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Kotlá̌rská 2, CZ-61137 Brno, Czech Republic

hilscher@math.muni.cz

Vera Zeidan
Michigan State University

Department of Mathematics
East Lansing, MI 48824-1027, U.S.A.

zeidan@math.msu.edu

Abstract

In this paper we study the structure of the Jacobi system for optimal control
problems on time scales. Under natural and minimal invertibility assumptions on
the coefficients we prove that the Jacobi system is a time scale symplectic system
and not necessarily a Hamiltonian system. These new invertibility conditions are
weaker than those considered in the current literature. This shows that the theory
of time scale symplectic systems, rather than the theory of linear Hamiltonian sys-
tems, is fundamental for optimal control problems. Our results in this paper are
new even for the Jacobi equations arising in the time scale calculus of variation
and, in particular, for the discrete time calculus of variations and optimal control
problems. We also show that nonlinear time scale Hamiltonian systems possess
symplectic structure, that is, the Jacobian of the evolution mapping satisfies a time
scale symplectic system.
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1 Introduction

Let [a, b]T be a bounded time scale, i.e., a bounded nonempty closed subset ofR, see
[11]. Consider the nonlinear time scale optimal control problem

minimize F(x, u) := K
(
x(a), x(b)

)
+

∫ b

a

F (t, xσ, u) ∆t, (Cσ)

over feasible pairs(x, u), i.e., the statex : [a, b]T → Rn is piecewise rd-continuously∆-
differentiable (C1

prd), the controlu : [a, ρ(b)]T → Rm, m ≤ n, is piecewise rd-continuous
(Cprd), and(x, u) satisfies the equation of motion

x∆ = f(t, xσ, u), t ∈ [a, ρ(b)]T, (1.1)

and the state endpoints constraints

ϕ
(
x(a), x(b)

)
= 0. (1.2)

Here we assume that the data satisfy

K : Rn × Rn → R, F : [a, ρ(b)]T × Rn × Rm → R,

ϕ : Rn × Rn → Rr, r ≤ 2n, f : [a, ρ(b)]T × Rn × Rm → Rn,
(1.3)

and certain differentiability assumptions so that we can work with the first and second
variations of the functionalF , see the details in [35]. The forward shift in the notation
(Cσ) refers to presence of the forward shift in the state variablex in the argument of
the objective functionalF and in the equation of motion (1.1). Later we will consider a
control problem without this shift inx.

The subject of this paper is to study the structure of theJacobi systemarising from
the control problem (Cσ). The Jacobi system is here defined as the system obtained
from the weak Pontryagin maximum principle [35, Theorem 6.1] applied to the second
variation (the accessory problem) of the functionalF . More precisely, the Jacobi system
for problem (Cσ) takes the form

η∆ = Aησ + Bv, q∆ = −ATq + Pησ + Qv, −BTq + QT ησ + Rv = 0, (Jσ)

whereη andv are the variations of the state and control variablesx andu, and where
the coefficients are defined through the data of the problem (Cσ), see [36, Section 4.1].
The main question in this paper is: Under what conditions on the coefficients the Jacobi
system (Jσ) has asymplectic structure? That is when it corresponds to a time scale
symplectic system

η∆ = A η + B q, q∆ = C η + D q, (S)

whose coefficients aren× n matrices satisfying

STJ + J S + µ STJ S = 0, S :=

(
A B
C D

)
, J :=

(
0 I
−I 0

)
. (1.4)
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Systems of the form (S) were introduced in [13]. Since then many interesting re-
sults about them can be found in the literature, see for example [3] and the recent pa-
pers [30, 32, 34, 37], which suggest that the theory of time scale symplectic systems
may beimportant for the study second order optimality conditions for nonlinear control
problems. In addition, it is well known (see Proposition 2.5) that if the matricesI−µA,
R, andT := I + µÃBR−1QT are invertible withÃ := (I − µA)−1, then the Jacobi
system (Jσ) can be written as thelinear Hamiltonian system

η∆ = Aησ + Bq, q∆ = Cησ − ATq, (Hσ)

whereB andC are symmetric andI − µA is invertible, see [36, Section 4.1] and also
[24, Section 4], [44, Section 6], [39, pg. 304]. Furthermore, as it was observed in [23,
Remark 4] (see Proposition 2.6), every linear Hamiltonian system (Hσ) with I − µA
invertible can be written as the time scale symplectic system (S), in which the matrix
I + µA is invertible. This relationship between the systems (Hσ) and (S) is mutual
whenever the matrixI − µA or I + µA is invertible, see [13, Remark 4]. Therefore,
whenever the matricesI −µA, R, andT are invertible, the Jacobi system (Jσ) produces
a time scale symplectic system (S), see [43] or Proposition 2.8 for the details.

The invertibility of I − µA will be needed in all calculations related to the Jacobi
system (Jσ), and hence it is assumed to hold. In this paper we discuss the requirement
thatR is invertible. More precisely, we shall show that ifR is invertible, then we have
T invertible if and only if the matrixS := R + µ QTÃB is invertible (Corollary 3.3).
Therefore, the invertibility ofR andS (or T ) yields that (Jσ) is in fact a Hamiltonian
system (Hσ) and hence, it is a symplectic system (S).

At this stage it appears that the usage of thesymplectic systems theoryfor the control
setting issuperfluous, because the systems (Jσ) and (Hσ) and (S) are equivalent under
R andT invertible, and hence the simpler form (Hσ) is more attractive than that of
(S). In thediscretecalculus of variations and control problems it is assumed thatRk

is invertible in order to transfer from the Jacobi system (Jσ) to a linear Hamiltonian
system (Hσ), which is known to enjoy rich properties, see [2, 4–6, 24, 25, 27, 29, 38].
As is already noted in [29, pg. 863], in thediscretecalculus of variations setting one
can study the definiteness of the corresponding quadratic form in terms of the Jacobi
equation (Jσ), i.e.,

∆
(
Rk∆ηk + QT

k ηk+1

)
= Pkηk+1 + Qk∆ηk, (1.5)

without the assumption thatRk is invertible. This involves the theory of three-term
recurrence relations, see [6,25,27]. Therefore in this setting the invertibility ofRk is an
unnatural assumption.

Inspired by this situation and by the fact that the strengthened Legendre condition

R(t±) ≥ αI, for all dense pointst ∈ [σ(a), ρ(b)]T, (1.6)

for someα > 0, does not involveR(t) invertible for isolated points (which is the set-
ting of discrete optimal control), it is an important question, whenR is not invertible,



58 R.Šimon Hilscher and V. Zeidan

whether (Jσ) can be written directly as a symplectic system (S) by avoiding passing
through the Hamiltonian system (Hσ) that imposes the invertibility ofR.

The aim of this paper is to show adirect wayto go from the Jacobi system (Jσ) to
the symplectic system (S) without assumingR invertible, but instead we assume that
the matrixS is invertible (see Theorem 3.1). This appears to be much more natural,
since only the invertibility ofS is needed to get a time scale symplectic system. As a
consequence of this important conclusion we deduce that

the theory of symplectic systems is crucial to the control problems

and that Hamiltonian systems of the form (Hσ) can be disregarded. A direct impact of
this fact is viewed in the calculus of variations setting, whereA = 0 andB = I (with
m = n) and where the corresponding Jacobi system (Jσ) is

[Rη∆ + QTησ]∆ = Pησ + Qη∆. (Jσ
cov)

In this case, ifS := R + µ QT is invertible, then the systems (Jσ
cov) and (S) are equiv-

alent (without being Hamiltonian), with (Jσ
cov) and (Hσ) equivalent if and only ifR is

invertible. Therefore, all the results in [31, 33] regarding quadratic functionals associ-
ated with the Jacobi system (Jσ

cov) that requiredR invertible (and which were obtained
through the time scale symplectic systems theory) now hold without this assumption
(see Remark 5.5).

The fact that Jacobi systems for control problems on time scales are symplectic
systems (in particular, discrete Jacobi systems are symplectic) is important for their
numerical analysis. Symplectic numerical methods are known to be the right ones for
solving Hamiltonian systems, see [18–21,42]. These methods can now be possibly used
for solving the Jacobi systems arising from control problems such as (Jσ).

With each of the Jacobi system (Jσ), the Hamiltonian system (Hσ), and symplectic
system (S), we consider the associated quadratic form. These quadratic forms are ob-
tained from the second variation of the nonlinear time scale control problem (Cσ). The
second aim of this paper is show that the transition between the systems (Jσ), (Hσ), and
(S) yields the same transition between the corresponding quadratic forms.

In [35, Section 3] we discuss different formulations of time scale optimal control
problems. In particular, we consider a problemwithout shiftin the state variable, that
is, with the argument(t, x, u) in the objective functional and in the equation of motion.
The same type of results stated above will be shown to hold for the Jacobi and time scale
symplectic systems corresponding to these problems (see Theorem 4.8).

The final results in this paper concernnonlinear Hamiltonian systems. We show
that these nonlinear Hamiltonian systems also possess a symplectic structure, namely
the Jacobian of the evolution mapping satisfies the time scale symplectic system (S).
This is a generalization of the corresponding discrete time result in [40, Theorem 2.1].

Although we assume that all quantities in this paper are real-valued, the results re-
main unchanged provided we replace the transpose of a vector or matrix by the conju-
gate transpose, and replace the word “symmetric” by “Hermitian”.
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The paper is organized as follows. For a better understanding of and comparison
with the new results of this paper, we present in Section 2 the details of the known
transformations between the systems (Jσ), (Hσ), and (S) and between their correspond-
ing quadratic forms. In Section 3 we show how to transform the Jacobi system (Jσ)
directly to the symplectic system (S). In Section 4 we discuss the parallel results for the
Jacobi system arising from the nonlinear control problem without the shift inx. In Sec-
tion 5 we specify these new transformations to the calculus of variations setting (with
and without shift in the state variable) and compare these new results with the known
transformations in the literature.

2 Traditional Approach to Jacobi Systems

In this section we examine in detail the traditional approach to Jacobi systems (Jσ), (Hσ),
and (S). That is, we consider the system (Jσ) as a symplectic system (S) via (Hσ). We
fix the following notation as for the dimensions of the quantities appearing in the Jacobi
system (Jσ).

Notation2.1(Jacobi system(Jσ)). The matricesA, B, P , Q, R and the vectorsη, v, q in
(Jσ) have the following properties:A, P ∈ Rn×n, B, Q ∈ Rn×m, R ∈ Rm×m, and these
matrices are defined on[a, ρ(b)]T andP andR are symmetric;η, q ∈ Rn are defined
on [a, b]T andv ∈ Rm is defined on[a, ρ(b)]T. Furthermore, we assume that the matrix
I − µA is invertible and define the matrices̃A ∈ Rn×n andS ∈ Rm×m by

Ã := (I − µA)−1, S := R + µ QTÃB. (2.1)

In addition, whenever the matrixR is invertible and whenever the matrixS is invertible,
we define the matricesT, V ∈ Rn×n by

T := I + µÃBR−1QT, V := I − µÃBS−1QT. (2.2)

Note thatÃA = AÃ. Similarly, for the coefficients of the Hamiltonian system (Hσ)
we adopt the following.

Notation2.2 (Hamiltonian system(Hσ)). The matricesA, B, C and the vectorsη, q in
(Hσ) have the following properties:A, B, C ∈ Rn×n are defined on[a, ρ(b)]T andB
andC are symmetric;η, q ∈ Rn are defined on[a, b]T. Furthermore, we assume that the
matrix I − µA is invertible and define the matrix̃A ∈ Rn×n by

Ã := (I − µA)−1.

Note thatÃA = AÃ. Finally, for the symplectic system (S) we will use the follow-
ing.

Notation2.3(Symplectic system(S)). The matricesA, B, C, D and the vectorsη, q in (S)
have the following properties:A, B, C, D ∈ Rn×n are defined on[a, ρ(b)]T and satisfy
(1.4);η, q ∈ Rn are defined on[a, b]T.
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The invertibility of I − µA in Notation 2.1 corresponds to the regressivity of the
first two equations in the Jacobi system (Jσ), which is needed for the unique solvability
of dynamic equations on time scales, see e.g. [11, Theorem 2.62]. Similarly, the in-
vertibility of I − µA in Notation 2.2 corresponds to the regressivity of the Hamiltonian
system (Hσ). The smoothness assumption on the coefficients, such that the piecewise
rd-continuity, is not really essential for the results in this paper. Observe that the ma-
trix Ã resp.Ã is piecewise rd-continuous ifA resp.A is piecewise rd-continuous, just
because the limits ofI − µA resp. I − µA are equal toI at all dense points (i.e., the
limits are bounded away from zero so that the inverse(I − µA)−1 resp. (I − µA)−1

has finite limits at all dense points). The same argument reveals that ifS is piecewise
rd-continuous (i.e., ifR,Q,A,B have this property), then the matrixS−1 is piecewise
rd-continuous if and only if the eigenvalues ofR(t±) are bounded away from zero. This
is satisfied for example if the strengthened Legendre condition (1.6) holds. Moreover,
under (1.6), it follows that the matricesT−1 andV −1 are also piecewise rd-continuous.
This shows the importance of the time scale strengthened Legendre condition (1.6) for
thecontrol problemsas was the case for the time scale calculus of variations problems,
see [31,33,41]. Therefore, we just proved the following statement.

Corollary 2.4. Assume thatA,B, P , Q, R are piecewise rd-continuous on[a, ρ(b)]T and
satisfy the conditions in Notation 2.1 and the strengthened Legendre condition(1.6).
Then the matricesÃ, S−1, T−1, V −1 are also piecewise rd-continuous on[a, ρ(b)]T,
whenever they exist.

The identity in (1.4) reduces to the conditions

CT (I + µA) and (I + µDT ) B are symmetric,

and AT+ D + µ (AT D− CT B) = 0

}
(2.3)

in terms of the coefficients of the system (S). We will usually use the above conditions
in order to verify that a system satisfies (1.4). Note that the identity in (1.4) implies that
I+µ S is a symplectic matrix, i.e.,(I+µ ST )J (I+µ S) = J . Hence, the matrixI+µ S
is invertible, which means in the time scale terminology that the matrixS is regressive.
Therefore, if the coefficientsA, B, C, D are piecewise rd-continuous (and satisfy (1.4)),
then the initial value problems associated with system (S) have unique solutions defined
on the whole interval[a, b]T starting at any initial pointt0 ∈ [a, b]T with any initial value.
Equivalent conditions to the ones in (2.3) are derived in [12, Remark 10.1], namely

(I + µA) BT and (I + µD) CT are symmetric,

and AT+ D + µ (D AT − C BT ) = 0.

}
(2.4)

These conditions imply thatI + µ ST is a symplectic matrix, which is known to be
equivalent toI + µ S being symplectic.

For easy comparison with the main results of this paper we recall now the known
transformations between the systems (Jσ), (Hσ), and (S). First we present a statement
when the Jacobi system (Jσ) becomes the Hamiltonian system (Hσ).
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Proposition 2.5 (Jacobi(Jσ) to Hamiltonian (Hσ)). Assume thatA, B, P , Q, R, T
satisfy the conditions in Notation 2.1 withR andT invertible. Then the Jacobi system
(Jσ) is the Hamiltonian system(Hσ), whose coefficients

A = A− BR−1QT , B = BR−1BT , C = P −QR−1QT (2.5)

with Ã = T−1Ã satisfy the conditions in Notation 2.2.

Proof. Since the matrixR is assumed to be invertible, we can solve the third equation in
(Jσ) for v, i.e.,v = R−1(BTq −QT ησ), and insert this formula into the first and second
equation in (Jσ). See also [36, Formula (40)].

Next we display a statement when the Hamiltonian system (Hσ) becomes the sym-
plectic system (S).

Proposition 2.6 (Hamiltonian (Hσ) to symplectic (S)). Assume thatA, B, C satisfy
the conditions in Notation 2.2. Then the Hamiltonian system(Hσ) is the time scale
symplectic system(S), whose coefficients

A = ÃA, B = ÃB, C = CÃ, D = µCÃB − AT (2.6)

with I + µA = Ã satisfy the conditions in Notation 2.3.

Proof. See [23, Remark 4(ii)] or [13, Example 3].

For completeness we present a converse to Proposition 2.6, i.e., a statement when a
time scale symplectic system (S) is actually a Hamiltonian system (Hσ).

Proposition 2.7 (Symplectic(S) to Hamiltonian (Hσ)). Assume thatA, B, C, D satisfy
the conditions in Notation 2.3 withI + µA invertible. Then the time scale symplectic
system(S) is the Hamiltonian system(Hσ), whose coefficients

A = (I + µA)−1A, B = (I + µA)−1 B, C = C (I + µA)−1 (2.7)

with Ã = I + µA satisfy the conditions in Notation 2.2.

Proof. See [13, Remark 4] or [11, Theorem 7.17]. Note that the coefficient identities in
(2.4) are used in these calculations.

A combination of the previous results yields the following.

Proposition 2.8 (Jacobi(Jσ) to symplectic(S)). Assume thatA, B, P , Q, R, T satisfy
the conditions in Notation 2.1 withR andT invertible. Then the Jacobi system(Jσ) is
the symplectic system(S), whose coefficients

A = T−1Ã(A− BR−1QT ),

B = T−1ÃBR−1BT ,

C = (P −QR−1QT ) T−1Ã,

D = µ(P −QR−1QT ) T−1ÃBR−1BT−AT + QR−1BT

 (2.8)

with I + µA = T−1Ã satisfy the conditions in Notation 2.3.
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Proof. It is a simple combination of Propositions 2.5 and 2.6.

Remark2.9. We will see in Corollary 3.3 that the matrixT−1 appearing at several places
in Propositions 2.5 and 2.8 is equal to the matrixV .

Next we consider the quadratic forms associated with the Jacobi systems (Jσ), (Hσ),
and (S). Let P , Q, R satisfy the conditions in Notation 2.1. We say that a pair of
functions(η, v) with η(t) ∈ Rn andv(t) ∈ Rm is (A,B)-admissible ifη ∈ C1

prd on
[a, b]T, v ∈ Cprd on [a, ρ(b)]T, andη∆ = Aησ + Bv. For such(A,B)-admissible pairs
(η, v) we define the quadratic form

ω(η, v) := (ησ)T Pησ + 2 (ησ)T Qv + vT Rv.

Similarly, if A, B, C satisfy the conditions in Notation 2.2, then a pair of functions(η, q)
with η(t), q(t) ∈ Rn is (A, B)-admissible ifη ∈ C1

prd on [a, b]T, q ∈ Cprd on [a, ρ(b)]T,
andη∆ = Aησ + Bq. For such(A, B)-admissible pairs(η, q) we define the quadratic
form

Ω(η, q) := (ησ)T Cησ + qT Bq.

Finally, if A, B, C, D satisfy the identity in (1.4), then a pair of functions(η, q) with
η, q ∈ Rn is called(A, B)-admissible ifη ∈ C1

prd on [a, b]T, q ∈ Cprd on [a, ρ(b)]T, and
η∆ = Aη + Bq. For such(A, B)-admissible pairs(η, q) we define the quadratic form

Q(η, q) := ηT CT (I + µA) η + 2µ ηT CT B q + qT (I + µDT ) B q. (2.9)

The systems (Jσ), (Hσ), (S) are the Euler–Lagrange systems for the quadratic functionals
having respectivelyω(η, v), Ω(η, q), Q(η, q) as their integrand, which can be verified
by the application of the weak Pontryagin maximum principle [35, Theorem 6.1] to
these quadratic functionals, see also [36, Section 4]. The following results show that
the relationship between these quadratic forms is exactly the same as the relationship
between their corresponding Jacobi systems.

Proposition 2.10 (Quadratic forms for (Jσ) and (Hσ)). Assume thatA, B, P , Q, R
satisfy the conditions in Notation 2.1 withR invertible. LetA, B, C be given by(2.5). If
(η, q) is (A, B)-admissible, then the pair(η, v) with v := R−1(BTq −QTησ) is (A,B)-
admissible andω(η, v) = Ω(η, q). Conversely, if(η, v) is (A,B)-admissible and ifBTB
is invertible, then the pair(η, q) with q := B(BTB)−1(Rv+QT ησ) is (A, B)-admissible
andΩ(η, q) = ω(η, v).

Proof. The proof is analogous to the discrete case in [24, Lemma 2].

Proposition 2.11 (Quadratic forms for (Hσ) and (S)). Assume that

(i) eitherA, B, C satisfy the conditions in Notation 2.2 andA, B, C, D are given by
(2.6),
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(ii) or A, B, C, D satisfy the conditions in Notation 2.3 withI + µA invertible and
A, B, C are given by(2.7).

Then(η, q) is (A, B)-admissible if and only if it is(A, B)-admissible, and in this case
Ω(η, q) = Q(η, q).

Proof. This is a direct calculation.

Proposition 2.12 (Quadratic forms for (Jσ) and (S)). Assume thatA, B, P , Q, R, T
satisfy the conditions in Notation 2.1 withR andT invertible. LetA, B, C, D be given
by (2.8). If (η, q) is (A, B)-admissible, then the pair(η, v) with v := R−1(BT q−QTησ)
is (A,B)-admissible andω(η, v) = Q(η, q). Conversely, if(η, v) is (A,B)-admissible
and if BTB is invertible, then the pair(η, q) with q := B(BTB)−1(Rv + QT ησ) is
(A, B)-admissible andQ(η, q) = ω(η, v).

Proof. This is a combination of Propositions 2.10 and 2.11(i).

3 Main Results

In this section we establish one of the main results of this paper, namely how to trans-
form the Jacobi system (Jσ) directly to the symplectic system (S) without assumingR
andT invertible (as in Proposition 2.8), but instead we assume that the matrixS is in-
vertible. This yields that the matrixI +µA in the resulting system (S) is not necessarily
invertible, so that the system (Jσ) is not necessarily equivalent to the system (Hσ) as it
explained in Propositions 2.6 and 2.7.

Theorem 3.1 (Jacobi(Jσ) to symplectic(S)). Assume thatA, B, P , Q, R, S, V satisfy
the conditions in Notation 2.1 withS invertible. Then the Jacobi system(Jσ) is the
symplectic system(S), whose coefficients

A = (A− ÃBS−1QT ) Ã, C = (PV −QS−1QT ) Ã,

B = ÃBS−1BT , D = (Q + µP ÃB) S−1BT−AT

}
(3.1)

with I +µA = VÃ satisfy the conditions in Notation 2.3. Thus, the resulting symplectic
system(S) is Hamiltonian if and only if the matrixV (or equivalentlyR) is invertible.

The proof of Theorem 3.1 is displayed later in this section, since it needs deriving
of some matrix inversion identities involving the matrixS. One of these identities is
from [22], see also [8, Corollary 2.8.8], and it says the following. Given any matrices
A, B, C,D such that the products below are defined, then the invertibility ofA, D, and
D − CA−1B implies the invertibility ofA−BD−1C with the formula for its inverse

(A−BD−1C)−1 = A−1 + A−1B (D − CA−1B)−1CA−1. (3.2)

The next result shows the exact relation between the two sets of invertibility as-
sumptions (R andT invertible in Proposition 2.8, andS invertible in Theorem 3.1). In
particular, we deduce thatS invertible is weaker thanR andT invertible.
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Lemma 3.2. Assume thatA, B, P , Q, R, S, T , V satisfy the conditions in Notation 2.1.
Then the following statements are equivalent:

(i) R andT are invertible,

(ii) R andS are invertible,

(iii) S andV are invertible.

Proof. As we shall see, all these invertibility conditions will be proven via the inversion
formula (3.2). First we will prove the following implications:

R andT invertible =⇒ S invertible, (3.3)

R andS invertible =⇒ V andT invertible, (3.4)

S andV invertible =⇒ R invertible. (3.5)

For (3.3), we setA := R, B := −µQT , C := B, D := Ã−1. Then the matricesA,
D, andD − CA−1B = Ã−1 + µBR−1QT = Ã−1T are invertible, so that the inversion
formula (3.2) yields the invertibility of the matrixA − BD−1C = R + µQTÃB = S
with the inverse

S−1 = R−1 − µR−1QT T−1ÃBR−1 = R−1(R− µQT T−1ÃB) R−1. (3.6)

Note that from (3.6) we also gain for free the invertibility of the matrixR−µQT T−1ÃB,
but this fact will not be needed. To prove (3.4), we setA := I, B := µÃB, C := QT ,
D := S. Then the matricesA, D, andD − CA−1B = R are invertible, so that formula
(3.2) yields the invertibility of the matrixA − BD−1C = I − µÃBS−1QT = V with
the inverse

V −1 = I + µÃBR−1QT = T. (3.7)

This also implies thatT is invertible. To prove (3.5), we setA := S, B := QT , C :=
µÃB, D := I. Then the matricesA, D, andD − CA−1B = I − µÃBS−1QT = V are
invertible, so that the inversion formula (3.2) yields the invertibility ofA − BD−1C =
S − µQTÃB = R with the inverse

R−1 = S−1 + µS−1QT V −1ÃBS−1 = S−1(S + µQT V −1ÃB) S−1. (3.8)

Note that from (3.8) we also get the invertibility ofS + µQTV −1ÃB, but this fact will
not be needed.

Now suppose that condition (i) holds. Then (3.3) yields thatS is invertible, so that
condition (ii) holds. Next, assuming (ii), we have from (3.4) thatV is invertible, i.e.,
condition (iii) holds. Finally, if we assume (iii), then (3.5) impliesR invertible, and then
in turn (3.4) yields the invertibility ofT . Therefore, condition (i) holds and the proof is
complete.
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Corollary 3.3. Assume thatA, B, P , Q, R, S, T , V satisfy the conditions in Nota-
tion 2.1.

(i) Assume thatR is invertible. ThenT is invertible if and only ifS is invertible. In
this case the matrixV is also invertible andV −1 = T .

(ii) Assume thatS is invertible. ThenV is invertible if and only ifR is invertible. In
this case the matrixT is also invertible andT−1 = V .

Proof. This follows directly from Lemma 3.2 and from formula (3.7).

Remark3.4. Note that the invertibility of the matrixS alone (without assuming the
invertibility of R) in general implies neither the invertibility ofV nor the invertibility
of R (hence the nonexistence ofT ). However, ifR andS (and then by Lemma 3.2 also
T andV ) are invertible, then the systems (Jσ), (Hσ), and (S) are equivalent with the
coefficients of (S) given by (3.1) or (2.8). Straightforward calculations (e.g. subtract the
corresponding coefficients and simplify to zero) show that these two sets of coefficients
(3.1) and (2.8) in this case coincide.

Remark3.5. As a byproduct of Theorem 3.1 and Proposition 2.7 we gain that, underS
andV (and then by Lemma 3.2 alsoR andT ) invertible, then the Jacobi system (Jσ)
and the Hamiltonian system (Hσ) are equivalent with the coefficients

A = Ã−1V −1(A− ÃBS−1QT ) Ã, C = P −QS−1QT V −1,

B = Ã−1V −1ÃBS−1BT ,

}
(3.9)

with Ã = VÃ satisfying the conditions in Notation 2.2. However, the coefficients of
the system (Hσ) in (3.9) and (2.5) are the same as can be verified by direct calculations
using the identitiesAÃ = ÃA, V −1 = T , andµQTÃB = S −R.

Remark3.6. In the continuous time settingµ ≡ 0 and hence,I − µA = I is always
invertible (andÃ = I). In this case the invertibility ofS = R is the natural assumption
in order to transform the corresponding Jacobi system into the symplectic system (=
Hamiltonian system in this case). On the other hand, in the discrete caseµ ≡ 1 and
hence,

I −Ak and Sk := Rk + QT
k (I −Ak)

−1Bk invertible

are the needed assumptions in order to transform the corresponding discrete Jacobi sys-
tem into a discrete symplectic system.

Now we are ready to prove Theorem 3.1.

Proof of Theorem 3.1.Let (η, v, q) solve the Jacobi system (Jσ). By using the formula
ησ = η + µη∆ we obtain from the first equation of system (Jσ) thatησ = Ãη + µÃBv.
Replacingησ in each of the three equations in (Jσ) we get

η∆ = ÃAη + ÃBv,

q∆ = −ATq + PÃη + (µPÃB + Q) v,

Sv = BTq −QTÃη.

 (3.10)



66 R.Šimon Hilscher and V. Zeidan

Since we assume thatS is invertible, we can solve forv in the last equation to obtain
v = S−1(BTq−QTÃη). If we now insert this formula forv into the first two equations in
(3.10), we get the system (S) with the coefficientsA, B, C, D given by (3.1). It remains
to show that these coefficients indeed define a time scale symplectic system, that is, the
conditions in (2.3) hold true. From the definition of the matrixS we have

µQTÃB = S −R, µBTÃTQ = ST−R. (3.11)

Using the definition ofV andS, it follows that the matrices

CT (I + µA) = ÃT (V TP −QST−1QT ) VÃ
(3.11)
= ÃT V TPVÃ − ÃTQST−1RS−1QTÃ,

(I + µDT ) B = [I + µBST−1(QT + µBTÃTP )− µA] ÃBS−1BT

(3.11)
= BST−1(S + ST−R + µ2BTÃTP ÃB) S−1BT

are symmetric and

AT+ D + µ (AT D− CT B)

= AT+ (I + µAT ) D− µ CT B
= ÃT (AT−QST−1BTÃT ) + ÃT V [(Q + µP ÃB) S−1BT−AT ]

− µ ÃT (V TP −QST−1QT ) ÃBS−1BT

(3.11)
= −ÃTQST−1BT + ÃTQS−1BT− ÃTQST−1(ST−R) S−1BT

+ ÃTQST−1(S −R) S−1BT = 0.

Therefore, the coefficients in (3.1) define a time scale symplectic system (S).

Next we consider the corresponding quadratic forms.

Proposition 3.7 (Quadratic forms for (Jσ) and (S)). Assume thatA, B, P , Q, R, S, V
satisfy the conditions in Notation 2.1 withS invertible. LetA, B, C, D be given by(3.1).
If (η, q) is (A, B)-admissible, then the pair(η, v) with v := S−1(BTq−QTÃη) is (A,B)-
admissible andω(η, v) = Q(η, q). Conversely, if(η, v) is (A,B)-admissible and ifBTB
is invertible, then the pair(η, q) with q := B(BTB)−1(Sv+QTÃη) is (A, B)-admissible
andQ(η, q) = ω(η, v).

Proof. Let S be invertible. Assume first that(η, q) is (A, B)-admissible and definev as
in the statement. Then

ησ = (I + µA) η + µBq = ÃV η + µÃBS−1BTq, (3.12)

and the identityAÃ = ÃA yields

Aησ + Bv − (Aη + Bq)
(3.12)
= A (ÃV η + µÃBS−1BTq) + BS−1(BTq −QTÃη)

− Ã (A− BS−1QT Ã) η − ÃBS−1BTq = 0.
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Hence,(η, v) is (A,B)-admissible. Moreover, by using identity (3.11) we obtain after
some calculationsω(η, v) − Q(η, q) = 0. Conversely, assume that(η, v) is (A,B)-
admissible,BTB is invertible, and defineq as in the statement. Then the identities
ησ = Ã(η + µBv) andAÃ = ÃA yield

Aησ + Bv − (Aη + Bq) = AÃ (η + µBv) + Bv − Ã (A− BS−1QT Ã) η

− ÃBS−1BTB(BTB)−1(Sv + QTÃη) = 0.

Hence,(η, q) is (A, B)-admissible and with the help of identity (3.11) we obtain simi-
larly as in the previous case thatω(η, v)−Q(η, q) = 0.

Remark3.8. The first part of Proposition 3.7 is of particular interest for the second or-
der necessary optimality conditions for the time scale nonlinear control problem (Cσ).
More precisely, in [35, Theorem 7.2] we proved that the nonnegativity of the second
variation of the functionalF in (Cσ) is a necessary condition for a weak local minimum

in problem (Cσ). Since this second variation contains the functional
∫ b

a

ω(η, v)(t) ∆t

over (A,B)-admissible pairs(η, v), our Proposition 3.7 implies the nonnegativity of a

functional involving
∫ b

a

Q(η, q)(t) ∆t over (A, B)-admissible pairs(η, q). Therefore,

underS invertible, any conditions which imply or which are equivalent to the nonneg-
ativity of the latter functional are also necessary optimality conditions for the original
nonlinear control problem (Cσ). For example, these are the conditions in terms of the
time scale Riccati matrix equation in [34].

4 Control Problems without Shift

In this section we consider the Jacobi system for the nonlinear time scale optimal control
problem

minimize G(x, u) := K
(
x(a), x(b)

)
+

∫ b

a

G(t, x, u) ∆t, (C)

over feasible pairs(x, u) satisfying the equation of motion

x∆ = g(t, x, u), t ∈ [a, ρ(b)]T, (4.1)

and the state endpoints constraints (1.2). The data in the problem (C) satisfy similar
assumptions as the data in the problem (Cσ) in (1.3). The corresponding Jacobi system
then has the form

η∆ = Aη + Bv, q∆ = −ATqσ + Pη + Qv, −BTqσ + QT η + Rv = 0. (J)

System (J) was derived in [36, Section 4.2]. Moreover, it is shown in the same reference
that under the corresponding invertibility assumptions (including the invertibility ofR,
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see Proposition 4.4) the system (J) is the Hamiltonian system

η∆ = Aη + Bqσ, q∆ = Cη − ATqσ, (H)

whereB andC are symmetric andI + µA is invertible. Hence in turn (see Proposi-
tion 4.7), system (J) is a time scale symplectic system (S). Similarly as for the Jacobi
system (Jσ) we will show that one can go directly from the Jacobi system (J) to the
symplectic system (S), which is in this section written as

η∆ = A η + B q, q∆ = C η + D q, (S)

proving the superior importance of time scale symplectic systems over the Hamiltonian
systems (H). This result is also new for the corresponding time scale (in particular
discrete) calculus of variations setting, as it is discussed in the next section, see also [41,
Section 2].

The methods of proofs in this section are similar to those in Section 2, and thus
we will skip them here. First we introduce the appropriate notation. To avoid confu-
sion with the coefficients in the previous section, we will underline in this section the
corresponding coefficients (and keep their meaning at the same time).

Notation4.1 (Jacobi system (J)). The matricesA, B, P , Q, R and the vectorsη, v, q
in (J) have the same properties as their corresponding counterparts in Notation 2.1 (in
particular,P andR are symmetric). Furthermore, we assume that the matrixI + µA is
invertible and define the matrices̃A ∈ Rn×n andS ∈ Rm×m by

Ã := (I + µA)−1, S := R− µBTÃT
Q. (4.2)

In addition, whenever the matrixR is invertible and whenever the matrixS is invertible,
we define the matricesT , V ∈ Rn×n by

T := I − µQR−1BTÃT
, V := I + µQS−1BTÃT

. (4.3)

Notation4.2 (Hamiltonian system (H)). The matricesA, B, C and the vectorsη, q in
(H) have the same properties as their corresponding counterparts in Notation 2.2 (in
particular,B andC are symmetric). Furthermore, we assume that the matrixI + µA is
invertible and define the matrix̃A ∈ Rn×n by

Ã := (I + µAT )−1.

Notation4.3 (Symplectic system (S)). The matricesA, B, C, D and the vectorsη, q in
(S) have the same properties as their corresponding counterparts in Notation 2.3.

Next we recall the known transformations between the systems (J), (H), (S).
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Proposition 4.4 (Jacobi (J) to Hamiltonian (H )). Assume thatA, B, P , Q, R, T satis-
fy the conditions in Notation 4.1 withR andT invertible. Then the Jacobi system(J) is
the Hamiltonian system(H), whose coefficients

A = A− BR−1QT , B = BR−1BT , C = P −QR−1QT (4.4)

with Ã = ÃT
T−1 satisfy the conditions in Notation 4.2.

Proof. See [36, Formula (45)].

Proposition 4.5 (Hamiltonian (H) to symplectic (S)). Assume thatA, B, C satisfy the
conditions in Notation 4.2. Then the Hamiltonian system(H) is the time scale symplectic
system(S), whose coefficients

A = µ BÃC + A, B = BÃ, C = ÃC, D = −AT Ã (4.5)

with I + µD = Ã satisfy the conditions in Notation 4.3.

Proof. See [36, Proposition 4.2] and also the discrete case in [26, Remark 4].

Proposition 4.6 (Symplectic (S) to Hamiltonian (H )). Assume thatA, B, C, D satisfy
the conditions in Notation 4.3 withI + µD invertible. Then the time scale symplectic
system(S) is the Hamiltonian system(H), whose coefficients

A = −(I + µDT )−1DT , B = B (I + µD)−1, C = (I + µD)−1C (4.6)

with Ã = I + µD satisfy the conditions in Notation 4.2.

Proof. Using the invertibility ofI + µD we solve the second equation of (S) for q
and insert it back to (S). Note that the coefficient identities in (2.3) are used in these
calculations.

Proposition 4.7 (Jacobi (J) to symplectic (S)). Assume thatA, B, P , Q, R, T satisfy
the conditions in Notation 4.1 withR andT invertible. Then the Jacobi system(J) is the
symplectic system(S), whose coefficients

A = µBR−1BTÃT
T−1(P−QR−1QT ) +A−BR−1QT ,

B = BR−1BTÃT
T−1,

C = ÃT
T−1(P−QR−1QT ),

D = (QR−1BT−AT ) ÃT
T−1


(4.7)

with I + µD = ÃT
T−1 satisfy the conditions in Notation 4.3.

Proof. It is a simple combination of Propositions 4.4 and 4.5.



70 R.Šimon Hilscher and V. Zeidan

Next we present the main result of this section, which shows how to transform the
Jacobi system (J) directly to the symplectic system (S) by avoiding the Hamiltonian
system (H).

Theorem 4.8 (Jacobi (J) to symplectic (S)). Assume thatA, B, P , Q, R, S, V sat-
isfy the conditions in Notation 4.1 withS invertible. Then the Jacobi system(J) is the
symplectic system(S), whose coefficients

A = A+ BS−1(µBTÃT
P −QT ), C = ÃT

(V P −QS−1QT ),

B = BS−1BTÃT
, D = ÃT

(QS−1BTÃT−AT )

}
(4.8)

with I+µD = ÃT
V satisfy the conditions in Notation 4.3. Thus, the resulting symplectic

system(S) is Hamiltonian if and only if the matrixV (or equivalentlyR) is invertible.

Proof. The proof is analogous to the proof of Theorem 3.1 and it consists of verifying
the conditions in (2.3) for the above coefficientsA, B, C, D.

The following lemma shows the exact relationship between the invertibility ofR, T ,
S, V .

Lemma 4.9. Assume thatA, B, P , Q, R, S, T , V satisfy the conditions in Notation 4.1.
Then the following statements are equivalent:

(i) R andT are invertible,

(ii) R andS are invertible,

(iii) S andV are invertible.

Proof. The proof is similar to the proof of Lemma 3.2. By using the matrix inversion
formula (3.2) we prove the implications

R andT invertible =⇒ S invertible, (4.9)

R andS invertible =⇒ V andT invertible, (4.10)

S andV invertible =⇒ R invertible. (4.11)

with the inverses in the conclusion of (4.9), (4.10), (4.11) given by

S−1 = R−1(R+µBTÃT
T−1Q) R−1, V −1 = T , R−1 = S−1(S−µBTÃT

V −1Q) S−1,

respectively. The details are here omitted.

Corollary 4.10. Assume thatA, B, P , Q, R, S, T , V satisfy the conditions in Nota-
tion 4.1.
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(i) Assume thatR is invertible. ThenT is invertible if and only ifS is invertible. In
this case the matrixV is also invertible andV −1 = T .

(ii) Assume thatS is invertible. ThenV is invertible if and only ifR is invertible. In
this case the matrixT is also invertible andT−1 = V .

Remark4.11. Similarly as in Remark 3.5, we have from Theorem 4.8 and Proposi-
tion 4.6 that, underS and V invertible (and then by Lemma 4.9 alsoR and T are
invertible), the Jacobi system (J) and the Hamiltonian system (H) are equivalent with
the coefficients

A = −ÃT−1
V T−1(ÃBST−1QT−A) Ã, C = P − V −1QS−1QT

B = BS−1BTÃT
V −1ÃT−1

}
(4.12)

with Ã = ÃT
V satisfying the conditions in Notation 2.2. These coefficients of the

system (H) in (4.12) and (4.4) are however the same.

The quadratic forms associated with systems (J) and (H) are defined by

ω(η, v) := ηT P η + 2 ηT Qv + vTR v, (4.13)

Ω(η, q) := ηT C η + (qσ)TB qσ, (4.14)

while the quadratic formQ(η, q) for system (S) is defined analogously to the quadratic
form Q(η, q) in (2.9) using the coefficientsA, B, C, D. The pairs(η, v) in (4.13),
resp. (η, q) in (4.14), resp. inQ(η, q), are called(A,B)-admissible, resp.(A, B)-
admissible, resp.(A, B)-admissible, providedη∆ = Aη + Bv, resp.η∆ = Aη + Bqσ,
resp.η∆ = Aη+Bq. The relationship between these quadratic forms, similarly as it was
done in Propositions 2.10, 2.11, and 2.12, can now be easily established. We shall not
give the details of these obvious propositions. However, we state explicitly the parallel
result to Proposition 3.7, since it is important for second order necessary optimality
conditions for the control problem (C), see Remark 3.8 and also [35, Theorem 9.7].

Proposition 4.12 (Quadratic forms for (J) and (S)). Assume thatA, B, P , Q, R, S
satisfy the conditions in Notation 4.1 withS invertible. LetA, B, C, D be given by(4.8).

If (η, q) is (A, B)-admissible, then the pair(η, v) with v := S−1[BTÃT
q + (µBTÃT

P −
QT ) η ] is (A,B)-admissible andω(η, v) = Q(η, q). Conversely, if(η, v) is (A,B)-

admissible and ifBTB is invertible, then the pair(η, q) with q := Ã−1B(BTB)−1[Sv −
(µBTÃT

P −QT ) η ] is (A, B)-admissible andQ(η, q) = ω(η, v).

Proof. The proof is similar to the proof of Proposition 3.7 and it is based on direct
calculations. The details are here omitted.
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Remark4.13. The first part of Proposition 4.12 leads via [35, Theorem 9.7] to second
order necessary optimality conditions for the control problem (C) in terms of the non-

negativity of a quadratic functional involving
∫ b

a

Q(η, q)(t) ∆t over (A, B)-admissible

pairs(η, q). In this respect the Riccati equation conditions from [34] which are equiv-
alent to the nonnegativity of this quadratic functional represent second order necessary
optimality conditions for problem (C). Note that the results in [34] can be applied to
both problems (C) and (Cσ), as we saw in Remark 3.8.

Next we will examine the direct relationship between the Jacobi systems (J) and
(Jσ). We will see that the Jacobi system (J) can be transformed into the Jacobi system
(Jσ) (and vice versa). Therefore, all the results which were obtained for the system (Jσ),
resp. (J), can now be transformed to the system (J), resp. (Jσ), via the transformations
below.

Proposition 4.14 (Jacobi (J) to Jacobi (Jσ)). Assume that the matricesA, B, P , Q, R,
S satisfy the conditions in Notation 4.1, in particular,P andR are symmetric andI+µA
is invertible. Then the Jacobi system(J) is the Jacobi system(Jσ), whose coefficients

A := ÃA, B := ÃB, P := ÃT
P Ã, Q := ÃT

(Q− µP ÃB),

R := R− µQTÃB − µBTÃT
Q + µ2BTÃT

P ÃB

 (4.15)

with Ã = Ã−1
andS = S satisfy the conditions in Notation 2.1.

Proof. By using the formulasµη∆ = ησ− η andµq∆ = qσ− q, we obtain from the first
two equations in (J) the identities

η = Ã (ησ − µBv), qσ = ÃT
q + µÃT

P Ãησ + µÃT
(Q− µP ÃB) v.

Upon inserting these formulas forη andqσ into system (J) we will obtain the system
(Jσ) with the coefficientsA,B, P, Q, R given by (4.15). Finally, for the matrices̃A and
S given in (2.1) we have

Ã = (I − µÃ)−1 = Ã−1
, S = R + µQT ÃB = R− µBTÃT

Q = S

as in (4.2). This completes the proof.

Proposition 4.15 (Jacobi(Jσ) to Jacobi (J)). Assume that the matricesA, B, P , Q, R,
S satisfy the conditions in Notation 2.1, in particular,P andR are symmetric andI−µA
is invertible. Then the Jacobi system(Jσ) is the Jacobi system(J), whose coefficients

A := ÃA, B := ÃB, P := ÃTPÃ, Q := ÃT(µPÃB + Q),

R := R + µQTÃB + µBTÃTQ + µ2BTÃTPÃB

}
(4.16)

with Ã = Ã−1 andS = S satisfy the conditions in Notation 4.1.
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Proof. The proof is similar to the proof of Proposition 4.14, the details are omitted.

Remark4.16. The transformations in Propositions 4.14 and 4.15 show that the sym-
plectic structure is deeply rooted in the Jacobi systems (Jσ) and (J). Indeed, the result
of Theorem 4.8 (and Proposition 4.12) can be obtained from Theorem 3.1 (and Propo-
sition 3.7) applied to the data in (4.15). Conversely, the result of Theorem 3.1 (and
Proposition 3.7) can be obtained from Theorem 4.8 (and Proposition 4.12) applied to
the data in (4.16). However, this equivalence of results is lost when we start consid-
ering the Jacobi systems (Jσ) and (J) as their corresponding Hamiltonian systems (Hσ)
and (H). For example, the matricesT (andV ) obtained from their definitions in (2.2)
through the coefficients (4.15) become much more complicated than the matricesT (and
V ) used in (4.3), because the matrixT involves the inverse ofR from (4.15). Therefore,
Proposition 4.4 cannot be obtained from Proposition 2.5 just because the forms of the
systems (Hσ) and (H) are different. For this reason a direct approach to the result in
Lemma 4.9 is essential.

Remark4.17. In [40] it is shown that the Jacobian matrix of discrete nonlinear Hamil-
tonian systems is symplectic. The same result can be derived for nonlinear Hamiltonian
systems on time scales

x∆ = Hp(t, x
σ, p), p∆ = −Hx(t, x

σ, p), t ∈ [a, ρ(b)]T.

More precisely, assuming that the functionH(t, ·, ·) has continuous second order partial
derivatives with respect tox andp and the matrixI−µHpx is invertible for all(t, x, u) ∈
[a, ρ(b)]T×D for some domainD ⊆ R2n, then the associated phase flow(F, G)(t, ·, ·) :
R2n → R2n defines a symplectic transformation, i.e.,(

Fx Fp

Gx Gp

)∆

= S
(

Fx Fp

Gx Gp

)
, (4.17)

with

S :=

(
Hpx (I − µHpx)

−1 (I − µHpx)
−1Hpp

−Hxx (I − µHpx)
−1 −µHxx (I − µHpx)

−1Hpp −Hxp

)
, (4.18)

where the matrixS satisfies (1.4). This is a generalization of the discrete time result
in [40, Theorem 2.1]. Since the proof of the above time scale result is similar to the
corresponding proof in [40] (usingHpx = HT

xp and the symmetry ofHxx andHpp), it
is here omitted. Note that system (4.17) withS given by (4.18) is in fact a Hamiltonian
system (Hσ) from Section 1 withA := Hpx, B := Hpp, C := Hxx, andÃ = (I −
µHpx)

−1.
Similarly we can consider the nonlinear Hamiltonian system

x∆ = Hp(t, x, pσ), p∆ = −Hx(t, x, pσ), t ∈ [a, ρ(b)]T,
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with I +µH xp invertible for all(t, x, u) ∈ [a, ρ(b)]T×D. Then the corresponding phase
flow satisfies system (4.17) withS := S, where

S :=

(
H px − µH pp (I + µH xp)

−1H xx H pp (I + µH xp)
−1

−(I + µH xp)
−1H xx −H xp (I + µH xp)

−1

)
(4.19)

satisfies (1.4). The system in (4.17) withS := S given by (4.19) is then a Hamiltonian
system (H) from the beginning of this section withA := H px, B := H pp, C := H xx,
andÃ = (I + µHT

xp)
−1.

5 Jacobi Systems for Calculus of Variations Problems

Problems in time scale calculus of variations have attracted a lot of interest recently,
see e.g. [7, 9, 28, 33]. These are the problems of the form (Cσ) with f(t, xσ, u) = u in
the equation of motion (1.1), or of the form (C) withg(t, x, u) = u in the equation of
motion (4.1). Therefore, in both cases we havex∆ = u (which implies thatm = n) and
the matricesA = 0 = A, B = I = B, andÃ = I = Ã are constant. In this case we
can solve the third equation in systems (Jσ) and (J) for v and insert it back to the first
two equations. This way we obtain the Jacobi equation (Jσ

cov) displayed in Section 1 and
the Jacobi equation (Jcov) presented below. The results from Sections 3 and 4 specified
to the calculus of variations setting then yield the following new results. Note that these
results are new even in the discrete time calculus of variations case.

Notation5.1(Jacobi system(Jσ
cov)). The matricesP , Q, R and the vectorη in (Jσ

cov) have
the following properties:P, Q, R ∈ Rn×n and these matrices are defined on[a, ρ(b)]T

andP andR are symmetric;η ∈ Rn is defined on[a, b]T. Furthermore, we define the
matrixS ∈ Rn×n by

S := R + µ QT .

Corollary 5.2 (Jacobi (Jσ
cov) to symplectic (S)). Assume thatP , Q, R, S satisfy the

conditions in Notation 5.1 withS invertible. Then the Jacobi equation(Jσ
cov) is the

symplectic system(S), whose coefficients

A = −S−1QT , C = PS−1R−QS−1QT ,

B = S−1, D = (Q + µP ) S−1

}
(5.1)

with I + µA = S−1R satisfy the conditions in Notation 2.3. Thus, the resulting sym-
plectic system(S) is Hamiltonian if and only if the matrixR is invertible.

Proof. This is a special case of Theorem 3.1.

The symplectic system (S) arising from the Jacobi equation (Jσ
cov) has the coefficient

B = S−1 invertible. In the following we shall see that this is a characteristic property of
time scale symplectic systems (S) which are equivalent to Jacobi equations (Jσ

cov).
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Corollary 5.3 (Symplectic (S) to Jacobi (Jσ
cov)). Assume thatA, B, C, D satisfy the

conditions in Notation 2.3 withB invertible. Then the time scale symplectic system(S)
is the Jacobi equation(Jσ

cov), whose coefficients

P = C− D B−1A, Q = −AT BT−1, R = B−1(I + µA) (5.2)

with S = B−1 satisfy the conditions in Notation 5.1.

Proof. The symmetry ofP andR follows from conditions (2.3).

The quadratic form associated with the Jacobi equation (Jσ
cov) is

ω(η) := (ησ)T Pησ + 2 (ησ)T Qη∆ + (η∆)T Rη∆.

The relation ofω(η) with the quadratic formQ(η, q) defined in (2.9) is shown in the
next statement.

Proposition 5.4 (Quadratic forms for (Jσ
cov) and (S)). Assume that

(i) eitherP , Q, R, S satisfy the conditions in Notation 5.1 withS invertible andA,
B, C, D are given by(5.1),

(ii) or A, B, C, D satisfy the conditions in Notation 2.3 withB invertible andP , Q, R
are given by(5.2).

If (η, q) is (A, B)-admissible, thenω(η) = Q(η, q). Conversely, for anyη ∈ C1
prd on

[a, b]T the pair(η, q) with q := Sη∆ + QTη = B−1(η∆ − Aη) is (A, B)-admissible and
Q(η, q) = ω(η).

Proof. Part (i) is a special case of Proposition 3.7, while part (ii) can be shown by direct
calculations.

The above proposition suggests that the quadratic formsω(η) andQ(η, q) are com-
pletely equivalent whenever the two sets of coefficientsP , Q, R andA, B, C, D are
connected by (5.1) or (5.2). The application of this observation to positivity and coer-
civity of quadratic functionals involvingω(η) and to second order sufficient optimality
conditions for calculus of variations problems on time scales is discussed in the next
remark.

Remark5.5. (i) In [33, Theorem 4.1], the coercivity of the accessory problem

I(η) =

(
η(a)
η(b)

)T

Γ

(
η(a)
η(b)

)
+

∫ b

a

ω(η)(t) ∆t

was proven to be equivalent to its positivity through [33, Propositions 4.3, 4.5], assum-
ing R andS invertible. Since these propositions are special cases of known results for
time scale symplectic systems, i.e., [32, Theorem 6.2] and [30, Lemma 7.2], then Propo-
sition 5.4 implies that [33, Theorem 4.1] holds truewithout assumingR invertible.

(ii) As a consequence of part (i) of this remark and of [28, Theorem 2], it follows
that the assumptionR invertible in [33, Theorem 6.1] can now be eliminated.
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Remark5.6. In thediscrete time case, the discrete Jacobi equation (1.5) was intensively
studied in the past. In particular, in [6, Example 3.17] it is shown that underRk andSk =
Rk+QT

k invertible the discrete Jacobi equation (1.5) can be written as the corresponding
discrete linear Hamiltonian system (Hσ), and then as a discrete symplectic system. A
direct consequence of Corollary 5.2 we obtain that the only assumption in order to
write equation (1.5) as a discrete symplectic system is the invertibility of the matrixSk.
Compare also with [6, Section 1.2], [4, Section 4], [2, Section 4], [1, Section 6]. The
key message resulting from this paper is that discrete Jacobi equations (1.5) should be
studied within the framework ofdiscrete symplectic systems(assumingSk is invertible).
We note that the current literature on discrete symplectic systems is very rich, see [10,
14–17].

In the second part of this section we will study the Jacobi equation

[(R− µQ) η∆ + (QT− µP ) η]∆ = P η + Qη∆ (Jcov)

and its corresponding symplectic system formulation. Equation (Jcov) is obtained from
the Jacobi system (J) by takingA = 0 andB = I, or it can be derived directly from the
corresponding Euler–Lagrange equation in [41, pg. 228].

Notation5.7(Jacobi system (Jcov)). The matricesP , Q, R and the vectorη in (Jcov) have
the following properties:P , Q, R ∈ Rn×n and these matrices are defined on[a, ρ(b)]T

andP andR are symmetric;η ∈ Rn is defined on[a, b]T. Furthermore, we define the
matrixS ∈ Rn×n by

S := R− µ Q.

Corollary 5.8 (Jacobi (Jcov) to symplectic (S)). Assume thatP , Q, R, S satisfy the
conditions in Notation 5.7 withS invertible. Then the Jacobi equation(Jcov) is the
symplectic system(S), whose coefficients

A = S−1(µP −QT ), C = P + QS−1(µP −QT ),

B = S−1, D = QS−1

}
(5.3)

with I + µD = RS−1 satisfy the conditions in Notation 4.3. Thus, the resulting sym-
plectic system(S) is Hamiltonian if and only if the matrixR is invertible.

Proof. This is a special case of Theorem 4.8.

Similarly to Corollary 5.3, time scales symplectic systems (S) with B invertible
characterize Jacobi equations (Jcov).

Corollary 5.9 (Symplectic (S) to Jacobi (Jcov)). Assume thatA, B, C, D satisfy the
conditions in Notation 4.3 withB invertible. Then the time scale symplectic system(S)
is the Jacobi equation(Jcov), whose coefficients

P = C− D B−1A, Q = D B−1, R = (I + µD) B−1 (5.4)

with S = B−1 satisfy the conditions in Notation 5.7.
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The quadratic form associated with the Jacobi equation (Jcov) is

ω(η) := ηT P η + 2 ηT Qη∆ + (η∆)T R η∆.

Its relation with the quadratic formQ(η, q) is shown in the following statement.

Corollary 5.10 (Quadratic forms for (J cov) and (S)). Assume that

(i) eitherP , Q, R, S satisfy the conditions in Notation 5.7 withS invertible andA,
B, C, D are given by(5.3),

(ii) or A, B, C, D satisfy the conditions in Notation 4.3 withB invertible andP , Q, R
are given by(5.4).

If (η, q) is (A, B)-admissible, thenω(η) = Q(η, q). Conversely, for anyη ∈ C1
prd on

[a, b]T the pair (η, q) with q := Sη∆ − (µP − QT ) η = B−1(η∆ − Aη) is (A, B)-
admissible andQ(η, q) = ω(η).

In Propositions 4.14 and 4.15 we presented transformations between the Jacobi sys-
tems (Jσ) and (J). If we specialize these transformations to the calculus of variations
setting, then we obtain the following.

Corollary 5.11 (Jacobi (Jcov) to Jacobi (Jσ
cov)). Assume that the matricesP , Q, R, S

satisfy the conditions in Notation 5.7, in particular,P and R are symmetric andS is
invertible. Then the Jacobi system(Jcov) is the Jacobi system(Jσ

cov), whose coefficients

P := P , Q := Q− µP , R := R− µQ− µQT + µ2P (5.5)

with S = S satisfy the conditions in Notation 5.1.

Corollary 5.12 (Jacobi (Jσ
cov) to Jacobi (Jcov)). Assume that the matricesP , Q, R, S

satisfy the conditions in Notation 5.1, in particular,P and R are symmetric andS is
invertible. Then the Jacobi system(Jσ

cov) is the Jacobi system(Jcov), whose coefficients

P := P, Q := µP + Q, R := R + µQT + µQ + µ2P (5.6)

with S = S satisfy the conditions in Notation 5.7.

Remark5.13. (i) By using the transformations in Corollaries 5.11 and 5.12, the above
results about the Jacobi equation (Jcov) and the quadratic formω(η) can be obtained form
the corresponding results on the Jacobi equation (Jσ

cov) and the quadratic formω(η). In
particular, the identityω(η) = ω(η) holds for any functionη ∈ C1

prd, which can be also
verified by a direct calculation.

(ii) The results in Corollaries 5.3 and 5.9 show that once the coefficientB in the
symplectic system is invertible, then this symplectic system can be written as either the
Jacobi equation (Jσcov) or the Jacobi equation (Jcov). On the other hand, both Jacobi equa-
tions (Jσcov) and (Jcov) can be written as time scale symplectic systems withB invertible.
So from this point of view are Jacobi equations (Jσ

cov) and (Jcov) equivalent, and every
result pertaining one form can be transformed into a result for the other form.
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Remark5.14. The matricesT , V andT , V defined in (2.2) and (4.3) have now the form

T = R−1S, V = S−1R, T = SR−1, V = RS−1.

Therefore, the results of Lemmas 3.2 and 4.9 are in this case straightforward.
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[41] R. Šimon Hilscher, A note on the time scale calculus of variations problems, in:
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