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Abstract 

 

Keeping in the view the non-probabilistic nature of experiment, we introduced 

some new generalized exponential fuzzy entropy involving one or more real 

parameters and to check their authenticity, the essential properties of these 

measures have been studied. Introduced fuzzy entropies contain several other 

existing parametric and non-parametric measures of fuzzy entropies defined 

by De Luca and Termini [1], Bhandari and Pal [4] and Kapur [7]. 
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1. Introduction 

Are Probabilistic methods and statistical techniques, the best available tools for 

solving problem involving uncertainty? This question is often answered in the 

negative, especially by computer scientist and engineers. These respondents are 

motivated by the view that probability is inadequate for dealing with “certain kinds” 

of uncertainty. Thus, alternatives are required for filling the gap. Zadeh [8] introduced 

fuzzy set as a mathematical construct in set theory with no intention of using it to 

enhance, complement or replace probability theory. The importance of fuzzy set 

comes from the fact that it can deal with imprecise and inexact information. 

Let  be an (ordinary) nonempty, finite set. Then a fuzzy set over (or on) X is a 

map . For each  can be interpreted as the degree to which  

enjoys some property P. Alternatively,  is the degree to which  fits some fuzzy 

concept P. The degree to which  enjoys property P is represented by real numbers 

in . The finiteness of  is simplifying assumption which, however, applies to 

many actual situations. 

The entropy of a fuzzy set is a measure of fuzziness, in order to obtain a global 

measure of indefiniteness connected with the situation described by fuzzy sets. Such a 

measure characterizes the sharpness of membership functions, which is not 

necessarily related to random experiments. It also can be regarded as entropy in the 

sense that it measures the uncertainty about the presence or absence of property P 
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over the investigated set . 

Zadeh [9] defined the entropy of a fuzzy set as weighted Shannon [3] entropy. Such a 

measure can be interpreted as the uncertainty associated with a fuzzy event. The first 

fuzzy entropy formula without reference to probability was proposed in 1972 in the 

work of De Luca and Termini [1], they defined entropy using Shannon’s [3] entropy 

functional form. Later on Bhandari and Pal [4] made a survey on fuzzy sets and 

introduced α-order fuzzy entropy using Renyi’s [2] entropy. Kapur  has taken 

measure of fuzzy entropy corresponding to Havrada and Charvat’s  entropy. After 

that, Fan and Ma [6] introduced measure of fuzzy entropy, keeping in the view Rathie 

and Taneja [10] α-β entropy. 

 

 

2. Pre-Requisite for Fuzzy Entropy 

Throughout this paper,   expresses the set of all fuzzy sets on a 

universal set   expresses the set of all crisp sets on the universal set .  is 

the membership function of   is the fuzzy set of  for which 

 . For fuzzy set , we use  to express the complement of , 

i.e.,  , . For two fuzzy sets  and , , the union of  

and  is defined as max , , the intersection of  and 

 is defined as min . A fuzzy set  is called a sharpening 

of , if  when  and  when .  

What follows now is a list of essential properties which might be required of a 

measure of fuzziness. The definitions mentioned will be defined on , not a 

subclass of  as done by Liu [11]. 

 

Definition 2.1: A real function  is called an entropy on , if  has 

the following properties: 

[EP1]      

[EP2]      

[EP3]      for any sharpening  of  

[EP4]            (2.1) 

To describe the relation between the fuzziness of  

Liu [11] introduced the concept of σ-entropy. 

 

Definition 2.2: A fuzzy entropy  is called a σ-entropy on  if  satisfies 

     (2.2) 

If  is an σ-entropy, then   as 

theory developed by Fan and Ma [6]. 

 

 

3. Some measures of fuzzy entropy 

De Luca and Termini [1] defined a fuzzy entropy formula on a finite universal set 

 analogous to Shannon [3] entropy, although quite different 
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conceptually, as 

 

where 

 
Later on Bhandari and Pal [4] made survey on information measures and gave some 

measures of fuzzy entropy. Analogous to Renyi’s (2) α-order entropy, for a fuzzy set, 

Bhandari and Pal [4] defined α-order entropy as 

 

Corresponding to Havrada and Charvats’s  entropy, Kapur  has taken following 
measure of fuzzy entropy, 

 

Rathie and Taneja [10] gave more general (α,β)-entropy, Similar to that, for a fuzzy 

set, Fan and Ma  defined (α,β)- fuzzy entropy as 

 

 
 
4. Generalized parametric exponential fuzzy entropies 
In the fuzzy set, we can obtain generalized parametric exponential fuzzy entropies, 

they are related to De Luca and Termini’s [1] entropy, Bhandari and Pal [4] α-order 

entropy and Kapur [7] fuzzy entropy. 
 

Theorem 4.1: Let  defines                                           

  (4.1) 

Then  is fuzzy entropy and itself an σ-entropy. 

 

Proof: First of all, we check the validity of  in (4.1), for this purpose we have 

the following essential properties 

[EP1] . 

First, let  then ; now for α>0, (4.1) 

hold when either  or .  and so  

Conversely, if  therefore either  or 

 

It gives  for all α>0, that is, 

 

[EP2]      . 
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Let ; 

Then  

For  we have  if 0<α<1 then  

thus  if α>1 then  thus  this means that 

 is increasing function in [0, 0.5]. Similarly, we have to be  is decreasing in 

[0.5, 1] and for  

 

Since  therefore,  is a concave function which has global 

maxima at  

[EP3]       for any sharpening  of . 

As already proved that  is an increasing function of  in the range [0, 0.5] and 

is decreasing function of  in [0.5, 1], consequently  

 

[EP4]       

Symmetry follows from the definition, it is oblivious, so . 

 

Theorem 4.2: For  we have 

     (4.2) 

 

Proof: Let  and 

 where  and  be the fuzzy 

membership function of  and  respectively. 

 

. (4.3) 
and  

. (4.4) 

adding (4.3) and (4.4), we obtain 

 
Corollary 4.1: For any  and  

, therefore it can be proved that  

satisfies the condition of entropy and σ-entropy. 

 

Theorem 4.3: Let  defines                                                                                            

           (4.5) 
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then  is a fuzzy and σ-entropy. 

Proof: Let  then 

 

For  if α>1 then  thus  if 0<α<1 then 

 thus  gives that  is increasing function in [0, 

0.5]. Similarly,  is decreasing in [0.5, 1]. 

Since  it can be proved directly that   satisfies the condition 

of entropy and σ-entropy. 

 

Theorem 4.4: Expression for the fuzzy entropy of a fuzzy set  for 

 as 

                   (4.6) 
 

Proof: Like theorem 4.1,  satisfies all the properties from EP1 to EP4 of 

definition 2.1 and also satisfies definition 2.2 for σ-entropy. Therefore, equation  

can be regarded as fuzzy entropy and also an σ-entropy. Equation  

can be regarded as a measure of fuzziness in a set which gives average amount of 

ambiguity in deciding whether an element would be considered to be a member of a 

set A or not.  

 

 

5. Limiting and Particular Case 

a) when  in (4.1),  in (4.5) and (4.6) we have 

 

De Luca and Termini’s [1] fuzzy entropy. 

b) when  then (4.5) gives 

 

which is Bhandari and Pal’s [4] α-order entropy. 

c) When , (4.6) gives 

 

 Kapur’s [7] fuzzy entropy. 

d) When β=1 in (4.5) and (4.6) gives (4.1). 
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Conclusion 

The work introduces some new generalized exponential fuzzy entropy in setting of 

fuzzy set theory. Some properties of these measures have also been studied. The 

measures generalize Bhandari and Pal’s [4], De Luca and Termini’s [1] and Kapur’s 

[7] fuzzy entropies. We observe that newly introduced measures have greater 

flexibility in applications because of presence of real parameters α and β. 
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