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Abstract 

 

In this paper, bounds of fuzzy dominator chromatic number of fuzzy bipartite 

graph, fuzzy dominator chromatic number of middle and subdivision fuzzy 

graph of fuzzy cycle, fuzzy path and fuzzy star are found. Also fuzzy bipartite 

graphs are classified as three types according to the fuzzy dominator 

chromatic number. 
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1. Introduction 

In 1975, Azriel Rosenfeld introduced Fuzzy graph theory. It has numerous 

applications in real life situations. Fuzzy dominator coloring was introduced by Jahir 

Hussain and Kanzul Fathima [5]. Fuzzy dominator coloring of a fuzzy graph G is a 

proper fuzzy coloring in which each vertex of G dominates each vertex of some color 

class. In this paper, bounds of fuzzy dominator chromatic number of fuzzy bipartite 

graphs, fuzzy dominator chromatic number of middle and subdivision fuzzy graph of 

fuzzy cycle, fuzzy path and fuzzy star are found. Also fuzzy bipartite graphs are 

classified as three types based on the fuzzy dominator chromatic number. 

 

 

2. Preliminaries 

A fuzzy graph G is a pair of functions G = (σ,μ) where σ : V  [0,1] & V is a vertex 

(node) set and μ :V V  [0,1], a symmetric fuzzy relation on σ. The underlying crisp 

graph of G= (σ,μ) is G* = (V,E) where E ⊆ V×V. Strength of a path in fuzzy graph G 

is the weight of the weakest arc (edge) in that path. A weakest arc is an arc of 

minimum weight.A strongest path between two nodes u,v is a path corresponding to 



100  Jahir Hussain R and Kanzul Fathima K S 

maximum strength between u and v. The strength of the strongest path is denoted by 
∞
 (u,v). An edge (x,y) is said to be a strong if 

∞
(x,y) = (x,y). 

A cycle in a fuzzy graph is said to be fuzzy cycle if it contains more than one weakest 

arc. A fuzzy graph G is said to be a fuzzy path of n vertices if its underlying crisp 

graph is a path of n vertices. A fuzzy graph G is said to be a fuzzy star S1,n if its 

underlying crisp graph is a star K1,n. If an edge (x,y) is strong then x and y are strong 

adjacent. Fuzzy coloring is an assignment of colors to vertices of a fuzzy graph G. It 

is said to be proper if no two strong adjacent vertices have the same color. 

A Vertex u dominates v if (u,v) is a strong edge. A fuzzy dominator coloring of a 

fuzzy graph G is a proper fuzzy coloring in which each vertex of G dominates each 

vertex of some color class. Minimum fuzzy dominator coloring is a fuzzy dominator 

coloring with minimum number of color classes. Fuzzy dominator chromatic number 

is the number of color classes in a minimum fuzzy dominator coloring. It is denoted 

by fd (G). 

 

 

3. Bounds of fuzzy dominator chromatic number of fuzzy bipartite graphs 

3.1 Definition 

Let G = ( , ) be a fuzzy graph. Take n isolated vertices, where n is the number of 

vertices in G and join each vertex of G into any one of the isolated vertices. Then the 

resulting graph is said to be a corona of G and is denoted as cor(G) = ( 1, 1), where 

           1 (u) =  (u), if u V & 

                     = 1 (u) (0,1], if u is isolated 

          1 (u,v) = (u,v), if (u,v) E & 

                       = 1 (u) (v) if u V & v is isolated. 

 

3.2 Note 

 Clearly cor(G) is a fuzzy graph. 

 If G has n vertices & k edges then cor(G) has 2n vertices &k+n edges. 

 If the number of strong edges in G is q then cor(G) has q+n strong edges. 

 

3.3 Theorem: Let G be a connected fuzzy bipartite graph. Then 2 fd (G)  

The bounds are sharp. 

 

Proof: Let G be a connected fuzzy bipartite graph. Since every fuzzy dominator 

coloring must be proper fuzzy coloring& f (G) = 2, it follows that fd (G) 2. 

For the upper bound, let V1 and V2 be the two fuzzy bipartition of G with . 

Now assign colors 1, 2 …  to the vertices of V1 and color  +1 to the vertices of 

V2. This coloring gives a proper fuzzy dominator coloring. Thus fd (G) . 

Since  fd (G) . 

 

3.4 Example of fuzzy bipartite graph for lower bound 

Since the fuzzy dominator chromatic number of fuzzy complete bipartite graph is 2, 

the lower bound is sharp. 
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3.5 Example of fuzzy bipartite graph for upper bound 

Let G be a fuzzy path of n1 vertices. Then fd (cor(G)) = , where n is the 

number of vertices in cor (G). 

 

Proof: Let G be a fuzzy path of n vertices. Clearly G is a fuzzy bipartite graph and so 

cor(G) is also fuzzy bipartite graph. In cor(G), every edge is strong. Since the number 

of vertices in G is n1, n=2n1. Now we have to color the vertices of cor(G). For 

minimum fuzzy dominator coloring, each vertex in minimum dominating set is to 

have unique color. Since the vertices of G is strong adjacent to exactly one vertex of 

V (G) V(cor(G)), we take every vertices of G for minimum dominating set. Thus 

vertices of G form a minimum dominating set. Hence  (cor(G)) = n. 

Now assign color 1, 2 …n1 to the vertices of G & assign color n1+1 to the vertices of 

V (G) V(cor(G)). This gives a minimum fuzzy dominator coloring of cor (G). Hence               

fd (cor(G)) = = . Thus the upper bound is sharp. 

 

3.6 Theorem: let k be an integer with . Then there is a connected 

fuzzy bipartite graph G of n vertices with fuzzy dominator chromatic number k. 

 

Proof: Consider a fuzzy path P= ( 1, 1) with k 2 vertices. Let v1, v2 … vk be the 

vertices of P. Now construct a fuzzy graph G = ( , ) from P by adding k vertices u1, 

u2 …uk so that uivi  E (G), 1 i k and by adding n 2k vertices xj to vk (1 j n 2k). 

Since n 2k 1 & k 2, it follows that n 5. The membership values of vertices and 

edges of G are given below 

              (vi) = 1(vi), i and (ui), (xj) takes any value in (0, 1], i & j 

              (u,v) = 1 (u,v), if (u,v) E (P), edges of P 

             (ui,vi) = (ui) (vi), i 

             (vk,xj) = (vk) (xj), j 

 

Clearly G is a fuzzy tree since G has no fuzzy cycle of odd length and hence G is 

fuzzy bipartite. The structure of G is shown in the following figure. 

 

 
 

 

Now the sets {v1, v2 … vk} & {u1, u2 …uk 1, vk} are minimum dominating sets. Hence 

 (G) = k. 

Since  (G) = k, we need at least k unique colors for minimum fuzzy dominator 

coloring. Assign colors 1, 2… k to v1, v2 …vk respectively and one more color k+1 to 

u1, u2…uk, x1, x2 … xn 2k..Thus there are k+1 colors in which each vertex of G 
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dominates at least one color class. So this coloring is minimum fuzzy dominator 

coloring. 

On the other hand if we assign k unique colors to the vertices of the set {u1, u2 …uk 1, 

vk} then we have a fuzzy dominator coloring of k colors, since we can color the 

remaining vertices using k colors. Thus fd (G) = k. 

 

3.7 Theorem: Let G be a fuzzy bipartite graph with bipartition (X,Y). Then cor(G) is 

a fuzzy bipartite graph whose fuzzy dominator chromatic number is , 

where  denotes the number of vertices in cor(G). 

 

Proof: LetG be a fuzzy bipartite graph with bipartition (X, Y) so that 

and define G
1
 to be the corona of G. Clearly G

1
 is fuzzy bipartite. Now assign 

colors 1, 2 …  (  ) to all vertices of G and 

color  to the remaining vertices. This is a fuzzy dominator coloring of G
1
 since 

each vertex of G dominates itself and the remaining vertices dominate its 

corresponding adjacent vertices. This coloring is a minimum fuzzy dominator 

coloring, since each vertex in minimum dominating set has unique color. Hence       

fd (G) = . 

 

 

4. Fuzzy dominator chromatic number of fuzzy bipartite graph in terms of 

domination number. 

4.1 Theorem: Let G be a fuzzy bipartite graph. Then  (G) fd (G)  2 +  (G). 

 

Proof: Let G be a fuzzy bipartite graph and c be a minimum fuzzy dominator coloring 

of G with colors 1, 2 … fd(G). For each color class of G, let xi be a vertex in the 

color class i with 1  i fd (G). We show that S = { xi/ 1  i fd (G)} is a dominating 

set. Let x V (G). By the definition of fuzzy dominator coloring, each vertex of G will 

dominates all vertices of some color class. Since S contains one vertex of each color 

class, every vertices of G dominates some vertex of S. Thus S is a fuzzy dominating 

set every minimum fuzzy dominator coloring of G gives a fuzzy dominating set of G. 

Hence  (G) fd (G). 

Now we have to determine the upper bound. Since the fuzzy chromatic number of the 

fuzzy bipartite graph is two, we can color the vertices of G by using two colors 1and 

2. Assign colors 3, 4 …  (G) + 2 to the vertices of S and give colors 1 & 2 to the rest 

of the vertices of G such that two strong adjacent vertices will have different colors. 

This coloring gives a fuzzy dominator coloring since it is a proper fuzzy coloring and 

each vertex of G dominates every vertices of at least one color class. Hence              

fd (G)  2 +  (G). 

 

4.2 Note: Based on the bounds of fd (G), fuzzy bipartite graphs can be classified as 

three types. 

1. A fuzzy bipartite graph G is of class 0 if fd (G) =  (G). 

2. G is of class 1 if fd (G) =  (G) + 1. 
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3. G is of class 2 if fd (G) =  (G) + 2. 

 

4.3 Examples of fuzzy bipartite graph of class 0: 

1. Let Km,n be the complete fuzzy bipartite graph with bipartition (X,Y) &  = 

m,  = n with m, n 2. Then fd (G) = 2, by proposition 5.1[5].Since each 

vertex of X is strong adjacent to every vertex of Y, for each x X& y Y {x,y} 

is a minimum dominating set. Thus  (G) = 2. Hence Km,n (m, n  2) is of class 

0. 

2. Let P be a fuzzy path on k 2 vertices and v1, v2 ….vk be the vertices of P. 

Now construct the fuzzy graph G as in theorem 3.6. Then G is of class 0. 

 

4.4 Examples of fuzzy bipartite graph of class 1: 

1. Let G be a fuzzy a star S1,n. Then the fuzzy dominator chromatic number of G 

is 2& fuzzy domination number is 1 and so fd (G) =  (G) +1. Hence G is of 

class 1. 

2. Let G be a fuzzy graph such that G* is a double star. Clearly fd (G) = 3 &      

 (G) = 2. Hence fd (G) =  (G) +1. Thus G is of class 1. 

 

4.5 Examples of fuzzy bipartite graph of class 2: 

1. Consider a fuzzy path P of n 6. Clearly P is fuzzy bipartite. We know that   

fd (G) = . Since for every three vertices in P, we can pick any one 

vertex,  (G) = . So fd(G) =  (G) +2. Thus P is of class 2. 

2. Since fuzzy dominator chromatic number of a fuzzy cycle of length n  5 is 

and domination number is , fuzzy cycle is of class 2. 

 

 

5. Fuzzy dominator chromatic number of middle fuzzy graphs 

5.1 Definition: Let G = ( , ) be a fuzzy graph and its underlying crisp graph is       

G* = (V,E), where V is the vertex set and E is edge set. Then the middle fuzzy graph 

of G is M (G) = ( M, M) where 

     M (u) =  (u), if u V 

                =  (u), if u E 

                = 0 otherwise. 

     M (ei, ej) =  (ei)  (ej), if ei, ej E & are adjacent in G*. 

                     = 0 otherwise 

    M (vi, vj) = 0 if vi, vj V 

    M (vi, ej) =  (ej) if vi V and it lies on ej. 

                    =0 otherwise 

 

5.2 Theorem: If Cn is a fuzzy cycle of length n then fd (M (Cn)) = . 

 

Proof: Let Cn be a fuzzy cycle of length n whose vertices are v1,v2 … vn and edges are 

e1, e2 … en. Now construct the middle fuzzy graph of Cn. The vertices of M (Cn) are 

v1, v2 … vn, e1, e2 … en and join two vertices of M (Cn)either if the two vertices of     
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M (Cn) are edges of G or one of the vertex v is in V & another vertex e is in E and v 

lies on e. By using the definition of middle fuzzy graph, give the membership values 

to the vertices and edges of M (Cn) 

Now color the vertices of M(Cn) in which no two strong adjacent vertices have the 

same color and each vertex of G dominates at least one color class. We have two 

cases 

 

Case i. (n is odd): Assign color 1 to v1,v2 … vn, color 2 to e2, e4 … en 3, en 1 and 3, 4 

…  to e1, e3 … en respectively. 

 

Case ii: (n is even): Vertices v1, v2 … vn are colored by 1, e2, e4 … en are colored by 2 

and e1, e3 … en 1 are colored by 3, 4 …  respectively. 

In both cases, the resulting coloring is clearly a minimum fuzzy dominator coloring of 

M (Cn) since each vertex in a minimum dominating set receive a unique color. Thus 

fd (M (Cn)) = . 

 

5.3 Theorem: If Pn is a fuzzy path of n vertices, then 

 

 

Proof: Let Pn be a fuzzy path with n verticesv1, v2 … vn& n 1 strong edges e1, e2 … 

en 1, where ei = vivi+1, 1  i  n 1 and (ei) = . By the definition of middle 

fuzzy graph, M (Pn) has 2n 1 vertices v1, v2 … vn, e1, e2 … en 1 and each ei is strong 

adjacent to vi, vi+1 (1  i  n 1) and ei is strong adjacent to ei+1 (1  i  n 2). For 

minimum fuzzy dominator coloring, we have to give unique color to the vertices of 

minimum dominating set. 

It is easy to check that fd (M (Pn)) = n for n = 2, 3. Assume that n 4. We prove this 

theorem in two cases. 

 

Case i: n  0 (mod 2), n 4. 

In this case D = {e1, e3 … en 1} is a minimum dominating set and number of elements 

in D is . Assign color 1 to v1, v2 … vn, color 2 to e2, e4 … en 2 and e1, e3 … en 1 are 

colored by 3, 4 …  respectively. The resulting coloring is a proper fuzzy 

dominator coloring. Hence fd(M(Pn)) =  = . 

 

Case ii: n  1(mod 2), n 4. 

In this case D = {e1, e3 … en 2, en 1} is a minimum dominating sets and D 

contains elements. Assign color 1 to v1, v2 … vn, color 2 to e2, e4 … en 3 and e1, e3 

… en 2, en 1 are colored by 3, 4 …  respectively. Hence fd(M(Pn)) = . 

Thus fd(M (Pn)) =  for n 4. 

 

5.4 Theorem: If G is a fuzzy star S1,n., then . 
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Proof: Let G be a fuzzy star . This type of fuzzy graph has a middle vertex v, 

around it there are n vertices v1, v2 … vn and each vi (1  i  n) is strong adjacent to v, 

i.e, there are n strong edges e1,e2 … en where ei = vvi,1  i  n. 

Consider the middle fuzzy graph M (G) of G. In M (G), {e1,e2 … en} is a minimum 

dominating set. Assign color 1to v, v1, v2 … vn and edges e1, e2 … en are colored by 2, 

3 … n+1 respectively. Clearly this coloring is a proper fuzzy minimum dominator 

coloring. Hence fd (G) =n+1. 

 

 

6. Fuzzy chromatic number of subdivision fuzzy graph. 

6.1 Definition: Let G = ( , ) be a fuzzy graph with its underlying crisp graph         

G* = (V, E). Then the subdivision fuzzy graph of G is Sd (G) = ( sd, sd), where 

       sd (u) =  (u), if u V 

                   =  (u), if u E 

                  = 0 otherwise. 

   sd (u, e) =  (u)  (e), if v V, e E& and u lies on e. 

                  = 0 otherwise 

Thus the vertex set of Sd (G) is V E. Clearly Sd(G) is a fuzzy graph 

 

6.2 Theorem: fd(Sd(Cn)) = , where Cn is a fuzzy cycle of length n. 

 

Proof: Let Cn be a fuzzy cycle of length n. let v1, v2 … vn be the vertices and e1, e2 … 

en be the edges of Cn. Clearly every edge of Cn is strong, i.e, , for all 

i. In Sd (Cn), each ei is subdivided and so we have 2n vertices v1, v2 … vn, e1, e2 … en 

and each vertex ei is strong adjacent to vi& vi+1 (1  i  n). Since Sd(Cn) contains 2n 

vertices & each vertex is strong adjacent to exactly two of its neighbouring vertices, 

Sd (Cn) is a fuzzy cycle of length 2n. 

By proposition 3.10 in [5]  

 

Hence . 

 

6.3 Theorem: , where Pn is a fuzzy path of n 

vertices. 

 

Proof: Let Pn = v1e1v2e2 … vn 1en 1vn be a fuzzy path of n vertices. In this fuzzy graph 

each ei is strong. Consider the subdivision fuzzy graph of Pn. In Sd (Pn), each ei is 

subdivided and it becomes a new vertex and also each vertex ei is strong adjacent to 

vi& vi+1, 1  i  n 1. Thus Sd (Pn) is again a fuzzy path of 2n 1 vertices & 2n strong 

edges. 
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By Proposition 3.9 in [5],  

Hence  

 

6.4 Theorem: If G is a fuzzy star S1,n., then . 

 

Proof: Let u be a middle vertex of  and u1, u2 … unbe its neighbouring vertices 

such that ei = uui, 1 i n. In Sd ( ), {e1, e2 … en} is a minimum dominating set. 

Now color the vertices of minimum dominating set by 1, 2 …n respectively and color 

the remaining vertices by n+1. This coloring is a minimum fuzzy dominator coloring. 

Hence  
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