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Abstract
We investigate the global stability, periodic character, and the boundedness
nature of the solutions of several special cases which are contained in the difference
equation
αn + βn xn xn−1 + γn xn−1
xn+1 =
, n = 0, 1, . . . ,
An + Bn xn xn−1 + Cn xn−1
where the parameters αn , βn , γn , An , Bn , Cn are nonnegative periodic sequences,
and the initial conditions x−1 , x0 are nonnegative real numbers, such that the denominators are always positive.

AMS Subject Classifications: 39A10, 39A11, 39A20.
Keywords: Boundedness, invariant, periodicity, nonautonomous rational difference
equations, rational systems.
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Introduction and Preliminaries

We investigate the global stability, periodic character, and the boundedness nature of the
solutions of several special cases which are contained in the difference equation
αn + βn xn xn−1 + γn xn−1
xn+1 =
, n = 0, 1, . . .
(1.1)
An + Bn xn xn−1 + Cn xn−1
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where the parameters αn , βn , γn , An , Bn , Cn are nonnegative periodic sequences, and
the initial conditions x−1 , x0 are nonnegative real numbers, such that the denominator
is positive.
We will make use of the following known results. For the next three theorems, we
consider the difference equation defined by
xn+1 = f (xn , xn−1 ), n = 0, 1, . . . .

(1.2)

Theorem 1.1 (Amleh, Camouzis, Ladas [1]). Let I be a set of real numbers and let
f :I ×I →I
be a function f (z1 , z2 ) which increases in both variables. Then for every solution,
∞
∞
{xn }∞
n=−1 , of Eq. (1.2), the subsequences {x2n }n=0 and {x2n+1 }n=−1 of even and odd
terms of the solution do exactly one of the following:
(i) Eventually they are both monotonically increasing.
(ii) Eventually they are both monotonically decreasing.
(iii) One of them is monotonically increasing and the other is monotonically decreasing.
Theorem 1.2 (El-Metwally, Grove, Ladas, Voulov [18,21]). Let I be an interval of real
numbers and let
xn+1 = F (xn , xn−1 , . . . , xn−k ), n = 0, 1, . . . ,

(1.3)

where F ∈ C(I k+1 , I). Assume that the following three conditions are satisfied:
1. F is increasing in each of its arguments.
2. F (z1 , . . . , zk+1 ) is strictly increasing in each of the arguments zi1 , zi2 , . . . , zil
where 1 ≤ i1 < i2 < · · · < il ≤ k + 1, and the arguments i1 , i2 , . . . , il are
relatively prime.
3. Every point c in I is an equilibrium point of the Eq. (1.3).
Then every solution of Eq. (1.3) has a finite limit.
Theorem 1.3 (Camouzis, Ladas [13, 14]). Let I be a set of real numbers and suppose
that
f :I ×I →I
be a function f (z1 , z2 ) which decreases in z1 and increases in z2 . Then for every solu∞
∞
tion, {xn }∞
n=−1 , of Equation (1.2) the subsequences {x2n }n=0 and {x2n+1 }n=−1 of even
and odd terms of the solution are either both monotonically increasing, both monotonically decreasing, or eventually one subsequence is monotonically increasing while the
other is monotonically decreasing.
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Our work was motivated by the results of Amleh, Camouzis, and Ladas in [1, 2],
where they investigated the autonomous difference equation
xn+1 =

α + βxn xn−1 + γxn−1
, n = 0, 1, 2, . . . ,
A + Bxn xn−1 + Cxn−1

(1.4)

where the parameters and initial conditions are nonnegative such that the denominators
are always positive. Further motivation was given by Ladas in the following conjecture.
Conjecture 1.4 (G. Ladas). Let α > 0 and
α

xn+1 =
1+

Q

k−1
i=0

xn−i

 , n = 0, 1, . . . .

(1.5)

For any pair of nonnegative initial conditions x−1 , x0 , every solution to Eq. (1.4) converges.
Introducing periodic coefficients in rational difference equations has been studied
previously, for example, see [12, 17].
Comparing the limiting behavior of difference equations with periodic coefficients
to the corresponding autonomous equations where constant coefficients are the average
of their periodic counterparts is of interest. A nonautonomous difference equation with
periodic coefficients is said to be advantageous if the average of the periodic limits of the
corresponding nonautonomous case is more than the limit of the autonomous equation
with average coefficients. For more insight on deleterious and advantageous difference
equations, see [17, 19].
For some basic results in the area of difference equations and systems, see [3–11,
15, 16, 20–29].
In this paper, we consider several special cases of Eq. (1.1), assuming nonnegative
periodic coefficients. A sequence of coefficients {αn }∞
n=0 is said to have period p if
αn = αn+p for all n. We follow the numbering system used in [1, 2].

2

Equation #1

In this section, we consider the special case of Equation (1.1) given below.
xn+1 =

αn
, n = 0, 1, . . . .
1 + xn xn−1

(2.1)

The case for αn = α for all n, was studied by Amleh, Camouzis and Ladas in [1],
where it was shown that every solution of this equation converges for α < 2. There
is was conjectured that the convergence holds for all positive values of α, which is a
special case of Conjecture 1.4.
In this section we confirm Conjecture 1.4 for k = 2. Furthermore, we investigate
the behavior of Eq. (2.1) when the coefficients have a periodic nature.

22

E. Drymonis, Y. Kostrov and Z. Kudlak
When αn = α for all n, then Eq. (2.1) can be written as follows:
xn+1 =

α
, n = 0, 1, . . . .
1 + xn xn−1

(2.2)

According to [1], Eq. (2.2) has a unique equilibrium point x̄, which is the unique positive
root of the cubic equation
x̄3 + x̄ − α = 0,
and is locally asymptotically stable for all values of the parameter α.
Theorem 2.1. Let α > 0. Then the unique positive equilibrium point x̄ of Eq. (2.2) is a
global attractor of all positive solutions of Eq. (2.2).
Remark 2.2. Theorem 2.1 completes the proof that Eq. (2.2) converges for all values of
α ≥ 0.
Proof of Theorem 2.1. Our proof is based on the global character of the rational system
un+1 =

un
α2 + un
and vn+1 =
, n = 0, 1, . . .
vn
vn

(2.3)

with the parameter α positive and both initial conditions u0 and v0 positive. This system
has the boundedness characterization (B,B), which means that both components of every
solution of System (2.3) are always bounded. See [6, 10]. Actually, for System (2.3) it
holds that both components are also bounded from below by positive numbers. In [10]
it was shown that every solution of System (2.3) converges to a finite limit. Based on
that proof we establish that every positive solution of Eq. (2.2) converges to x̄ for all
values of α ≥ 0.
The equilibrium points of System (2.3) are the points (ū, v̄) ∈ (0, ∞)2 that are
solutions of the system
ū
α2 + ū
and v̄ =
ū =
v̄
v̄
from which it follows that ū is the unique positive root of the cubic equation
ū3 − ū2 − 2α2 ū − α2 = 0,
and v̄ is the unique positive root of the cubic equation
v̄ 3 − v̄ 2 − α2 = 0.
Thus System (2.3) has a unique equilibrium point (ū, v̄).
By substituting the value of vn from the first equation of System 2.3 into the second,
we see that the component un satisfies the second-order rational difference equation
un+1 =

(α2 + un )(α2 + un− )
, n = 1, 2, . . . .
un un−1

(2.4)
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Similarly, by substituting the value of un from the second equation of the system into
the first, we see that the component vn satisfies the second-order rational difference
equation
α2 + vn vn−1
, n = 1, 2, . . . .
(2.5)
vn+1 =
vn vn−1
Both Eqs. (2.4) and (2.5) have unique equilibrium points which are ū and v̄ respectively.
By iterating the value of un in the denominator of Eq. (2.4) we have
un+1 = (α2 + un )

α2

un−2
, n = 2, 3, . . . .
+ un−2

(2.6)

The function associated with Eq. (2.6) increases in all of its arguments and every point
of Eq. (2.6) is an equilibrium point. Thus, Theorem 1.2 applies, implying that every
solution of Eq. (2.6) has a finite limit. Therefore, the unique equilibrium point ū of
α2 + un
,
Eq. (2.4) is a global attractor of every solution of Eq. (2.4). Then, since vn =
un+1
we have that
α2 + ū
= v̄.
(2.7)
vn →
ū
This shows that v̄ is a global attractor for every solution of Eq. (2.5). The change of
variables
α
vn =
(2.8)
xn
transforms Equation (2.5) into Equation (2.2) from which the result follows.
Theorem 2.3. Assume that {αn }∞
n=0 is a periodic sequence of prime period p. Then,
every solution to Equation (2.1) is bounded.
Proof. The case when p = 1 has been shown in [1]. Thus, we assume p ≥ 2, and that
{αn }∞
n=0 is a sequence with prime period p. Let us define M = max{α0 , . . . , αp−1 } and
m = min{α0 , . . . , αp−1 }. We can see that
xn+1 =

αn
≤ αn ≤ M,
1 + xn xn−1

(2.9)

xn+1 =

αn
m
≥
.
1 + xn xn−1
1 + M2

(2.10)

and

Thus, the sequence is bounded.

Convergence of Equation (2.1) with Period-2 Coefficients
We now consider the case when {αn }∞
n=0 is a prime period-two sequence. That is,
{αn }∞
n=0 = {α0 , α1 , α0 , α1 , . . .},

24

E. Drymonis, Y. Kostrov and Z. Kudlak

with α0 6= α1 .
For any solution of Eq. (2.1), the odd and even terms satisfy the following equations:
x2n+1 =

α0
, n = 0, 1, . . . ,
1 + x2n x2n−1

(2.11)

x2n+2 =

α1
, n = 0, 1, . . . .
1 + x2n+1 x2n

(2.12)

We can see that if one of the coefficients is zero, say α0 , then x2n+1 = 0 for all n ≥ 0,
and x2n+2 = α1 for all n ≥ 0. The case for α1 = 0 and α0 > 0 follows similarly. In the
sequel, we assume that α0 · α1 > 0.
Let us define
zn+1 = x2n+1 · x2n+2 .
And further, set A = α0 · α1 . Then,
zn+1 =

A
.
(1 + zn−1 )(1 + zn )

Lemma 2.4. Every solution of Eq. (2.13) converges to a finite limit.
√
A
Proof. The change of variables zn =
− 1 transforms Eq. (2.13) into
yn
√
A
.
yn+1 =
1 + yn yn−1

(2.13)

(2.14)

Therefore, by Theorem 2.1, the result follows.
Theorem 2.5. When {αn }∞
n=0 is a periodic sequence with prime period two, every solution of Eq. (2.1) converges to a prime period-two sequence.
Proof. It follows from Lemma 2.4 that lim xn xn−1 = L, where L is the unique positive
n→∞
equilibrium of Eq. (2.13). Thus, the subsequences of odd and even terms of every
α0
α1
solution of Eq. (2.1) converge to
and
respectively.
1+L
1+L
Theorem 2.6. When {αn }∞
n=0 is a prime period-two sequence, Eq. (2.1) is advantageous.
Proof. Let α0 , α1 be given, and let a =
We consider the equation
yn+1 =

α0 + α1
.
2

a
,
1 + yn yn−1

n = 0, 1, . . . .

(2.15)

On Rational Difference Equations with Nonnegative Periodic Coefficients

25

According to Theorem 2.5, every solution to Eq. (2.15) converges to ȳ, the unique positive solution to ȳ 3 + ȳ − a = 0. Let us define the following function, which is strictly
increasing on (0, ∞).
f (y) = y 3 + y − a.
The unique positive equilibrium point, z̄, of Eq. (2.13) is the unique positive root of the
cubic equation
z̄ 3 + 2z̄ 2 + z̄ − α0 α1 = 0.
α0
and
From Theorem 2.5, we have that the subsequence {x2n+1 }∞
n=0 converges to
1 + z̄
α1
the subsequence {x2n }∞
. We define
n=0 converges to
1 + z̄
l=

α0
1+z̄

+
2

α1
1+z̄

=

a
.
1 + z̄

We claim that l > ȳ. It suffices to show that f (l) > 0. We have
a
a3
+
−a
3
(1 + z̄)
1 + z̄
a(α0 − α1 )2
> 0.
=
4(1 + z̄)3

f (l) =

This completes the proof.

3

Equation #2

In this section, we consider the special case of Eq. (1.1) given below.
αn
, n = 0, 1, . . .
xn+1 =
(1 + xn )xn−1

(3.1)

When αn = α for all n ≥ 0, it was shown in [1] that Eq. (3.1) possess the invariant


1
1
xn−1 + xn + xn−1 xn + α
+
= constant, for all n ≥ 0,
(3.2)
xn−1 xn
from which it follows that every positive solution is bounded from above and from
below by positive constants.
Amazingly, when {αn }∞
n=0 is a prime period-two sequence, Eq. (3.1) also possesses
an invariant, which is as follows:
αn
αn+1
xn−1 + xn + xn−1 xn +
+
= constant, for all n ≥ 0.
(3.3)
xn−1
xn
The proof of the following theorem is a consequence of (3.3).
Theorem 3.1. Assume {αn }∞
n=0 is a prime period-two sequence. Then, every positive
solution of Equation (3.1) is bounded from above and below by positive constants.
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Equation #3

In this section, we consider the special case of Eq. (1.1) given below.
xn+1 =

βn xn xn−1
, n = 0, 1, . . . .
1 + xn xn−1

(4.1)

The case for βn = β was studied in [1], where it was established that every positive
solution to Eq. (4.1) converges to a finite limit.
In the nonautonomous case, we have established the following results.
Theorem 4.1. Let {βn }∞
n=0 be a periodic sequence with period p ≥ 1. Then every
solution to Eq. (4.1) is bounded.
Proof. The case when p = 1 has been shown in [1]. Thus, we assume p ≥ 2 and that
{βn }∞
n=0 is a periodic sequence with prime period p. Let b = max{β0 , . . . , βp−1 }. We
can see that
βn xn xn−1
≤ βn ≤ b.
(4.2)
xn+1 =
1 + xn xn−1
The proof is complete.

Convergence of (4.1) with Period-two Coefficients
We now consider the case when {βn }∞
n=0 is a prime period-two sequence. That is,
{βn }∞
n=0 = {β0 , β1 , β0 , β1 , . . .}
with β0 6= β1 . For any solution of Eq. (4.1) the odd and even terms satisfy the following
equations:
β0 x2n x2n−1
, n = 0, 1, . . . ,
1 + x2n x2n−1
β1 x2n+1 x2n
=
, n = 0, 1, . . . .
1 + x2n+1 x2n

x2n+1 =

(4.3)

x2n+2

(4.4)

Clearly, if one of β0 or β1 is equal to zero, then xn = 0 for all n ≥ 1. In the sequel, we
consider β0 · β1 > 0.
Let us define
zn+1 = x2n+1 · x2n+2 ,
and furthermore, set B = β0 · β1 . Then,
zn+1 =

Bzn zn−1
, n = 0, 1, . . . .
(1 + zn )(1 + zn−1 )

(4.5)

Bzn zn−1
≤ B, for all n ≥ 0.
(1 + zn )(1 + zn−1 )

(4.6)

Clearly,
0 ≤ zn+1 =
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Lemma 4.2. Every solution of Eq. (4.5) converges to a finite limit.
Bxy
associated with Eq. (4.5) is increasing in
(1 + x)(1 + y)
∞
both variables. Therefore, by Theorem 1.1, the subsequences {z2n }∞
n=0 and {z2n+1 }n=0
of every solution are eventually monotonic. Since {zn }∞
n=0 is bounded, they must converge to a finite limit. Furthermore, Eq. (4.5) does not have any prime period-two solutions, thus both subsequences must converge to the same equilibrium of Eq. (4.5).
Proof. The function f (x, y) =

For Eq. (4.5), z̄ = 0 is always an equilibrium solution. Furthermore, Eq. (4.5) can
have at most two additional equilibria, which are given by
p
(B − 2) ± B(B − 4)
.
(4.7)
z̄ =
2
In view of Eq. (4.7), if B = 4, then we have one additional equilibrium point, z̄ = 1.
If B > 4 then we have two additional equilibrium points, say z̄1 < z̄2 . Finally, when
B < 4, z̄ = 0 is the only equilibrium point.
Lemma 4.3. When B < 4, the equilibrium point z̄ = 0 of Eq. (4.5) is globally asymptotically stable.
Proof. The proof follows directly from Lemma 4.2 and the fact that when B < 4, z̄ = 0
is the unique equilibrium point of Eq. (4.5).
Lemma 4.4. When B = 4, in addition to the zero equilibrium, we also have a unique
positive equilibrium z̄ = 1. Furthermore, z̄ = 0 is locally asymptotically stable and
z̄ = 1 is non-hyperbolic. Furthermore, we have,
(i) if for some N > 0, zN −1 , zN ∈ [0, 1), then
zn ∈ [0, 1) for all n ≥ N,

(4.8)

and
lim zn = 0.

n→∞

(ii) if for some N > 0, zN −1 , zN ∈ [1, ∞), then
zn ∈ [1, ∞) for all n ≥ N,

(4.9)

and
lim zn = 1.

n→∞

(iii) if the subsequences {z2n+1 } and {z2n } lie one in the interval [0, 1] and the other
in the interval [1, ∞), then
lim zn = 1.
n→∞
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Lemma 4.5. When B > 4, in addition to the zero equilibrium we have exactly two
positive equilibria, namely
z̄ =

(B − 2) ±

p
B(B − 4)
,
2

where z̄1 is the smaller root and z̄2 is the larger. Furthermore, we have,
(i) if for some N > 0, zN −1 , zN ∈ [0, z̄1 ), then
zn ∈ [0, z̄1 ) for all n ≥ N,

(4.10)

and
lim zn = 0.

n→∞

(ii) if for some N > 0, zN −1 , zN ∈ (z̄1 , z̄2 ], then
zn ∈ (z̄1 , z̄2 ] for all n ≥ N,

(4.11)

and
lim zn = z̄2 .

n→∞

(iii) if for some N > 0, zN −1 , zN ∈ [z̄2 , ∞), then
zn ∈ [z̄2 , ∞) for all n ≥ N,

(4.12)

and
lim zn = z̄2 .

n→∞

(iv) if the subsequences {z2n+1 } and {z2n } eventually lie one in the interval [0, z̄1 ] and
one in the interval [z̄1 , z̄2 ), then the lim zn = z̄1 . And if the subsequences lie one
n→∞

in the interval (z̄1 , z̄2 ] and one in [z̄2 , ∞) then the lim zn = z̄2 .
n→∞

The proof of Theorem 4.6 follows from the lemmas above.
Theorem 4.6. Let {βn }∞
n=0 be a periodic sequence with prime period-two. Then for
B = β0 · β1 < 4, every solution of Eq. (4.1) converges to 0. For B ≥ 4, every solution
of Eq. (4.1) converges to a period-two solution.
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Equation #5

In this section, we consider the special case of Eq. (1.1) given below.
γn xn−1
, n = 0, 1, . . .
xn+1 =
1 + xn xn−1

(5.1)

For the case when γn = γ for all n, it was shown in [1] that every positive solution to
Eq. (5.1) is bounded.
In the sequel, we consider the case when {γn }∞
n=0 is a positive, prime period-two
sequence. That is,
{γn }∞
n=0 = {γ0 , γ1 , . . .},
with γ0 6= γ1 , and γ0 · γ1 > 0. In this case, we have the following main result.
Theorem 5.1. If {γn }∞
n=0 is a periodic sequence with prime period-two, then there exists
unbounded solutions of Eq. (5.1).
For any solution of Eq. (5.1), the odd and even terms satisfy the following equations:
γ0 x2n−1
, n = 0, 1, . . . ,
(5.2)
x2n+1 =
1 + x2n x2n−1
γ1 x2n
, n = 0, 1, . . . .
(5.3)
x2n+2 =
1 + x2n+1 x2n
Let us define
zn+1 = x2n+1 x2n+2
from which it follows that
zn+1 =

γ0 γ1 zn−1
n = 0, 1, . . . .
(1 + zn )(1 + zn−1 )

(5.4)

Lemma 5.2. When
γ0 · γ1 ≤ 1,
zero is a globally asymptotically stable equilibrium of Eq. (5.4).
Proof. Consider the monotone character of the function
γ0 γ1 y
f (x, y) =
,
(1 + x)(1 + y)
which is decreasing in x and increasing in y. Therefore, Theorem 1.3 applies,and because Eq. (5.4) has no period-two solutions when γ0 · γ1 < 1, it follows that every
solution of Eq. (5.4) converges to a finite limit. Furthermore, the equilibrium points, z̄,
of Eq. (5.4) satisfy the following equation:
z̄(1 + 2z̄ + z̄ 2 ) = γ0 γ1 z̄,

(5.5)

which has the unique solution z̄ = 0 when γ0 γ1 < 1. Since z̄ = 0 is locally asymptotically stable, the result follows.
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With Lemma 5.2 in place, we proceed to prove Theorem 5.1.

Proof of Theorem 5.1. Choose initial conditions x−1 and x0 and the parameters γ0 and
γ1 such that the following conditions are satisfied:
x−1 < γ0 < 1 < γ1 < x0 ,

(5.6)

γ0 · γ1 = 1.

(5.7)

We see that

γ0 x−1
< γ0 x−1 .
1 + x0 x−1

x1 =

(5.8)

Thus, by induction, we see that the subsequence of odd terms {x2n+1 } is decreasing,
and converges to zero.
Furthermore, by Lemma 5.2 we know that there exists some N > 0 such that for all
n ≥ N , xn · xn−1 < γ1 − 1. Thus,
x2N +1 x2N < γ1 − 1
γ1 > 1 + x2N +1 x2N
γ1
> 1,
1 + x2N +1 x2N

(5.9)
(5.10)
(5.11)

and so,
x2N +2

γ1 x2N
=
=
1 + x2N +1 x2N



γ1
1 + x2N +1 x2N


x2N .

(5.12)

By induction, it follows that lim x2n = ∞.
n→∞

Theorem 5.3. If
γ0 , γ1 ∈ [0, 1),
then every positive solution of Eq. (5.1) converges to zero.
Proof. We know that Eq. (5.1) is bounded from below by zero. Further,
x2n+1 =

γ0 x2n−1
< γ0 x2n−1 ,
1 + x2n x2n−1

(5.13)

γ1 x2n
< γ1 x2n .
1 + x2n+1 x2n

(5.14)

and
x2n+2 =

Thus, by induction, both of the sequences of even and odd terms of Eq. (5.1) converge
to zero, and the result follows.
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Equation #15

In this section we consider the special case of Eq. (1.1) given below.
xn+1 =

αn + xn−1
, n = 0, 1, . . . .
(1 + Bn xn )xn−1

(6.1)

In the autonomous case, that is when αn = α and Bn = B for all n ≥ 0, Amleh,
Camouzis, and Ladas, in [1], showed that every solution of Eq. 6.1 is bounded. Interestingly enough, periodicity destroys boundedness for this equation, as the following
theorem shows.
∞
Theorem 6.1. Assume that {αn }∞
n=0 and {Bn }n=0 are period-three sequences such that

α3n = 0, α3n+1 = 1, α3n+2 = 2, for all n ≥ 0,
and
B3n = 1, B3n+1 = 2, B3n+2 = 1, for all n ≥ 0.
Then
x3n → ∞, x3n+1 → 0, and x3n+2 → 1.
Proof. We see that
1
, n = 0, 1, . . . ,
1 + x3n
1 + x3n
, n = 0, 1, . . . ,
=
(1 + 2x3n+1 )x3n
2 + x3n+1
=
, n = 0, 1, . . . .
(1 + x3n+2 )x3n+1

x3n+1 =

(6.2)

x3n+2

(6.3)

x3n+3

(6.4)

It suffices to show that lim x3n+3 = ∞. By substituting the values of x3n+1 and x3n+2
n→∞
from Eqs. (6.2) and (6.3) into Eq. (6.4), we see that Eq. (6.4) can be written as


1 + 9x3n + 2(x3n )2
x3n .
(6.5)
x3n+3 =
1 + 5x3n + 2(x3n )2
In view of Eq. (6.5), we see that x3n+3 > x3n for all n ≥ 0. Observe that the function
f (u) =

9 + 9u + 2u2
>1
1 + 5u + 2u2

for all u ≥ 0. Thus Eq. (6.5) has zero as the unique equilibrium point, from which the
result follows.
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[27] M. R. S. Kulenović and M. Nurkanović. Asymptotic behavior of a system of linear
fractional difference equations. J. Inequal. Appl., (2):127–143, 2005.
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