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Abstract

In this paper, an approximate analytic solution of stagnation-point flow and
heat transfer towards a stretching/shrinking sheet with slip effect is presented.
The fundamental equations of the flow are transformed into ordinary
differential equation, which are then solved analytically using the efficient and
powerful method called Optimal Homotopy Asymptotic Method (OHAM).
Numerical solutions are used to show the validity of OHAM and a good
agreement has been observed. The velocity slip will delay the boundary layer
separation whereas the thermal slip does not affect the boundary layer
separation. The influence and effect of the other parameters on dimensionless
velocity and temperature profiles are presented and discussed in detail.
Keywords: Stagnation-point flow, heat transfer, stretching/shrinking sheet,
slips effect, optimal homotopy asymptotic method (OHAM).
1. INTRODUCTION
The flow and heat transfer phenomenon towards a stagnation point over a stretching
or shrinking is an interesting area of research from past many years. This is due to its
real word applications of such type of flow in industry and engineering processes.
Examples of these applications are aerodynamic extrusion of plastic sheets, glass
fiber, glass blowing, involving of electronic devices by fans, extrusion of polymer and
rubber sheets and many others. Crane [1] was the first among the others to consider
the steady boundary layer flow of a viscous incompressible fluid due to a linearly
stretching plate. On the other hand, Hiemenz [2] first investigated the twodimensional stagnation point flow over a plate. The stagnation flow occurs whenever
the flow impinges on any solid object and the local velocity of the fluid at the
stagnation-point is zero. Chiam [3] extended the works of Hiemenz [2] and Crane [1]:
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that is, he studied the stagnation-point flow over a stretching sheet. Mahapatra and
Gupta [4] re-investigated the stagnation-point flow towards a stretching sheet taking
different stretching and straining velocities and they found two different kinds of
boundary layer structures near the sheet depending on the ratio of the stretching and
straining velocity rates. Further, some very important investigations regarding the
stagnation-point flow over stretching sheet under different physical situations were
made by Nazar et al. [5], Ishak et al. [6,8], Layek et al. [7], Nadeem et al. [9].
All of the above-mentioned studies considered no slip condition at the boundary.
Andersson [10] noticed that in certain situations, the assumption of the flow field
obeys the conventional no-slip condition at the boundary does no longer apply and
should be replaced by partial slip boundary condition. Later, Wang [11] gave an exact
solution of the Vavier-Stokes equations for the flow due to a stretching boundary with
slip. Wang [12] has also considered the effect of stagnation slip flow on the heat
transfer from a moving plate. The effects of slip on the flow of an elastic-viscous fluid
with some other physical features have been studied by Artiel et al. [13] and Artiel
[14]. The heat transfer problem in a viscous fluid over an oscillatory stretching
surface with slip has been investigated by Abbas et al. [15], while Fang et al. [16]
studied the MHD slip flow and found only one physical solution for any combination
of the slip, magnetic and mass transfer parameters. Later, Fang et al. [17] solved the
problem of viscous fluid over a shrinking sheet with a second order slip flow model,
without considering the heat transfer aspects, and reported an exact solution of the
governing Navier-Stokes equations. The thermal boundary layer over a shrinking
sheet with mass transfer but without slip has been also studied by Fang and Zhang
[18]. In another paper, Fang et al.[19] solved analytically the MHD flow under slip
conditions over a shrinking sheet and reported the existence of multiple solution
branches for certain parameter domain. F. Aman et al.[20] also studied the MHD flow
stagnation-point flow towards a stretching/shrinking sheet with slip effects.
Recently, K.Jafar et al. [21] studied MHD stagnation-point flow and heat transfer over
exponentially stretching/shrinking sheet. N.F. Fauzi et al.[22] discussed the stagnation
point flow and heat transfer over a non linear shrinking sheet with slip effects. The
stability analysis of the stagnation point flow over an exponentially shrinking sheet
carried out by N.Syuhada Ismail et al.[23], E.H. Hafidzuddin et al. [24] studied
boundary layer flow and heat transfer over a permeable exponentially
stretching/shrinking sheet with generalized slip velocity.
Many analytical methods like homotopy perturbation method (HPM) [25-26],
Adomian decomposition method (ADM) [27-28], homotopy analysis method (HAM)
[29] have been successfully applied for different heat transfer phenomena. Optimal
homotopy asymptotic method (OHAM) is an approximate (or semi) analytical
technique that is straight forward to use and does not require the existence of any
small or large parameter.
The basic idea of optimal homotopy asymptotic method was initially introduced by
Marica and Herisanu [30]. OHAM reduces the size of the computational domain and
can be applied to wide variety of problems and it is the consistent analytical tool and

Optimal Homotopy Asymptotic Solution for Stagnation-Point Flow and Heat…

21

it has already been successfully applied to a number of nonlinear differential
equations arising in science and engineering. OHAM has been used to study nonlinear
boundary layer equation for flat plate [31], heat transfer in hollow sphere with Robin
boundary conditions [32], the three dimensional flow past a stretching sheet [33],
MHD stagnation point flow and heat transfer over a permeable stretching sheet with
chemical reaction [34] and nonlinear ordinary differential equations arising in flow
and heat transfer due to nonlinear stretching sheet [35].
In this paper, optimal homotopy asymptotic method is utilized in order to study the
stagnation point flow and heat transfer towards a stretching/shrinking sheet with slip
effects and the influence of various parameters on the dimensionless velocity and
temperature.
2.

ANALYSIS OF THE FLOW AND HEAT TRANSFER

Consider a steady two-dimensional stagnation-point flow towards a linearly
stretching/shrinking sheet of constant temperature 𝑇𝑤 immersed in an incompressible
viscous fluid. It is assumed that the external flow velocity varies linearly along the xaxis. Under these assumptions along with the boundary layer approximations, the
system of equations, which model the boundary layer flow, are given by (see F. Aman
et al. [20] and Bhattacharyya et al. [36]). The flow configuration of this problem is
shown in figure (1).

(a)

(b)

Fig.1. The geometry of the problem; (a) stretching sheet and (b) shrinking sheet
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where 𝑢 and 𝑣 are velocity components in the 𝑥 − and 𝑦 −directions respectively, 𝑇
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is the temperature in the boundary layer, 𝜇 is the coefficient of fluid viscosity, 𝜌 is the
𝜇
fluid density, 𝜐 = 𝜌 is the kinematics viscosity, k is the thermal conductivity of the
𝑘

fluid, 𝐶𝑝 is the specific heat, 𝛼 = 𝜌𝐶 is the thermal diffusivity, 𝑈𝑒 (𝑥) = 𝑎𝑥 (𝑎 is
𝑝

constant) is the straining velocity of stagnation-point flow. The appropriate boundary
conditions for the velocity components with slip condition at the surface and the
temperature are given by (see Bhattacharyya et al. [36])
𝑢 = 𝑐𝑥 + 𝐿 (

𝜕𝑢
) , 𝑣 = 0,
𝜕𝑦

𝑇 = 𝑇𝑤 + 𝑆

𝜕𝑇
𝜕𝑦

at 𝑦 = 0

𝑢 → 𝑈𝑒 (𝑥), 𝑇 → 𝑇∞ as 𝑦 → ∞ ,

(4)

where 𝑐 is the stretching/shrinking rate of the sheet with 𝑐 > 0 for stretching and 𝑐 <
0 for shrinking, 𝐿 denotes the slip length, 𝑆 is the proportionality constant and 𝑇∞ is
the free stream temperature and assumed to be 𝑇∞ < 𝑇𝑤 .
Now we introduce the following similarity transformation:
𝑈𝑒
𝜂 = √( ) 𝑦,
𝜐𝑥

𝜑 = √𝜐𝑥𝑈𝑒 𝑓(𝜂),

𝑔(𝜂) =

𝑇 − 𝑇∞
,
𝑇𝑤 − 𝑇∞

(5)

where 𝜂 is the independent similarity variable, 𝑓(𝜂) is the dimensionless stream
function, 𝑔(𝜂) is the dimensionless temperature and 𝜑 is the stream function defined
𝜕𝜑
𝜕𝜑
in the classical form as 𝑢 = 𝜕𝑦 and 𝑣 = − 𝜕𝑥 , which identically satisfies Eq.(1).
Using Eq. (5), we obtain
𝑢 = 𝑎𝑥𝑓 ′ (𝜂)

and 𝑣 = −√𝜐𝑎𝑓(𝜂),

(6)

where prime denotes differentiation with respect to 𝜂.
Substituting Eqs. (5) and (6) in to (2) and (3), we obtain the following nonlinear
ordinary differential equations
𝑓 ′′′ + 𝑓𝑓 ′ + 1 − 𝑓′2 = 0

(7)

1 ′′
𝑔 + 𝑓𝑔′ = 0,
𝑃𝑟
and the boundary conditions (4) become

(8)

𝑓(0) = 0, 𝑓 ′ (0) = 𝜆 + 𝛿𝑓 ′′ (0), 𝑔(0) = 1 + 𝛾𝑔′ (0)
𝑓 ′ (𝜂) → 1, 𝑔(𝜂) → 0 𝑎𝑠 𝜂 → ∞.
𝜐

(9)
𝑐

Here 𝑃𝑟 = 𝛼 is the prandtl number, 𝜆 = 𝑎 is the stretching/shrinking parameter, with
𝜆 > 0 for stretching and 𝜆 < 0 for shrinking, and 𝜆 = 0 corresponds to a fixed sheet,
𝑎

𝑎

𝛿 = 𝐿√𝜐 is the velocity slip parameter and 𝛾 = 𝑆√𝜐 is the thermal slip parameter.
The physical parameters of interest in the present problem are the skin friction
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coefficient 𝐶𝑓 and the Nusselt number 𝑢𝑥 , which are given by
𝜏𝑤
𝑥𝑞𝑤
𝐶𝑓 =
,
𝑁𝑢
=
,
𝑥
𝑘(𝑇𝑤 − 𝑇∞ )
𝑈𝑒 2
𝜌 2
where the surface shear stress 𝜏𝑤 and the surface heat flux 𝑞𝑤 are given by
𝜏𝑤 = 𝜇 (

𝜕𝑢
)
,
𝜕𝑦 𝑦=0

𝜕𝑇
𝑞𝑤 = −𝑘 ( )
𝜕𝑦 𝑦=0
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(10)

(11)

Using the similarity variables (5), we obtain
1
𝐶 √𝑅𝑒𝑥 = 𝑓 ′′ (0),
2 𝑓
where 𝑅𝑒𝑥 =

3.

𝑈𝑒 𝑥
𝜐

𝑁𝑢𝑥
√𝑅𝑒𝑥

= −𝑔′ (0),

(12)

is the local Reynolds number.

SOLUTION USING OPTIMAL HOMOTOPY ASYMPTOTIC METHOD

Now we apply optimal homotopy asymptotic method to solve Eq. (7) and (8),
subjected to the boundary conditions (9). According to OHAM, we construct a
Homotopy of Eq. (7) and (8) respectively, as follows
(1 − 𝑝)(𝑓 ′′ + 𝑓 ′ ) − 𝐻1 (𝑝)[𝑓 ′′′ + 𝑓𝑓 ′′ − 𝑓 ′ 2 − (𝑓 ′′ + 𝑓 ′ )] = 0
},
1
(1 − 𝑝)(𝑔′ + 𝑔) − 𝐻2 (𝑝) [ 𝑔′′ + 𝑓𝑔′ − (𝑔′ + 𝑔)] = 0
𝑝𝑟
where prime denotes differentiation
𝑓, 𝑔, 𝐻1 (𝑝) and 𝐻2 (𝑝) as follows

with

respect

to

𝜂.

We

(13)
consider

𝑓 = 𝑓0 + 𝑝𝑓1 + 𝑝2 𝑓2
𝑔 = 𝑔0 + 𝑝𝑔1 + 𝑝2 𝑔2
(14)
𝐻1 (𝑝) = 𝑝𝐶11 + 𝑝2 𝐶12
𝐻2 (𝑝) = 𝑝𝐶21 + 𝑝2 𝐶22 }
Substituting Eqs. (14) into Eqs. (13) and making some simplification and
rearrangement based on the powers of 𝑝 − terms, we can write:
𝑝0 : 𝑓0′ + 𝑓0′′ = 0
𝑔0′ + 𝑔0 = 0 ,

𝑓0 (0) = 0,
𝑓0 ′(0) = 𝜆 + 𝛿𝑓0 ′′(0)
𝑔0 = 1 + 𝛾𝑔0 ′(0)

}

(15)
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to the zero order;

𝑝1 : − 𝐶11 − 𝑓01 + 𝐶11 𝑓0′ + 𝐶11 (𝑓0′ )2 − 𝑓0′′ + 𝐶11 𝑓0′′ − 𝐶11 𝑓0 𝑓0′′ − 𝐶11 𝑓0′′′ + 𝑓1′ + 𝑓1′′ = 0
𝑓1 (0) = 0,
−𝑔0 + 𝐶21 𝑔0 −

𝑔0′

+

𝐶21 𝑔0′

−

𝑓1′ (0) = 0

𝐶21 𝑔0′′

−

𝐶21 𝑓0 𝑔0′ 𝑃𝑟

(16)
+

𝑔1′

+ 𝑔1 = 0

𝑔1 (0) = 0

}

to the first order;
𝑝2 : − 𝐶12 + 𝐶12 𝑓01 + 𝐶12 (𝑓0′ )2 + 𝐶12 𝑓0′′ − 𝐶12 𝑓0 𝑓0′′ − 𝐶12 𝑓0′′′ − 𝐶11 𝑓0′′ 𝑓1 − 𝑓1′ + 𝐶11 𝑓1′
+2𝐶11 𝑓0′ 𝑓1′ − 𝑓1′′ + 𝐶11 𝑓1′′ − 𝐶11 𝑓0 𝑓1′′ − 𝐶11 𝑓1′′′ + 𝑓2′ + 𝑓2′′ = 0
𝑓2 (0) = 0,
𝑓2′ (0) = 0
𝐶22 𝑔0 + 𝐶22 𝑔0′ − 𝐶22 𝑔0′′ − 𝑔1 + 𝐶21 𝑔1 − 𝑔1′ + 𝐶21 𝑔1′ − 𝐶21 𝑔1′′ + 𝑔2 + 𝑔2′
−𝐶22 𝑓0 𝑔0′ 𝑃𝑟 − 𝐶21 𝑓1 𝑔0′ 𝑝𝑟 − 𝐶21 𝑓0 𝑔1′ 𝑃𝑟 = 0
𝑔2 (0) = 0

(17)

}

and to the second-order.
Solving Eqs.(15) and (16) with the boundary conditions, we obtain
𝑓0 (𝜂) =

𝑓1 (𝜂) =

𝑒 − 𝜂 (−1 + 𝑒 𝜂 )𝜆
1+𝛿
𝑒 −𝜂
(
𝑔0 𝜂) =
1+𝛾

(18)
(19)

1
c11𝑒 −𝜂 (1 − 𝑒 𝜂 + 𝑒 𝜂 𝜂 + 2𝛿 − 2𝑒 𝜂 𝛿 + 2𝑒 𝜂 𝜂𝛿 + 𝛿 2 − 𝑒 𝜂 𝛿 2 + 𝑒 𝜂 𝜂𝛿 2 − 𝜆
(1 + 𝛿)2

𝑔1 ( 𝜂) =

+𝑒 𝜂 𝜆 − 𝜂𝜆 − 𝛿𝜆 + 𝑒 𝜂 𝛿𝜆 − 𝜂𝛿𝜆 + 𝜆2 − 𝑒 𝜂 𝜆2 + 𝜂𝜆2 )

(20)

c21𝑒 −2𝜂 (𝑒 𝜂 𝜂 + 𝑒 𝜂 𝜂𝛿 − pr𝜆 + 𝑒 𝜂 Pr𝜆 − 𝑒 𝜂 Pr𝜂𝜆)
(1 + 𝛾)(1 + 𝛿)

(21)

The other terms are too large to be mentioned. Hence, the final expression for
𝑓(𝜂) and 𝑔(𝜂) are given by:
𝑓(𝜂) = 𝑓0 (𝜂) + 𝑓1 (𝜂) + 𝑓2 (𝜂)
}
𝑔(𝜂) = 𝑔0 (𝜂) + 𝑔1 (𝜂) + 𝑔2 (𝜂)

(22)

On substituting the values of 𝑓(𝜂) and 𝑔(𝜂) from (22) into Eqs.(7) and (8), we can
find residuals as 𝑅𝑖 , 𝑖 = 1,2 , subsequently we can obtain the Jacobians as follows:
5

𝐽𝑖 (𝐶𝑖1 , 𝐶𝑖2 ) = ∫ 𝑅𝑖2 (𝜂, 𝐶𝑖1 , 𝐶𝑖2 ) 𝑑𝜂
0

𝑖 = 1,2

(23)
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If the residual 𝑅𝑖 (𝜂, 𝐶𝑖1 , 𝐶𝑖2 ) = 0, then the solution is closer to the exact solution. The
constants 𝐶11 , 𝐶12 , 𝐶21 and 𝐶22 can be evaluated by least-square method with
conditions
𝜕𝐽𝑖 (𝐶𝑖1 , 𝐶𝑖2 ) 𝜕𝐽𝑖 (𝐶𝑖1 , 𝐶𝑖2 )
=
=0
𝜕𝐶𝑖2
𝜕𝐶𝑖1

𝑖 = 1,2

(24)

Table 1. Values of the skin friction coefficient f ′′ (0) for various values of λ when
δ = 0 compared to C.Y. Wang[37].
𝝀

C.Y. Wang[37]

Present Result(OHAM)

0

1.2325

1.2376

0.1

1.1465

1.1611

0.2

1.0511

1.0502

0.3

1.0963

0.4

0.9682

0.5

0.7133

0.7136

1

0

0

2

-1.8873

-1.8845

Table 2. Comparison of f ′ (η) between numerical results and the results obtained by
OHAM for several values of η when λ = δ = 0.
𝜼

𝑭. 𝑴. 𝑾𝒉𝒊𝒕𝒆 [38](Rk-4)

𝑷𝒓𝒆𝒔𝒆𝒏𝒕 𝒓𝒆𝒔𝒖𝒍𝒕(𝑶𝑯𝑨𝑴)

0.1

0.11826

0.11728

0.2

0.22661

0.22328

0.3

0.32524

0.31925

0.4

0.41446

0.40609

0.5

0.49465

0.48466

0.6

0.56628

0.55576

0.7

0.62986

0.62009

0.8

0.68594

0.6783

0.9

0.73508

0.73097

1

0.77787

0.77862
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(b)

Fig.2. Variation of velocity profiles f ′ (η) with η for different values of λ
when (a) δ = 1 and (b) δ = 0.5 .
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Fig.3. Variation of velocity profiles f ′ (η) with η for different values of λ
when (a) δ = 0 and (b) δ = 1.
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Fig.4. Variation of velocity profiles f ′ (η) with η for different values of δ
when (a) λ = 1 and (b) λ = −0.5 .
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1
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4

5

(b)
(a)
Fig.5. Temperature profile g(η) for some values of γ when (a) λ = δ = Pr = 1 and
(b) λ = −0.5,
δ = 2.5 and Pr = 0.5.
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(a)
(b)
Fig.6. Temperature profile g(η) for some values of Prandtl number Pr (a) when λ =
−0.5, δ = 2.5 and γ = 1 (b) when λ = −0.5, δ = 2.5 and γ =
0(no thermal slip).
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′ (η)
Fig.7. The variation of g
for some values of (a) Prandtl number Pr when λ =
0.5, δ = 1 and γ = 0.6
(b) thermal slip parameter when 𝜆 = 0.5, 𝛿 = 1 𝑎𝑛𝑑 𝑃𝑟 = 1.5.
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4. RESULTS AND DISCUSSION
The system of Eqs. (7) and (8), along with boundary conditions (9), has been solved
by optimal homotopy asymptotic method (OHAM). To check the validity of our
results, we have made a comparison of skin friction coefficient for various values of 𝜂
when 𝛿 = 0 with the numerical solution that is illustrated in Table 1 and the values of
the velocity profile are compared with the numerical results depicted in Table 2. It can
be realized that our analytical approximations are in good agreement with the
numerical results.
The velocity profiles 𝑓′(𝜂) for several values of λ are demonstrated in Figs. (2) and
(3). In Fig. (2), the velocity profile 𝑓′(𝜂) confirms that the velocity increases with
increase values of shrinking/stretching parameter λ( λ > 0, 𝐹𝑖𝑔. 2𝑎 and λ <
0, 𝐹𝑖𝑔. 2𝑏) when the velocity slip parameter fixed to 𝛿 = 1 and 𝛿 = 0.5 ,
respectively. In Fig.(3a) the velocity increases with increase values of the parameter λ
in case of no slip condition (𝛿 = 0) and for the particular case λ = 1 the
corresponding velocity profile graph is horizontal as 𝜂 increases. The velocity profile
in Fig.(3b)( λ > 1) exhibit the identical behaviors as that of velocity profile in
Fig.(2a).
The velocity profile 𝑓′(𝜂) for several values of 𝛿 are demonstrated in Fig.(4). In
Fig.(4a) the velocity profile shows the velocity decreases as the velocity slip
parameter 𝛿
increases and the shrinking/stretching parameter λ =
1(stretching sheet case) and it becomes increasing when the parameter λ =
−0.5(shrinking sheet case) illustrated in Fig.(4b).
Figs. (5) and (6) represent the variation of temperature with respect to the governing
parameters, shrinking/stretching parameter λ, velocity slip parameter 𝛿, thermal slip
parameter 𝛾 and Prandtl number Pr. Fig.(5) shows the influence of thermal slip
parameter γ on temperature profile graph when the other parameters are fixed. It is
noticed that as the thermal slip parameter γ increases the temperature distribution on
the surface of the plate decreases. This is because the slip parameter γ is inversely
proportional to the heat transfer coefficient associated with hot fluids in both
stretching (Fig.5a) and shrinking (Fig.5b) sheet case. Fig.(6) represents the variation
of temperature graph with respect to Prandtl number Pr when the other parameters
kept fixed. The graphs depict that the temperature decreases when the values of
Prandtl number Pr increases at a fixed value of η. This is due to the fact that a
higher Prandtl number fluid has relatively low thermal conductivity, which reduces
conduction and there by the thermal boundary layer thickness; and as a result,
temperature decreases in both thermal slipping case(Fig.6a, , γ = 1) and no thermal
slip case(Fig.6b, γ = 0).
Fig.(7(a) and (b)) show the variation of 𝑔′(𝜂) for various values of the Prandtl number
and thermal slip parameter, respectively. In fig.(7a) 𝑔′(𝜂) decreases for some interval
and become increase for the other interval and it has the same value for different
values of Prandtl number. In fig.(7b) 𝑔′(𝜂) increases for as the thermal slip parameter
increases for a fixed value of 𝜂.
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5. CONCLUSION
In this paper, the Optimal Homotopy Asymptotic Method (OHAM) is successfully
applied to obtain analytical solution of the velocity profile and temperature
distribution of stagnation-point flow and heat transfer towards a stretching/shrinking
sheet with slip effects. Comparisons with the numerical solution were performed and
results were found to be in good agreement. The effect of flow characteristics such as
stretching/shrinking parameter, velocity slip parameter, thermal slip parameter and
Prandtl number are exhibited in several graphs. We can draw the following
conclusions:




The dimensionless velocity is directly proportional to the stretching/shrinking
parameter.
The velocity decreases with an increment of the velocity slip parameter in
stretching sheet case and decreases in shrinking sheet case.
The temperature decreases while the thermal slip parameter and Prandtl
number are increasing.

The analytic solution presented here will serve a vehicle for understanding and
analyzing of more complex problems involving various physical effects investigated
in the present paper. This method (OHAM) is a powerful and efficient technique for
finding analytical solutions for linear and nonlinear problems arising in science and
engineering.
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