋, 𝜏) is a fuzzy 𝜌-submaximal space. 

(ii) 𝐹𝜌𝐶𝑙(𝜆) ∧ 𝜆′ is fuzzy 𝜌-closed for each 𝜆 ∈ 𝐼𝑋. 

(iii) For each 𝜆 ∈ 𝐼𝑋, if  𝐹𝜌𝐼𝑛𝑡(𝜆) = 0𝑋, then  𝜆 is fuzzy 𝜌-closed. 

(iv) Every fuzzy 𝜌-codense set 𝜆 ∈ 𝐼𝑋 is fuzzy 𝜌-closed. 

(v) Every fuzzy 𝜌-dense set 𝜆 ∈ 𝐼𝑋 is fuzzy 𝜌-open. 

Proposition 3.11. Every  fuzzy 𝜌-door space (𝑋, 𝜏) is fuzzy 𝜌-submaximal. 

Definition 3.12. Let (𝑋, 𝜏) be a  𝐹𝑇𝑆. Then (𝑋, 𝜏 ) is said to be a fuzzy 𝜌-irreducible 

space  if every fuzzy 𝜌-open set 0𝑋 ≠ 𝜆 ∈ 𝐼𝑋 is a fuzzy 𝜌-dense set in (𝑋, 𝜏). 

Example 3.7. Let  𝑋 = {𝑎, 𝑏}  and the fuzzy set 𝜆 ∈ 𝐼𝑋 be defined  as : 𝜆 (𝑎) = 0.4,  

𝜆 (𝑏) = 0.5. Then, 𝜏 = { 0𝑋 , 1𝑋 ,   𝜆 } is a fuzzy topology on 𝑋 and hence the ordered 

pair (𝑋, 𝜏) is a fuzzy topological space. Then any fuzzy 𝜌-open set  0𝑋 ≠ 𝜇 ∈ 𝐼𝑋 is a 

fuzzy 𝜌-dense set in (𝑋, 𝜏). Therefore, (𝑋, 𝜏 ) is a fuzzy 𝜌-irreducible space. 
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Definition 3.13. Let (𝑋, 𝜏) be a  𝐹𝑇𝑆. Then (𝑋, 𝜏 ) is said to be a fuzzy 𝜌-irreducible 

submaximal space  if it is both fuzzy 𝜌-irreducible and fuzzy 𝜌-submaximal in (𝑋, 𝜏). 

Proposition 3.14. Every fuzzy 𝜌-irreducible submaximal space is a fuzzy 𝜌-door 

space. 

Definition 3.15. Let (𝑋, 𝜏)  be a fuzzy topological space and  𝑌 be an ordinary subset 

of  𝑋. Then 𝜏𝑌 = {  𝜆/𝑌 = 𝜆 ∧ 𝜒𝑌    |  𝜆  ∈  𝜏 }  is a fuzzy topology on 𝑌 and is called 

the induced or relative fuzzy topology. The pair  (𝑌, 𝜏𝑌) is called  a fuzzy subspace 

of  (𝑋, 𝜏) : (𝑌, 𝜏𝑌) is called  a fuzzy 𝜌-open subspace if the characteristic function of  

𝑌,  𝜒𝑌 is fuzzy 𝜌-open.  

Proposition 3.16. Let (𝑋, 𝜏) be a  𝐹𝑇𝑆 and (𝑌, 𝜏𝑌 ) be a fuzzy 𝜌-open (𝜌-closed) 

subspace of (𝑋, 𝜏).  If (𝑋, 𝜏) is a fuzzy 𝜌-door space, then (𝑌, 𝜏𝑌) is a fuzzy 𝜌-door 

space. 

Proposition 3.17. Let (𝑋𝑖, 𝜏𝑖)𝑖 ∈ ℐ  where ℐ is an indexed set, be a family of fuzzy 

topological spaces and the fuzzy topological sum (𝑋, 𝜏) = ∑  (𝑋𝑖, 𝜏𝑖)𝑖 ∈ ℐ  the 

following conditions are equivalent : 

(i) (𝑋, 𝜏) is a fuzzy 𝜌-door space. 

(ii) Each  (𝑋𝑖, 𝜏𝑖) is a fuzzy 𝜌-door space and (𝑋𝑖, 𝜏𝑖) is an indiscrete fuzzy 

topological space for at most one index. 

Definition 3.18. Let (𝑋, 𝜏) be a 𝐹𝑇𝑆. Then (𝑋, 𝜏 ) is said to be a fuzzy 𝜌-resolvable 

space  if there exists a fuzzy 𝜌-dense set 0𝑋 ≠ 𝜆 ∈ 𝐼𝑋 such that 𝐹𝜌𝐼𝑛𝑡(𝜆) = 0𝑋 ( 

𝐹𝜌𝐶𝑙(1𝑋 − 𝜆) = 1𝑋 ). Otherwise (𝑋, 𝜏) is called a fuzzy 𝜌-irresolvable space. 

Example 3.8. In Example 3.7, let the fuzzy set  𝜇 ∈ 𝐼𝑋  be defined as follows : 

𝜇(𝑎) = 0.5,   𝜇(𝑏) = 0.5.  Then  𝐹𝜌𝐶𝑙(𝜇) = 1𝑋. Therefore, 𝜇  is a fuzzy 𝜌-dense set 

in (𝑋, 𝜏) and 𝐹𝜌𝐼𝑛𝑡(𝜇) = 0𝑋. Hence (𝑋, 𝜏) is a fuzzy 𝜌-resolvable space. 

Example 3.9. In Example 3.1, for any fuzzy 𝜌-dense set 𝜇 ∈ 𝐼𝑋, 𝐹𝜌𝐼𝑛𝑡(𝜇) ≠ 0𝑋. 

Hence (𝑋, 𝜏) is fuzzy 𝜌-irresolvable space. 

Proposition 3.19. Let (𝑋, 𝜏) be a 𝐹𝑇𝑆. Then (𝑋, 𝜏 ) is said to be a fuzzy 𝜌-

resolvable space  if and only if  𝐹𝜌𝐶𝑙(𝜇′) ≠ 1𝑋 ,  for each fuzzy 𝜌-dense set 𝜇 ∈ 𝐼𝑋. 

Definition 3.20. Let (𝑋, 𝜏) be a 𝐹𝑇𝑆. Then (𝑋, 𝜏) is said to be a fuzzy 𝜌-irreducible 

door space if it is both fuzzy 𝜌-irreducible and fuzzy 𝜌-door space in (𝑋, 𝜏). 
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 Definition 3.21. Let (𝑋, 𝜏) and  (𝑌, 𝜎) be any two 𝐹𝑇𝑆𝑠. A fuzzy function 𝑓 ∶

(𝑋, 𝜏) → (𝑌, 𝜎) is said to be a fuzzy 𝜌-quasi compact function if  𝜆 ∈ 𝐼𝑋 is fuzzy 𝜌-

open such that 𝑓−1(𝑓(𝜆)) = 𝜆, then  𝑓(𝜆) is fuzzy 𝜌-open in (𝑌, 𝜎). 

Proposition 3.22. Let (𝑋, 𝜏) and  (𝑌, 𝜎) be any two 𝐹𝑇𝑆𝑠. If  the function 𝑓 ∶

(𝑋, 𝜏) → (𝑌, 𝜎) is bijective fuzzy 𝜌-quasi compact function and (𝑋, 𝜏)is a fuzzy 𝜌-

door space, then (𝑌, 𝜎) is a fuzzy 𝜌-door space. 

Proposition 3.23. Let (𝑋, 𝜏) and  (𝑌, 𝜎) be any two 𝐹𝑇𝑆𝑠. If  the function 𝑓 ∶

(𝑋, 𝜏) → (𝑌, 𝜎) is a fuzzy 𝜌-open function, fuzzy 𝜌-closed surjective function and if 

(𝑋, 𝜏) is a fuzzy 𝜌-door space, then (𝑌, 𝜎) is a fuzzy 𝜌-door space. 

Proposition 3.24. Let (𝑋, 𝜏) be a  𝐹𝑇𝑆. Then the following statements are equivalent 

: 

(i) (𝑋, 𝜏)  is a fuzzy 𝜌-irreducible submaximal space. 

(ii) 𝐹𝜌𝑂(𝑋, 𝜏) = 𝐹𝒟𝜌  ∪ { ∅ }. 

(iii) (𝑋, 𝜏)  is a fuzzy 𝜌-irreducible door space. 

Definition 3.25. Let (𝑋, 𝜏) be a 𝐹𝑇𝑆. Then (𝑋, 𝜏 ) is said to be a fuzzy 𝜌-quasi –

maximal space if for every fuzzy 𝜌-dense set 𝜆 ∈ 𝐼𝑋 in (𝑋, 𝜏) with 𝐹𝜌𝐼𝑛𝑡(𝜆) ≠ 0𝑋,  

𝐹𝜌𝐼𝑛𝑡(𝜆) is also fuzzy 𝜌-dense in (𝑋, 𝜏). 

Definition 3.26. Let (𝑋, 𝜏) be a 𝐹𝑇𝑆. Then (𝑋, 𝜏 ) is said to be a fuzzy quasi –

submaximal space if for every fuzzy dense set 𝜆 ∈ 𝐼𝑋, 𝐹𝐵𝑑(𝜆) is fuzzy nowhere 

dense in (𝑋, 𝜏). 

Definition 3.27. Let (𝑋, 𝜏) be a 𝐹𝑇𝑆 and 𝜆 ∈ 𝐼𝑋 be any fuzzy set in (𝑋, 𝜏). Then the 

fuzzy 𝜌-boundary of  𝜆 is defined as 𝐹𝐵𝑑𝜌(𝜆) = 𝐹𝜌𝐶𝑙(𝜆) ∧ 𝐹𝜌𝐶𝑙(𝜆′).  

Definition 3.28. Let (𝑋, 𝜏) be a 𝐹𝑇𝑆. Then (𝑋, 𝜏 ) is said to be a fuzzy 𝜌-quasi –

submaximal space if for every fuzzy 𝜌-dense set 𝜆 ∈ 𝐼𝑋, 𝐹𝐵𝑑𝜌(𝜆) is fuzzy 𝜌-

nowhere dense in (𝑋, 𝜏). 

Example 3.10. In Example 3.1, every fuzzy 𝜌-dense set 𝜇 ∈ 𝐼𝑋,  𝐹𝐵𝑑𝜌(𝜆) is fuzzy 𝜌-

nowhere dense in (𝑋, 𝜏). Hence (𝑋, 𝜏)  is a fuzzy 𝜌-quasi-submaximal space. 

Definition 3.29. A fuzzy topological space (𝑋, 𝜏) is called a fuzzy 𝜌-nodec space if 

every fuzzy 𝜌-nowhere dense set 0𝑋 ≠ 𝜆 ∈ 𝐼𝑋 is fuzzy 𝜌-closed in (𝑋, 𝜏). That is, if  

𝜆 is a  fuzzy 𝜌-nowhere dense set in (𝑋, 𝜏), then 1𝑋 − 𝜆 ∈ 𝐹𝜌𝑂(𝑋, 𝜏). 
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Example 3.10. In Example 3.1, every fuzzy 𝜌-nowhere dense set  0𝑋 ≠ 𝜇 ∈ 𝐼𝑋 is 

fuzzy 𝜌-closed in (𝑋, 𝜏). Hence (𝑋, 𝜏)  is a fuzzy 𝜌-nodec space. 

Proposition 3.30. Every fuzzy 𝜌-door space (𝑋, 𝜏) is fuzzy 𝜌-nodec. 

Proposition 3.31. Let (𝑋, 𝜏) be a 𝐹𝑇𝑆. If  (𝑋, 𝜏 ) is a fuzzy 𝜌-quasi–submaximal 

space, then (𝑋, 𝜏) is a fuzzy 𝜌-quasi-maximal space. 

Proposition 3.32. Let (𝑋, 𝜏) be a 𝐹𝑇𝑆. If  (𝑋, 𝜏 ) is a fuzzy 𝜌-quasi–submaximal and 

fuzzy 𝜌-nodec space, then (𝑋, 𝜏) is a fuzzy 𝜌-submaximal space. 

Proposition 3.33. Let (𝑋, 𝜏) be a  𝐹𝑇𝑆. Then the following statements are equivalent 

: 

(i) (𝑋, 𝜏)  is a fuzzy 𝜌-door space. 

(ii) (𝑋, 𝜏)  is a fuzzy 𝜌-quasi submaximal and fuzzy 𝜌-nodec space. 

(iii) (𝑋, 𝜏)  is a fuzzy 𝜌-quasi maximal and fuzzy 𝜌-nodec space. 

(iv) (𝑋, 𝜏)  is a fuzzy 𝜌-irreducible submaximal space. 
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