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Abstract

This paper focuses on attaining the upper bound for the functional belonging to
S(a, B, A) defined in the unit disk D = {z : |z| < 1} which is defined by Al-oboudi
Operator.
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1. Introduction

Let A denote the class of normalized analytic univalent function for the term,
(0.9]
f(z):z—i—Zanz” where zeD={z:|z] <1} (1.1)
n=2

Let S(«, B, A) denote the starlike subclass of S. It is well known that f € S(«, 8, 1)
if only if,
%{ '@ az? f"(2)

0 , D 1.2
@ fe }> €< (12
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7f'(z)

f@)
In 1966, Pommerenke [5] stated the qth Hankel determinant forg < 1, & n <0 as

The choice of @ = 0 yields %{ } > 0, z € D the class of starlike function S*.

an an+1 - dptg+l
H,(n) =| apy1 e (1.3)
Apn+q—1 cor Ap42g-2

where a,,’s are the coefficients of various power of z in f(z) defined by (1.1).

This determinant has also been considered by several authors. For example Noor
[14] determined the rate of growth of H,(n) an n — oo for function f given by (1.1)
with bounded boundary.

One can easily observe that Fekete and Szeg6 [3] functional Hp(1). Fekete and Szego
then further generalized and estimate |a3z — /La%| where pisreal & f € S.

We consider the Hankel determinant for the case ¢ = 2 and n = 2,

ar ajz

_ )
A = |azay — aj| (1.4)

Hy(2) =

Let D" be the Salagean differential operator D" : A — A, n € N defined by

Df(z) = f(z)

D'f(z) = Df(z) = zf'(2)
' (1.5)

D"f(z) = D(D""' f(2))

Letn € Nand A > 0. Let f € S denote with DZ : A — A the Al-Oboudi operator
[17] defined by

DYf(z) = f(z)
D, f(z) = (1 =20 f(2)+xrzf'(2) = Dyf(2) (1.6)
D!'f(z) = Du(D! "' £ (2))

consider the operator Df which is defined as follows,

Definition 1.1. Let 8, L € R, 8 > 0,1 > O and f(z) defined as (1.1), we denote by Df
0

the linear operator defined by Df f()=z+ Z[l + (n — l)k]ﬁ a,z". We now define

n=2
the following class S(«, 8, A).
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Definition 1.2. Let f(z) be given by (1.1) then f(z) € S(«, B, A) if and only if

%{sz“f(z,) az2DPY £ (2)

> 0, zeD (1.7)
D r(2) D’ }

When A = 1, 8 = 0, @ = 0 subclass S(«, 8, A) = S* we obtain an upper bound for
functional |ara3z — a§| in the class S(«, B, A).
2. Preliminary Results

The following lemmas are required to prove our main results. Let [P be the family of all
function p analytic in the unit disc D for which R p(z) > 0 and

p(z) = l+ciz4+ 2 +... 2.1)
Lemma 2.1. Let p € P then |cx| <2,k = 1,2, ... and the inequality is sharp.
Lemma 2.2. Let p € P then

200 = c% +x(4 - c%)

4e3 = ¢} +2xc1 (4 — ) — x*c1(d — D) +2y(1 — x| (4 — ¢}) (22)
for some x and y such that |x| < 1, |y| < 1.
Theorem 2.3. Let f(z) € S*(a, B, A) then
) 1
|lazas — a3| < A7 301 1207 (2.3)

Proof. Let f(z) € S*(a, B, A) then there exist p(z) € P such that

DI @ +27 DT @) = DI @p@)  for some zeE (24

Equating the coefficients,

— 1
= A 201+ )P (2)
_ €2 + C% 2.6
BT U120 +60) |~ (1 +20)2+6a)(1 + 20)F (2.6)
B c{’ n c1c2(3 + 8a)
A 0 20) 2+ 603 + 120) (1 +30F (1 +20)2 +6a)(3 + 122)(1 + 3%)P
Cc3

T A aPG 1 120
2.7)
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From (2.5) & (2.6) it is easily established that

4
.l
1+ 202(1 1 60)3 + 12a)(1 + WP+ 300P
c2c2(3 + 8ar)

(1 +20)(2 4 60)(3 + 12a) (1 + 2)B(1 + 31)P

2
laray — az| =

(2.8)

c1c3 c
T 02006 + 200 + )P +30F {[(1 +21)8(2 + 61)

2 2
+ a
(1 4+2a)(2 4 60)(1 4 21)P
By using lemma,

200 = c% +x(4 - c%)

(2.9)
4oz =3 +2xe1(4— ) —xPei(d — D) +2y(1 — x4 — D)

for some x and y such that |x| <1, |y| < 1.

4
_ €y
N ‘ (1 4+20)2(2 4 6a)(3 + 12a) (1 + A)B(1 + 3A)/3+
2 —c
8+ o 2]

(1 4+ 20)22 + 60)(3 + 120) (1 + 1)B(1 + 30)F
¢l |:c%+2(4—c%)clx—c1 (4—C%)x2+2(1—c%(1+x2)yi| |:c%+x(4—c%)i| (2~10)

4 2

(1+20)@+ 120) 1+ DA +30)F (1420282 + 6a)?
c1+x(@d—c?)

2 i

T U202 1602+ 20 T (11 2022 + 6a)2(1 + 200 ‘

Substituting for ¢; and ¢3 from (2.2) and since |c;| < 2 by lemma. Let ¢y = ¢ and
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assume without restriction that ¢ € {02} we obtain, by triangle inequality,

C4

—a3| <
(14 20)2(2 + 60)(3 + 12a)(1 + 1)B(1 + 31)P
(3 + 8a)c*
2(1 + 20)2(2 + 60)(3 + 120) (1 + A)B(1 + 31)B
pc(4 —c?) (3 + 8a)

2(1 + 20)2(2 + 60)(3 + 120)(1 + 2)B(1 + 31)B
4224 — A — A —Ap?+2(1 — A (1 — p?)
41 +2a)B +2a)(1 + 1B +30)8
(2 +2pc*(4 — ) + p*(4 — ¢?))?
4(1 +20)2P (2 + 6a)2

lazay

+

+

A(c+pd —c?) n !
(1 +2a)(2 + 6a)2(1 +20)28 (1 4+ 20)2(2 + 60)2(1 + 21)%8

< F(p)

(2.11)
with p = |x| < 1 furthermore,
)
F'(p) < c(4—c)3+ 8a)
2(1 4+ 20)2(2 + 6a)(3 + 12a)(1 + A)P(1 +31)8
2024 — c?) = 2pc?(4 — c*) —4p(1 — ¢?) (2.12)

4(1 4 2a)(3 4 2a)(1 + 1)P(1 + 31)P
202(4 — ) +2p(4 — ¢?)? 24 —c?)
4(1 4+ 20)28(2 + 6a)? (1 4+ 2a)(2 + 6a)(1 4 21)28

and with elementary calculus we can show that F'(p) > 0 for p > 0. This implies that
F is an increasing function and thus the upper bound for (2.8) corresponds to p = 1 &
c = 0 gives,
1
— a3 < 2.13

23 = 3| = a1 2 2.13)
Remark 2.4. When we replace A and B8 by 0 we get corresponding results of T.V.
Sudharshan & R. Vijaya. [
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