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Abstract 

The ball and plate system is a very unstable and non-linear system. So different 
studies have been interested in this system to develop new control methods and 
algorithms. In this article, we propose a state feedback controller based on the 
Luenberger observer that provides an estimate of the system state. To this end, 
first, considering the feedback delay in the control loop, we determine the state 
space model of the Ball-Plate System, and secondly, based on the geometric 
method and the state feedback control developed in the previous work [7], we 
synthesized an observer. Finally, we tested the effectiveness of our 
methodology through simulation. 

Keywords: Luenberger Observer, Frequency-Domain, Ball-Plate System, State 
Estimation. 

 

INTRODUCTION 

Like the magnetic levitation system [5] and the ball-Beam system [4], the ball and plate 
system has complex dynamics due to its instability and nonlinearity, so it has attracted 
special interest in teaching engineering and research.  The main advantages of this type 
of system are primarily the facility of its implementation and the opportunity for 
experimental verification of theoretical knowledge in modeling, control, and other 
engineering disciplines [2]. 

Several works have been reported in literature. In [6], the ball and plate system uses 
two magnetic actuators for two degrees of freedom. For this system, a controller of ball 
position  using Lyapunov function is designed. The LQR control method is proposed 
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in [8]. In [11] the authors discuss the use of PD position controller and PD angle 
controller to control the ball and plate system. In [3], a new form of proportional 
derivative control, called dual PD control, is proposed for controlling the position of 
the ball. Literature [9] compares two control strategies, the PID controller and the 
sliding mode controller. In [10], four controller are compared: PID, sliding mode, fuzzy 
and LQR. However, all these studies have been carried out either on a simplified one-
dimensional model [13] or by assuming a real-time model [12] that does not take into 
account the delay introduced by the controller within the control loop. 

In order to solve this problem, we propose in this article, the synthesis of an observer 
to estimate the state of the system taking into consideration the feedback delay. To this 
end, we will use a state feedback controller [1] on the one hand, and on the other hand 
a frequential method called geometric approach [7]. 

The rest of this article is structured as follows. In Section 2, we introduced a state space 
model describing the dynamics of the ball and plate system taking into account 
feedback delay. Then, in Section 3, we developed a linear observer to estimate the 
system state. In Section 4, we verified the results obtained through simulation. Finally, 
we introduce our conclusions and future work in Section 5. 

The control law developed in this article is based on a linear model of the ball and plate 
system that was found by applying Lagrange's method, the following section illustrates 
the steps followed. 

 

BALL AND PLATE DYNAMICS 

The control law developed in this article is based on a linear model of the ball and plate 
system that was found by applying Lagrange's method, the following section illustrates 
the steps followed. 

According to Lagrange's method, the model that describes the dynamics of the system 
can be found from the following equation : 

𝜕

𝜕𝑡
(

𝜕𝐿

𝜕�̇�
) −  

𝜕𝐿

𝜕𝑥
= 0                             (1) 

With L is the difference between the kinetic energy and the potential energy of the ball:  

𝐿 = 𝐸𝑘 −  𝐸𝑝                                  (2) 

 



Control of Ball-Plate System with Observer-Based State-Feedback… 37 

Fig.1. Ball-plate system structure 

Neglecting slippage, 𝐸𝑘 can be written as : 

𝐸𝑘 =  
1

2
 𝑚𝑏(�̇�𝑏

2 + �̇�𝑏
2) +  

1

2
 𝐽𝑏𝜔𝑏

2                (3) 

 

And 𝐸𝑝 can be written as : 

   𝐸𝑝  =  −𝑚𝑏𝑔𝑥𝑏 sin(𝛼)−𝑚𝑏𝑔𝑦𝑏 sin(𝛽)           (4) 

 

Based on equations (1),(2),(3) and (4) we find the equation that governs the dynamics 
of the ball along the x-axis: 

�̈�𝑏 =
𝑚𝑏𝑔𝑟𝑏

2

𝑚𝑏𝑟𝑏
2+𝐽𝑏

 sin(𝛼)                          (5) 

 

The equation (5) represents the evolution of the ball along the x axis as a function of 
the angle 𝛼. 

 
Fig.2. The ball-plate system in side view 

 

In our case, the controller acts on the angle 𝜗𝑥, thus using the following equation : 

sin(𝜗𝑥) 𝑟𝑀 = 𝑠𝑖𝑛(𝛼)𝐿𝑋 = ℎ                        (6) 

  

We find the equation that links the input of the system 𝜗𝑥 and the output of the system 
𝑥𝑏 : 

�̈�𝑏 =
𝑚𝑏𝑔𝑟𝑏

2 𝑟𝑀

(𝑚𝑏𝑟𝑏
2+𝐽𝑏) 𝐿𝑋

 sin(𝜗𝑥)                        (7) 

Similarly, following the same approach, the equation that describes the evolution of the 
ball along the y-axis is as follows: 

�̈�𝑏 =
𝑚𝑏𝑔𝑟𝑏

2 𝑟𝑀

(𝑚𝑏𝑟𝑏
2+𝐽𝑏) 𝐿𝑌

 sin(𝜗𝑦)                       (8) 
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Under the hypothesis of small variation of 𝜗𝑥 and 𝜗𝑦, equations (7) and (8) become : 

�̈�𝑏 = 𝐺𝑥 𝜗𝑥                                  (9) 

�̈�𝑏 = 𝐺𝑦 𝜗𝑦                               (10) 

with  

𝐺𝑥 =
𝑚𝑏𝑔𝑟𝑏

2 𝑟𝑀

(𝑚𝑏𝑟𝑏
2+𝐽𝑏) 𝐿𝑋

   and   𝐺𝑦 =
𝑚𝑏𝑔𝑟𝑏

2 𝑟𝑀

(𝑚𝑏𝑟𝑏
2+𝐽𝑏) 𝐿𝑌

 
 

Remark: Because of the similarity of the models along the x-axis and the y-axis, in the 
following we will perform the study of the observer-based state feedback controller 
along the x-axis, and deduce the results for the y-axis. 

Thus, taking into consideration the feedback delay 𝜏1𝑥, the state-space model along the 
x-axis is defined by: 

                  {
  �̇�(𝑡)  =  𝐴 𝑥(𝑡)  +  𝐵 𝑢(𝑡 − 𝜏1𝑥)

 𝑦(𝑡)  =  𝐶 𝑥(𝑡)                             
             (11) 

            

Where  𝑥(𝑡) =  [𝑥𝑏(𝑡) �̇�𝑏(𝑡)] 𝑇, 𝑢(𝑡) =  𝜗𝑥(𝑡) 
 

and  

𝐴 = [
0 1
0 0

] , 𝐵 = [
0

𝐺𝑥
] , 𝐶 = [1 0] 

 

Observer-based state feedback control  

A. The Luenberger Observer 
We will now present the principal objective of this paper, which is to set up a real-time 
observer of the state of system 𝑥(𝑡)  . Equation (12) defines the structure of the observer 
that will be applied, where 𝐿𝑥 = [𝑙𝑥1 𝑙𝑥2]𝑇 is the gain of the observer that will allow 
the estimation error 𝑒(𝑡) = 𝑥(𝑡) − �̂�(𝑡)  to converge to zero. And 𝜏2𝑥  is the delay 
introduced by the Luenberger Observer into the measurement loop. 

{
  �̇̂�(𝑡)  =  𝐴 �̂�(𝑡)  +  𝐵 𝑢(𝑡 − 𝜏1𝑥)

                              +𝐿𝑥[𝑦(𝑡 − 𝜏2𝑥) − �̂�(𝑡 − 𝜏2𝑥)]

 �̂�(𝑡)  =  𝐶 �̂�(𝑡)                              

        (12) 

Applying the Laplace transform, equation (12) will become :   

{

  𝑠 �̂�(𝑠)  =  𝐴 �̂�(𝑠)  +  𝐵 𝑢(𝑠)𝑒−𝜏1𝑥𝑠

                      +𝐿𝑥[𝑦(𝑠) − �̂�(𝑠)]𝑒−𝜏2𝑥𝑠

     �̂�(𝑠)  =  𝐶 �̂�(𝑠)                                
                (13) 

Considering the state feedback controller defined by : 
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                         𝑢(𝑡)  =  −𝐾𝑥 �̂�(𝑡)                               (14) 
We find the equation that governs the dynamics of the estimation error : 

𝑠𝑒(𝑠) = 𝐴 𝑒(𝑠)−𝐿𝑥𝐶 𝑒(𝑠)𝑒−𝜏2𝑥𝑠                (15) 
 

And the characteristic equation is : 

𝐻(𝑠, 𝑒−𝜏2𝑥𝑠) = det (𝑠𝐼2 − (𝐴 − 𝐿𝑥𝐶 𝑒−𝜏2𝑥𝑠))=0      (16) 
 

After simplification, the characteristic equation can be written as : 

𝐻(𝑠, 𝑙𝑥1, 𝑙𝑥2, 𝜏2𝑥) = 𝑄𝐿(𝑠) + 𝑃𝐿(𝑠)𝑒−𝜏2𝑥𝑠            (17)        
                 

With 

𝑄𝐿(𝑠) =  𝑠2 ,    𝑃𝐿(𝑠) =  𝑠 𝑙𝑥1 + 𝑙𝑥2 
 

B. Routh-Hurwitz Criterion 
The Routh-Hurwitz Criterion allows analysis of the system's stability. In our case, we 
will use this criterion to determine the conditions that guarantee the stability based on 
the Luenberger Observer. To do this, let us first consider a zero delay 𝜏2𝑥 = 0 , the 
equation (17) becomes : 

          𝐻(𝑠, 𝑙𝑥1, 𝑙𝑥2, 0) = 𝑠2 + 𝑠 𝑙𝑥1 + 𝑙𝑥2              (18)       
     

So, by applying Routh's criterion to this polynomial, we have found that the parameters 
of the observer's gain 𝐿𝑥 must be strictly positive : 

                    𝑙𝑥1 > 0 ,    𝑙𝑥2 > 0                         (19) 
 

C. Frequency Domain Analysis 
In this section, we will make a more general study of the system stability. To do so, we 
will first consider a non-zero delay 𝜏2𝑥 , then we will consider that equation (17) has a 
pure imaginary root, i.e. the system is at the limit of stability, so we have : 

∀𝜔 > 0, ∃𝜏2𝑥
∗  ∈  ℛ+,          𝐻(𝑗𝜔, 𝑙𝑥1, 𝑙𝑥2, 𝜏2𝑥

∗ ) = 0       (20) 
 

Considering the real and imaginary part, we find: 

{
−𝜔2 + 𝜔𝑙𝑥1 sin(𝜔 𝜏2𝑥

∗ ) + 𝑙𝑥2 cos(𝜔 𝜏2𝑥
∗ ) = 0 

           𝜔𝑙𝑥1 cos(𝜔 𝜏2𝑥
∗ ) − 𝑙𝑥2 sin(𝜔 𝜏2𝑥

∗ ) = 0
 

i.e. : 
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𝑙𝑥1 = 𝜔 𝑠𝑖𝑛(𝜔𝜏2𝑥
∗ )                          (21) 

 𝑙𝑥2 = 𝜔2 cos(𝜔𝜏2𝑥
∗ )                        (22) 

   

For each value of 𝜔, the equations (21) and (22) give us a pair (𝑙𝑥1, 𝑙𝑥2) that places the 
system at the limit of stability, so by varying 𝜔 we find a curve that represents a limit 
of the regions of stability of the system. 

Now we are going to determine the direction of passage [7] given by the sign of  𝑅2𝐼1 −
𝑅1𝐼2, with the real and imaginary parts 𝑅𝑖 and 𝐼𝑖  are defined by : 

𝑅1 + 𝑗𝐼1   =  −
1

𝑠
 
𝜕𝐻(𝑠, 𝑙𝑥1, 𝑙𝑥2, 𝜏2𝑥

∗ )

𝜕𝑙𝑥2
|

𝑠=𝑗𝜔

 

 

𝑅2 + 𝑗𝐼2   =  −
1

𝑠
 
𝜕𝐻(𝑠, 𝑙𝑥1, 𝑙𝑥2, 𝜏2𝑥

∗ )

𝜕𝑙𝑥1
|

𝑠=𝑗𝜔

 

After finding 𝑅𝑖 and 𝐼𝑖 , we have : 

𝑅2𝐼1 − 𝑅1𝐼2 = −
1

𝜔
< 0                      (23) 

                     

This means that when 𝜔 varies in the direction of positive values a solution of (20) 
crosses the imaginary axis from right to left. Thus, using the results found (19), (21), 
(22) and (23), we have identified the region of stability of the closed-loop system. Fig. 
3 shows this region in the case 𝜏2𝑥

∗ = 0.4 𝑠 

 
Fig.3. Stability region in (𝑙𝑥2, 𝑙𝑥1) plane with  𝜏2𝑥

∗ = 0.4 

 

Every point (𝑙𝑥1
∗ ,  𝑙𝑥2

∗ )  belonging to the region of stability has defined an observation 
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gain 𝐿𝑥
∗ = [𝑙𝑥1

∗  𝑙𝑥2
∗ ]𝑇   where the characteristic equation  𝐻(𝑠, 𝑙𝑥1

∗ , 𝑙𝑥2
∗ , 𝜏2𝑥) = 0  is 

Hurwitz for any delay 𝜏2𝑥 < 𝜏2𝑥
∗   , where 𝜏2𝑥

∗  is the critical delay. 

D. Critical Delay 

The stability of the closed-loop system requires that all the roots of the characteristic 
equation (17) have a strictly negative real part. Thus, to determine the critical delay 
𝜏2𝑥 

∗ , we will consider the limit of stability which corresponds to a pure imaginary root 
of equation (17), i.e. : 

𝑄𝐿(𝑗𝜔) + 𝑃𝐿(𝑗𝜔)𝑒−𝜏2𝑥𝑗𝜔 = 0 
Thus, we have : 

cos(𝜔 𝜏2𝑥
∗ ) − j sin(𝜔 𝜏2𝑥

∗ ) =  
 𝜔2

𝑗𝜔𝑙𝑥1
∗ +  𝑙𝑥2

∗  

Thus, the critical delay is : 

𝜏2𝑥  
∗ =

1

𝜔
 𝐴𝑟𝑐𝑐𝑜𝑠 [

𝑙𝑥2
∗  𝜔2

(𝑙𝑥2
∗ )2+(𝜔𝑙𝑥1

∗ )2]                 (24) 

 

E. Luenberger Observer along the y-axis  

The Luenberger observer allowing the estimation of the system state along the y-axis 
is characterized by the observation gain 𝐿𝑦 = [𝑙𝑦1 𝑙𝑦2]𝑇. Following the same process 
as described in the previous sections, we identified the region of stability of the closed-
loop system according to the y-axis. Fig. 4 shows this region in the case 𝜏2𝑦

∗ = 1𝑠 

 

 
Fig.4. Stability region in (𝑙𝑦2, 𝑙𝑦1)  plane with  𝜏2𝑦

∗ = 1 
 

Also the critical delay 𝝉𝟐𝒚
∗  is defined by :  
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𝜏2𝑦  
∗ =

1

𝜔
 𝐴𝑟𝑐𝑐𝑜𝑠 [

𝑙𝑦2
∗  𝜔2

(𝑙𝑦2
∗ )2+(𝜔𝑙𝑦1

∗ )2]                (25) 

SIMULATION AND RESULTS 

To test the results found, let's consider the ball-plate system with the following 
parameters : 𝐿𝑋 = 0.134 𝑚 , 𝐿𝑌 = 0.168 𝑚  , 𝑟𝑀 = 0.0245 𝑚 , 𝑟𝑏 = 0.02 𝑚 , 𝐽𝑏 =
0.0000416 𝑘𝑔 ∗ 𝑚2,  𝑚𝑏 = 0.26 𝑘𝑔 ,  𝜏2𝑥 = 0.4𝑠 ,   𝜏2𝑦 = 1𝑠. 

Our objective is to control the position of the ball on the plate, which means that the 
observer's estimation errors tend towards zero. In order to verify this result, we will 
choose different gain 𝐿𝑥 = [𝑙𝑥1 𝑙𝑥2]𝑇.  and 𝐿𝑦 = [𝑙𝑦1 𝑙𝑦2]𝑇 in the regions shown 
in Fig.3 and Fig.4 respectively, and then, using equations (24) and (25), we will 
calculate the critical delays. The obtained results are presented in Table I and Table II. 

 

TABLE I. Selected gains for the closed loop in the x-axis 

(𝑙𝑥1
∗ ,  𝑙𝑥2

∗ ) 𝐿𝑥
∗  𝜏2𝑥

∗  

(3.35, 0.69) L1 = [3.35  0.69]T 0.4498 

(2.43, 2.54) L2 = [2.43  2.54]T 0.4551 

(1.44, 1.23) L3 = [1.44  1.23]T 0.6684 

 

TABLE II. Selected gains for the closed loop in the y-axis 

(𝑙𝑦1
∗ ,  𝑙𝑦2

∗ ) 𝐿𝑦
∗  𝜏2𝑦

∗  

(1.51, 0.09) L4 = [1.51  0.09]T 1.0134 

(1.05, 0.36) L5 = [1.05  0.36]T 1.1535 

(0.53, 0.25) L6 = [0.53  0.25]T 1.4468 

 

By considering the gains 𝐿𝑥
∗  , 𝐿𝑦

∗  shown in Table I and Table II, and the state feedback 
gains 𝐾𝑥 = [0.45 0.6], 𝐾𝑦 = [0.35 0.75] developed in [1], we obtained the time 
evolutions of the ball position shown in Fig. 5 and Fig. 6, and the time evolutions of the 
observation errors 𝑒1(𝑡) = 𝑥𝑏(𝑡) − 𝑥�̂�(𝑡) and 𝑒2(𝑡) = �̇�𝑏(𝑡) − �̇��̂�(𝑡) shown in Fig. 7, 
Fig. 8, Fig. 9 and Fig. 10. 
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Fig.5. Temporal evolution of 𝑥𝑏 for the observer gains 𝐿1,  𝐿2 and 𝐿3 

 

 
Fig.6. Temporal evolution of 𝑦𝑏 for the observer gains 𝐿4,  𝐿5 and 𝐿6 

 

 
Fig.7. Evolution of observer errors for the gain 𝐿1 
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Fig.8. Evolution of observer errors for the gain 𝐿2 

 
Fig.9. Evolution of observer errors for the gain 𝐿4 

 
Fig.10. Evolution of observer errors for the gain 𝐿5 

Fig. 7, Fig. 8, Fig. 9 and Fig. 10 show that all the gains of observers, selected in the 
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region of stability, allow a zero estimation error, and therefore achieve the controller's 
objective, i.e. (𝑥𝑏 , 𝑦𝑏) = (0,0) (see Fig. 5 and Fig. 6). However, we also find that, 
according to the selected gain, the dynamic behaviour changes. Thus, for the evolution 
of the ball along the x-axis, the gain that offers the best response time is L3 (see Fig. 5). 
For the y-axis evolution, L5 offers the best response time (see Fig. 6). However, if the 
aim is to have a low first overshoot, then the gain L4 should be chosen (see Fig. 5). 

We note also that for the selected gains (see Table I and Table II), it is gains L3 and L6 
that tolerate respectively higher delays 𝜏2𝑥 and 𝜏2𝑦 i.e. the convergence of the ball to 
the (𝑥𝑏 , 𝑦𝑏) = (0,0) coordinates will be ensured for any delay 𝜏2𝑥  belonging to [0, 
0.6684] and any delay 𝜏2𝑦 belonging to [0, 1.4468]. 

 

CONCLUSION 

In this paper, the problem of the control of the ball-plate system was studied using a 
frequency domain approach. The developed controller is based, on the one hand, on a 
state feedback controller and, on the other hand, on the Luenberger observer which 
allows to estimate the state of the system, thus allowing to increase the controller 
performance. Simulation results have shown the effectiveness of our approach, 
however, we find that the choice of observer gains within the stability regions is 
difficult. Thus, we propose as future work to develop an algorithm that will allow, by 
taking into account the requirements of the specifications, to choose the best observer 
gains. 
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