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Abstract 

Steady, laminar fluid flow which results from the non-linear stretching of a flat surface in a 

nanofluid with slip effects has been investigated analytically. The flow is caused by a non-

linear stretching surface with the slip effects of the velocity, the temperature, and 

concentration. The resulting non-linear governing equations with associated boundary 

conditions are solved using optimal homotopy asymptotic method (OHAM) with a local non-

similar transformation. The influence of velocity slip parameter (δ), thermal slip parameter 

(β), concentration slip parameter (λ), Brownian motion number (Nb), thermophoresis 

number (Nt), stretching parameter (n) and Lewis number(Le) on the velocity, temperature and 

nanoparticle concentration profiles are shown graphically. The impact of physical parameters 

on rate of heat transfer (– g′(0)) and mass transfer (−h′(0)) is shown in graphical form and 

discussed in detail. Numerical solutions are used to show the validity of OHAM and a very 

good agreement has been observed. 

Keywords: Nanofluid, non-linear stretching sheet, Optimal Homotopy Asymptotic Method 

(OHAM), Slip  effect.  
 

1. Introduction 

In the recent years, suspension of nanosized solid particles in classical fluids has 

become a familiar method for the enhancement of thermal conductivity of heat 

transfer fluids. Choi [1] introduced the term “Nanofluid”, which represents nano-scale 

particles (diameter less than 50 nm) are suspended in a base fluid such as water, 

ethylene glycol, propylene glycol, etc. Addition of high thermally conductive metallic 

nanoparticles, like aluminum, copper, silicon, and silver, increases the thermal 

conductivity of such mixtures, thereby enhancing their overall energy transport 
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capability. It has been found that nanofluids have a potential to increase the thermal 

conductivity as well as convective heat transfer performance of the base fluid. 

Nanofluids are thought to be the next-generation heat transfer fluids and their 

enhanced heat transfer performance are better than that any other ordinary fluids. 

Nanomaterials are more effective in micro/nano electromechanical devices, advanced 

cooling systems, and large scale thermal management systems via evaporators, heat 

exchangers, and industrial cooling applications. Convictive heat transfer in nanofluid 

is a topic of major contemporary interest both in science and engineering. Several 

papers [2-6] regarding the mathematical modeling of natural conviction heat transfer 

in nanofluids have been published. 

After, Sakiadis [7] introduced the study of boundary layer flow over a continuous 

solid surface moving with constant velocity, the boundary layer flow caused by a 

stretching surface has drawn the attention of many researchers. The dynamics of the 

boundary layer flow over a stretching surface originated from the pioneering work of 

Crane [8]. Later on, various aspects of the problem have been investigated by [9-11]. 

Bhargava et al. [12] investigated the flow of a mixed convection micro polar fluid 

bounded by a linearly stretching sheet with uniform suction using FEM. Desseaux and 

Kelson [13] studied the flow of a micro polar fluid bounded by a linearly stretching 

sheet while Bhargava et al. [14] discussed the same flow of a micro polar flow over a 

nonlinear stretching sheet. Vajravelu [15] studied flow and heat transfer in a viscous 

fluid over a nonlinearly sheet without viscous dissipation, then Cortell [16] examined 

flow and heat transfer on a nonlinear stretching sheet for two different types of 

thermal boundary conditions on the sheet. 

No-slip condition has been used in most of the above investigations. But the no-slip 

condition at the solid fluid interface is no longer applicable when fluid flows in 

microelctromechanical system(MEMS) [17]. The fluid slippage incident at the solid 

boundaries appears in several applications such as in applications where a thin film of 

light oil is attached to the moving surfaces or when the surface is coated with special 

coating material like monolayer of hydrophobic octadecyltricholorosilane and in 

microchannels or nanochannels . To describe the phenomenon of slip, Navier [18] has 

studied a general boundary condition that includes the possibility of fluid slip at a 

solid boundary. He has proposed that the tangential component of fluid velocity to the 

boundary walls is proportional to the tangential stress. Later on, the work of Navier 

was extended by many authors [19-21]. 

 Recently, Jawad Raza et al. [22] studied heat and mass transfer analysis of MHD 

nanofluid flow in a rotating channel with slip effect, M. Ramzan et al. [23] discussed 

radioactive and joule heating effects in the MHD flow of a micropolar fluid with 

partial slip and convective boundary condition , partial slip effect in flow of 

magnetite- Fe3O4 nanoparticles between rotating stretchable disks studieded by 

Tasawar H. et al.[24], Dodda  R. et al. [25] discussed the boundary layer viscous flow 
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of nanofluids and heat transfer over a nonlinearly Isothermal stretching sheet in the 

presence of heat generation/absorption and slip boundary conditions and partial slip 

effect of MHD boundary layer flow of nanofluids and radiative heat transfer over a 

permeable stretching sheet studied by Sharavani Ittedi et al. [26]. 

Many analytical methods like homotopy perturbation method (HPM) [27-28], 

Adomian decomposition method (ADM) [29-30], homotopy analysis method (HAM) 

[31] have been successfully applied for different heat transfer phenomena. Optimal 

homotopy asymptotic method (OHAM) is an approximate (or semi) analytical 

technique that is straight forward to use and does not require the existence of any 

small or large parameter. 

The basic idea of optimal homotopy asymptotic method was initially introduced by 

Marica and Herisanu [32]. OHAM reduces the size of the computational domain and 

can be applied to wide variety of problems and it is the consistent analytical tool and 

it has already been successfully applied to a number of nonlinear differential 

equations arising in science and engineering. OHAM has been used to study nonlinear 

boundary layer equation for flat plate [33], flow and heat transfer over a moving 

surface with nonlinear velocity and variable thickness in a nanofluids in the presence 

of Brownian motion[34], flow and heat transfer of nanofluid over a stretching sheet 

with nonlinear velocity in the presence of thermal radiation and chemical reaction 

[35], MHD stagnation point flow and heat transfer over a permeable stretching sheet 

with chemical reaction [36] and nonlinear ordinary differential equations arising in 

flow and heat transfer due to nonlinear stretching sheet [37]. 

 In this paper we considered the slip boundary conditions in velocity, temperature and 

concentration to study the boundary layer flow and heat transfer of a nanofluid over a 

nonlinearly stretching sheet using optimal homotopy asymptotic method (OHAM). 

The effects of slip and different parameters on the velocity, temperature and 

concentration profiles are sketched and analyzed. In addition, the heat and mass 

transfer rates are examined.  

 

2. Formulation of the Problem 

Let us consider a steady two-dimensional, incompressible, laminar boundary layer 

flow of a nanofluid towards a nonlinear stretching surface coinciding with the plane 

𝑦 = 0 and the flow being confined to 𝑦 > 0 . The flow is generated, due to nonlinear 

stretching of sheet with slip effects, caused by the simultaneous application of two 

equal and opposite forces along the x-axis. Keeping the origin fixed, the sheet is then 

stretched with a velocity 𝑢𝑤 = 𝑎𝑥𝑛 where 𝑎 is a constant, 𝑛 is a nonlinear stretching 

parameter and 𝑥 is the coordinate measured along the stretching surface, varying 

nonlinearly with the distance from the slit. Fig (1) shows the schematic representation 

of the physical model and coordinate system. 
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Fig.(1). Physical model and co-ordinate system 

 

The external forces and the pressure gradient are neglected. The stretching surface is 

maintained at constant temperature and concentration, 𝑇𝑤 and 𝐶𝑤, respectively, and 

these values are assumed to be greater than the ambient temperature and 

concentration, 𝑇∞ and 𝐶∞, respectively. 

 The governing boundary layer equations for steady conservation of mass, 

momentum, thermal energy and nanoparticles with slip effects can be written as, see 

[38] and [39], 

𝜕𝑢

𝜕𝑥
+
𝜕𝑣

𝜕𝑦
= 0                                                                                                                        (1) 

𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
= 𝜈

𝜕2𝑢

𝜕𝑦2
                                                                                                         (2) 

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
= 𝛼

𝜕2𝑇

𝜕𝑦2
+ 𝜏 [𝐷𝐵

𝜕𝐶

𝜕𝑦

𝜕𝑇

𝜕𝑦
+
𝐷𝑇
𝑇∞
(
𝜕𝑇

𝜕𝑦
)
2

]                                                   (3) 

 

𝑢
𝜕𝐶

𝜕𝑥
+ 𝑣

𝜕𝐶

𝜕𝑦
= 𝐷𝐵

𝜕2𝐶

𝜕𝑦2
+
𝐷𝑇
𝑇∞
(
𝜕2𝑇

𝜕𝑦2
),                                                                               (4) 

where 

𝛼 =
𝑘

(𝜌𝐶)𝑓
,       𝜏 =

(𝜌𝑐)𝑝
(𝜌𝑐)𝑓

                                                                                                    (5) 

With boundary conditions 
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{
𝑢 = 𝑎𝑥𝑛 + 𝛽1

𝜕𝑢

𝜕𝑦
, 𝑣 = 0, 𝑇 = 𝑇𝑤 + 𝛽2

𝜕𝑇

𝜕𝑦
, 𝐶 = 𝐶𝑤 + 𝛽3  

𝜕𝐶

𝜕𝑦
, 𝑎𝑡  𝑦 = 0  ,

𝑢 → 0, 𝑇 → 𝑇∞, 𝐶 → 𝐶∞    𝑎𝑠 𝑦 → ∞ 
 

     (6) 

 

where 𝑢 and 𝑣 are the velocity components along the 𝑥 − and 𝑦 − directions, 

respectively. 𝜌𝑓 is the density of the base fluid, 𝛼 is the thermal diffusitivity, 𝜈 is 

kinematic viscosity, 𝑎 is the positive constant, 𝐷𝐵 is the Brownian diffusion 

coefficient, 𝐷𝑇 is the thermophoretic diffusion coefficient, 𝜏 =
(𝜌𝐶)𝑝

(𝜌𝐶)𝑓
 is the ratio 

between the effective heat capacity of the nanoparticle material and heat capacity of 

the fluid, 𝑐 is the volumetric volume expansion coefficient, 𝜌𝑝 is the density of the 

particles, 𝛽1,  𝛽2 and 𝛽3 are the velocity slip parameter, thermal slip parameter and 

concentration slip parameters, respectively. 

 We now introduce the following similarity transformations: 

{
 
 

 
 
𝑢 = 𝑎𝑥𝑛𝑓′(𝜂), 𝑣 = −√

𝜈𝑎(𝑛 + 1)

2
 𝑥
𝑛−1
2 (𝑓(𝜂) +

𝑛 − 1

𝑛 + 1
𝜂𝑓′(𝜂)) ,

𝜂 = √
𝑎(𝑛 + 1)

2𝜈
𝑥
𝑛−1
2 𝑦,    𝑔(𝜂) =

𝑇 − 𝑇∞
 𝑇𝑤 − 𝑇∞

 , ℎ(𝜂) =
𝐶 − 𝐶∞
 𝐶𝑤 − 𝐶∞

.  

                          (7)   

Now, Eq.(1) is satisfied automatically, and Eqs.(2)-(6) after using Eq.(7) can be 

reduced as follows: 

𝑓′′′ + 𝑓𝑓′′ − (
2𝑛

𝑛 + 1
) 𝑓′2 = 0                                                                                            (8) 

 

𝑔′′ + 𝑃𝑟[𝑓𝑔′ + 𝑁𝑏𝑔′ℎ′ + 𝑁𝑡𝑔′2] = 0                                                                             (9) 

 

ℎ′′ + 𝐿𝑒𝑓ℎ′ + (
𝑁𝑡

𝑁𝑏
)𝑔′′ = 0                                                                                               (10) 

The transformed boundary conditions are 

{
𝑓(0) = 0,  𝑓′(0) = 1 + 𝛿𝑓′′(0), 𝑔(0) = 1 + 𝛽𝑔′(0),

ℎ(0) = 1 + 𝜆ℎ′(0),   𝑓′(∞) = 0, 𝑔(∞) = 0, ℎ(∞) = 0,
                           (11) 

where, 𝑃𝑟 =
𝜐

𝛼
  is the prandtl number, 𝑁𝑏 = 𝜏

𝐷𝐵(𝐶𝑤−𝐶∞)

𝜈
 is the Brownian motion 

parameter, 𝑁𝑡 = 𝜏
𝐷𝑇(𝑇𝑤−𝑇∞)

𝑇∞𝜈
 is the thermophoresis parameter, 𝐿𝑒 =
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𝜈

𝐷𝐵
 is the Lewis number, 𝛿 = 𝛽1√

𝑎(𝑛+1)

2𝜈
𝑥
𝑛−1

2  is the local slip parameter, 𝛽 =

𝛽2√
𝑎(𝑛+1)

2𝜈
𝑥
𝑛−1

2  is the local thermal slip parameter, and 𝜆 = 𝛽3√
𝑎(𝑛+1)

2𝜈
𝑥
𝑛−1

2  is the 

local concentration slip parameter. It is important to note that this boundary value 

problem reduces to the classical problem of flow and heat transfer due to a stretching 

surface in a viscous fluid with slip effects when 𝑛 = 1 and 𝑁𝑏 = 𝑁𝑡 =

0 in Eq. (9)and (10). 

  The important interested physical quantities in this problem are the local skin-

friction coefficient 𝐶𝑓 ,  the local Nusselt number 𝑁𝑢𝑥,  and the local Sherwood 

number 𝑆ℎ𝑥 , which are defined by 

𝐶𝑓 =
𝜏𝑤

𝜌𝑢𝑤
2 , 𝑁𝑢𝑥 =

𝑥𝑞𝑤

𝑘(𝑇𝑤−𝑇∞)
, 𝑆ℎ𝑥 =

𝑥ℎ𝑚

𝐷𝐵(𝐶𝑤−𝐶∞)
,                                                             (12)      

where the surface shear stress 𝜏𝑤, the wall heat flux 𝑞𝑤, and the wall mass flux ℎ𝑚 are 

given by 

𝜏𝑤 = 𝜇 (
𝜕𝑢

𝜕𝑦
)
𝑦=0

, 𝑞𝑤 = −𝑘 (
𝜕𝑇

𝜕𝑦
)
𝑦=0

 , ℎ𝑚 = −𝐷𝐵 (
𝜕𝐶

𝜕𝑦
)
𝑦=0

.                         (13) 

 

By using the above equations, we get 

{
 
 
 
 

 
 
 
 

𝐶𝑓(𝑅𝑒𝑥)
1
2 = √

𝑛 + 1

2
𝑓′′(0),

𝑁𝑢𝑥(𝑅𝑒𝑥)
−
1
2 = −√

𝑛 + 1

2
𝑔′(0),    

𝑆ℎ𝑥(𝑅𝑒𝑥)
−
1
2 = −√

𝑛 + 1

2
ℎ′(0),

                                                                                (14) 

where 𝑅𝑒𝑥 =
𝑢𝑤𝑥

𝜈
  is the local Reynolds number. 

 

3. Analytical Solution Using Optimal Homotopy Asymptotic 

Method(OHAM) 

In this section, the optimal homotopy asymptotic method is applied to nonlinear 

ordinary equations(8)-(10) with the boundary conditions (11) with the following 

assumptions 
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𝑓 = 𝑓0 + 𝑝𝑓1 + 𝑝
2𝑓2, 𝑔 = 𝑔0 + 𝑝𝑔1 + 𝑝

2𝑔2, ℎ = ℎ0 + 𝑝ℎ1 + 𝑝
2ℎ2,    𝐻1(𝑝)

= 𝑝𝐶1 + 𝑝
2𝐶2, 

   𝐻2(𝑝) = 𝑝𝐶3 + 𝑝
2𝐶4,    𝐻3(𝑝) = 𝑝𝐶5 + 𝑝

2𝐶6 

where 𝑝 ∈ [0,1] is an embedding parameter, 𝐻𝑖(𝑝), 𝑖 = 1,2 is a nonzero auxiliary 

function, and 𝐶𝑖, (𝑖 = 1,2,3,4,5,6) are constants [32]. 

 

3.1. Analytical solution of the momentum boundary layer problem 

The optimal homotopy asymptotic method is applied to nonlinear ordinary differential 

equation (8) under the following assumption 

     𝐿 = 𝑓′′ + 𝑓′ and 𝑁 = 𝑓′′′ + 𝑓𝑓′′ − (
2𝑛

𝑛 + 1
) 𝑓′2 − (𝑓′′ + 𝑓′), 

where L is the linear operator, N is a nonlinear operator. Therefore the OHAM family 

equation is given by 

(1 − 𝑝)(𝑓′′ + 𝑓′) = 𝐻1(𝑝) [𝑓
′′′ + 𝑓𝑓′′ − (

2𝑛

𝑛 + 1
) 𝑓′2]                                             (15) 

 

Using the boundary conditions (11), after some simplification and equating the like 

powers of 𝑝 − 𝑡𝑒𝑟𝑚𝑠, we obtain: 

The zero order equation 𝑝0: 

𝑓0
′ + 𝑓0

′′ = 0             𝑓(0) = 0, 𝑓0
′(0) = 1 + 𝛿𝑓0

′′(0)                                    (16) 

 

The first order equation 𝑝1 : 

𝑓1
′′ + 𝑓1

′ = 𝑓0
′ + 𝑓0

′′ + 𝐶1 [𝑓0
′′′ + 𝑓0𝑓0

′′ − (
2𝑛

𝑛 + 1
) 𝑓0

′2] , 𝑓1(0) = 0, 𝑓1
′(0) = 0     (17) 

The second order equation 𝑝2: 

𝑓2
′′ + 𝑓2

′ = 𝑓1
′ + 𝑓1

′′ + 𝐶1 [𝑓1
′′′ + 𝑓0𝑓1

′′ + 𝑓1𝑓0
′′ − (

4𝑛

𝑛 + 1
) 𝑓0′𝑓1′] + 

           𝐶2 [𝑓0
′′′ + 𝑓0𝑓0

′′ − (
2𝑛

𝑛 + 1
)𝑓0

′2] , 𝑓2(0) = 0, 𝑓2
′(0) = 0                                  (18) 

 

Solving differential equations (16)-(18) with the corresponding boundary conditions, 

the general solution of (8) can be determined in the form: 

           𝑓(𝜂) = 𝑓0(𝜂)+  𝑓1(𝜂)+  𝑓2(𝜂)                                                                                  (19) 

The residual equation for the problem obtained in the form 
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𝑅1(𝜂, 𝐶1, 𝐶2) = [𝑓
′′′ + 𝑓𝑓′′ − (

2𝑛

𝑛 + 1
) 𝑓′2]                                                             (20) 

The unknown constants 𝐶1 and 𝐶2 can be optimally identified from the conditions: 

𝜕𝐽1(𝐶1, 𝐶2)

𝜕𝐶1
=
𝜕𝐽1(𝐶1, 𝐶2)

𝜕𝐶2
= 0, where  𝐽1(𝐶𝑖) = ∫ 𝑅1

2(𝜂, 𝐶𝑖)
5

0

𝑑𝜂                    (21)  

 

3.2.  Analytical solution of the thermal boundary layer problems 

The optimal homotopy asymptotic method is applied to nonlinear ordinary differential 

equation (9) under the following assumption 

     𝐿 = 𝑔′ + 𝑔 and 𝑁 = 𝑔′′ + 𝑃𝑟[𝑓𝑔′ + 𝑁𝑏𝑔′ℎ′ + 𝑁𝑡𝑔′2] − (𝑔′ + 𝑔), 

where L is the linear operator, N is a nonlinear operator. Therefore the OHAM family 

equation is given by 

(1 − 𝑝)(𝑔′ + 𝑔) = 𝐻2(𝑝)[𝑔
′′ + 𝑃𝑟[𝑓𝑔′ + 𝑁𝑏𝑔′ℎ′ + 𝑁𝑡𝑔′2]]                                  (22) 

Using the boundary conditions(11), after some simplification and equating the like 

powers of 𝑝 − 𝑡𝑒𝑟𝑚𝑠, we obtain: 

The zero order equation 𝑝0: 

𝑔0
′ + 𝑔0 = 0,            𝑔0(0) = 1 + 𝛽𝑔0

′ (0)                                                                      (23) 

The first order equation 𝑝1 : 

𝑔1
′ + 𝑔1 = 𝑔0

′ + 𝑔0 + 𝐶3 [𝑔0
′′ + 𝑃𝑟[𝑓0𝑔0

′ + 𝑁𝑏𝑔0
′ℎ0
′ + 𝑁𝑡𝑔0

′ 2]] , 𝑔1(0) = 0         ( 24)   

The second order equation 𝑝2: 

𝑔2
′ + 𝑔2 = 𝑔1

′ + 𝑔1 + 𝐶3[𝑔1
′′ + 𝑃𝑟[𝑓0𝑔1

′ + 𝑓1𝑔0
′ + 𝑁𝑏𝑔0

′ℎ1
′ + 𝑁𝑏𝑔1

′ℎ0
′ + 2𝑁𝑡𝑔0

′𝑔1
′ ]]  

                  +𝐶4 [𝑔0
′′ + 𝑃𝑟[𝑓0𝑔0

′ + 𝑁𝑏𝑔0
′ℎ0
′ + 𝑁𝑡𝑔0

′ 2]] , 𝑔2(0) = 0                            (25)  

 

Solving differential equations (23)-(25) with the corresponding boundary conditions, 

the general solution of (9) can be determined in the form: 

           𝑔(𝜂) = 𝑔0(𝜂)+  𝑔1(𝜂)+  𝑔2(𝜂)                                                                              (26) 

 

The residual equation for the problem obtained in the form 

𝑅2(𝜂, 𝐶3, 𝐶4) = 𝑔
′′ + 𝑃𝑟[𝑓𝑔′ + 𝑁𝑏𝑔′ℎ′ + 𝑁𝑡𝑔′2]                                                    (27)   

 

The unknown constants 𝐶3 and 𝐶4 can be optimally identified from the conditions: 
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𝜕𝐽2(𝐶3, 𝐶4)

𝜕𝐶3
=
𝜕𝐽2(𝐶3, 𝐶4)

𝜕𝐶4
= 0, where  𝐽2(𝐶𝑖) = ∫ 𝑅2

2(𝜂, 𝐶𝑖)
5

0

𝑑𝜂                 (28) 

 

3.3.  Analytical solution of the concentration boundary layer problems 

The optimal homotopy asymptotic method is applied to nonlinear ordinary differential 

equation (10) under the following assumption 

     𝐿 = ℎ′ + ℎ and 𝑁 = ℎ′′ + 𝐿𝑒𝑓ℎ′ + (
𝑁𝑡

𝑁𝑏
)𝑔′′ − (ℎ′ + ℎ), 

where L is the linear operator, N is a nonlinear operator. Therefore the OHAM family 

equation is given by 

(1 − 𝑝)(ℎ′ + ℎ) = 𝐻3(𝑝) [ℎ
′′ + 𝐿𝑒𝑓ℎ′ + (

𝑁𝑡

𝑁𝑏
)𝑔′′]                                                  (29) 

Using the boundary conditions (11), after some simplification and equating the like 

powers of 𝑝 − 𝑡𝑒𝑟𝑚𝑠, we obtain: 

The zero order equation 𝑝0: 

ℎ0
′ + ℎ = 0,            ℎ0(0) = 1 + 𝜆ℎ0

′ (0)                                                                            (30) 

The first order equation 𝑝1 : 

ℎ1
′ + ℎ1 = ℎ0

′ + ℎ0 + 𝐶5 [ℎ0
′′ + 𝐿𝑒𝑓0ℎ0

′ + (
𝑁𝑡

𝑁𝑏
)𝑔0

′′] , ℎ1(0) = 0                              (31) 

The second order equation 𝑝2: 

ℎ2
′ + ℎ2 = ℎ1

′ + ℎ + 𝐶5 [ℎ1
′′ + 𝐿𝑒𝑓0ℎ1

′ + 𝐿𝑒𝑓1ℎ0
′ + (

𝑁𝑡

𝑁𝑏
)𝑔1

′′]  

    +𝐶6 [ℎ0
′′ + 𝐿𝑒𝑓0ℎ0

′ + (
𝑁𝑡

𝑁𝑏
)𝑔0

′′] , ℎ2(0) = 0                                                             (32) 

 

Solving differential equations (30)-(32) with the corresponding boundary conditions, 

the general solution of (10) can be determined in the form: 

           ℎ(𝜂) = ℎ0(𝜂)+  ℎ1(𝜂)+  ℎ2(𝜂)                                                                             (33)  

 

The residual equation for the problem obtained in the form 

𝑅3(𝜂, 𝐶5, 𝐶6) = ℎ′′ + 𝐿𝑒𝑓ℎ′ + (
𝑁𝑡

𝑁𝑏
)𝑔′′                                                                         (34) 

The unknown constants 𝐶5 and 𝐶6 can be optimally identified from the conditions: 
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𝜕𝐽3(𝐶5, 𝐶6)

𝜕𝐶5
=
𝜕𝐽3(𝐶5, 𝐶6)

𝜕𝐶6
= 0, where  𝐽3(𝐶𝑖) = ∫ 𝑅3

2(𝜂, 𝐶𝑖)
5

0

𝑑𝜂           (35)  

 

To validate the analytic method (OHAM) used in this study, the result for – 𝑓′′(0) are 

compared with the numerical solution which reported in Cortell R.[16], see Table 1. 

 

4. Results and Discussion 

The system of Eqs. (8), (9) and (10), along with boundary conditions (11), has been 

solved by optimal homotopy asymptotic method (OHAM). We have used 

Mathematica 11 for most of our computational work. To check the validity of our 

results, we have made a comparison of skin friction coefficient for various values of 

the stretching parameter 𝑛 when 𝛿 = 0 with the numerical solution that is illustrated 

in Table 1. It can be realized that our analytical approximations are in a very good 

agreement with the numerical results. 

Table 1. The values of – 𝑓′′(0) at different values of 𝑛 𝑎𝑛𝑑 𝛿 = 0 

n Cortell R. [16] Present result(OHAM) 

0 0.627547 0.628316 

0.2 0.766758 0.768579 

0.5 0.889477 0.889230 

0.75 0.953786 0.953811 

1 1.000000 1.000000 

1.5 1.061587 1.061690 

3 1.148588 1.148540 

7 1.216847 1.216500 

10 1.234875 1.234420 

20 1.257418 1.256830 

100 1.276768 1.276050 

 

 Fig.(2) illustrates the effect of stretching parameter (𝑛) on velocity distribution (𝑓′) 

with no velocity slip and with velocity slip parameter 𝛿.  It is observed that in both 

cases the velocity decreases with increase in non-linear stretching parameter(𝑛). From 

Fig.(3) we can see that the larger values of the slip parameter 𝛿 corresponds to the 

lower velocity. In fact, with an increase in the velocity slip parameter, the stretching 
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velocity is partially transferred to the fluid. Thus, the velocity profile decrease in both 

cases (𝑛 = 1(linear)and 𝑛 = 0.5(nonlinear)). 

 

(a) 

 

(b) 

 

Fig(2) .Effect of stretching parameter (n) on velocity distribution for Nb=Nt=0.5, Pr=2,Le=2 
(a)       with no velocity slip(δ=0) (b) with slip parameter δ=0.3. 
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(a) 

 

 

(b) 

Fig(3). Effect of velocity slip on velocity distribution for Nb=Nt=0.5, Pr=2,Le=2 
when the              stretching parameter (a) n=1 (b) n=0.5. 

 

The effects of Prandtl number (𝑃𝑟) on the temperature and concentration profile are 

analyzed in Fig.(4), respectively in (𝑎)and (𝑏). The graph in 4(𝑎) depicts that the 

temperature decreases when the values of Prandtl number 𝑃𝑟 increases at a fixed 

value of 𝜂 and other parameters. This is due to the fact that a higher prandtl number 

fluid has relatively low thermal conductivity, which reduces conduction and there by 

the thermal boundary layer thickness; and as a result, temperature decreases. From 

4(b), it is noted that the concentration profile ℎ increases as the prandtl number 𝑝𝑟 

increases. 
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(a)  

 

(b) 

Fig(4). Effect of the Prandtl number (Pr) on (a) temperature profile (b) concentration 
profile, for    δ= β = λ =0.2, Nt=Nb=0.1, Le=n=2 

 

The effects of thermal slip parameter 𝛽 on temperature and concentration profiles are 

illustrated in Figs.(5) and (6). Fig.(5) displaces the effect of thermal slip parameter on 

temperature field 𝑔. The temperature field 𝑔 is found to decrease when 𝛽 increases. It 

is depicted that the temperature and the thermal boundary layer thickness decreases 

when the thermal slip parameter increases and the same effect also observed on the 

concentration profile as shown in Fig.(6). 
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Fig(5). Effect of thermal slip parameter (β) on temperature profile for δ= λ =0.2, 
Nt=Nb=0.1, Le=n=Pr=2. 

 

 

Fig(6). Effect of thermal slip parameter (β) on concentration profile for δ= λ =0.2, 
Nt=Nb=0.1,   Le=n=Pr=2. 
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The variation of the concentration slip parameter 𝜆 on the dimensionless nanoparticle 

volume fraction profile ℎ can be seen in Fig.(7). It is noted that the concentration 

profile decreases when 𝜆 increases. 

 

 

Fig(7). Effect of local concentration slip parameter (λ) on concentration profile for 
δ= β =0.2,         Nt=Nb=0.1, Le=n=Pr=2. 

Fig.(8) demonstrates the variation of the local Nusselt number – 𝑔′(0) with respect to 

the thermal slip parameter 𝛽 and thermophoresis parameter 𝑁𝑡. It is noticed from the 

graph that –𝑔′(0) decreases when the thermal slip parameter 𝛽 and the 

thermophoresis parameter 𝑁𝑡 increases. Fig.(9) illustrates the effect of the 

concentration slip parameter 𝜆 and Lewis number 𝐿𝑒 on the local Sherwood number 

– ℎ′(0) for different values of concentration slip parameter 𝜆 and Lewis number 𝐿𝑒. It 

is noticed from Fig(9) that the local Sherwood number decreases when both  𝜆 and 𝐿𝑒 

increases. 
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(a) 

 

(b) 

Fig(8). Variation of local Nusselt number with (a) Nt for different values of thermal slip 
parameter β (b)    β for different values of thermophoresis parameter Nt when  δ 

=0.2,Le=n=2, Nb=0.1, Pr=0.7. 
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(a) 

 

(b) 

Fig(9). Effect of concentration slip parameter λ and Lewis number Le on Sherwood number 
for        δ= β =0.2, n=2, Nt=Nb=0.1, Pr=0.7. 

 

5. Conclusions 

In the present paper, we have examined the boundary layer flow which results from 

the non-linear stretching of a flat surface in a nanofluid with Brownian motion and 

thermophoresis parameter with slip effects incorporated. The effects of different 

parameters on the velocity, temperature, concentration profiles, skin friction 

coefficient, Nusselt number and Sherwood number are analyzed. The governing 

partial differential equations for mass, momentum, energy and nanoparticles 

conservation are transformed into ordinary differential equations by using a similarity 

transformation. These equations are solved analytically using optimal homotopy 

asymptotic method. Comparisons with the numerical solution were performed and 
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results were found to be in a very good agreement.  We can draw the following 

conclusions: 

1. When we increase the velocity slip parameter, the stretching velocity is partially 

transferred to the fluid, and consequently the velocity profile decreases. 

2. The temperature and thermal boundary layer thickness decrease when the thermal 

slip parameter increases. This is due to the fact that increasing the values of the 

thermal slip parameter decreases the heat transfer from the sheet to the adjacent 

fluid. 

3. Less mass transfer occurs due to the increases in the thermal and concentration 

slip parameters, and thus the concentration profile decreases. 

4. As the thermal slip parameter increases with a fixed value of thermophoresis 

parameter, the local Nusselt number decreases.  

5. Increasing the concentration slip parameter with fixed value of the Lewis number 

the mass transfer rate decreases. 

The analytic solution presented here will serve a vehicle for understanding and 

analyzing of more complex problems involving various physical effects investigated 

in the present paper. This method (OHAM) is a powerful and efficient technique for 

finding analytical solutions for linear and nonlinear problems arising in science and 

engineering. 
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