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Abstract 

 

The impact of three-dimensional steady incompressible boundary layer flow of Casson 

nanofluid in the presence of heat generation is scrutinized. The geometry of the present 

analysis is moving surface. Moreover, we considered the magnetohydrodynamics effect 

within the fluid and convective condition along the surface. The governing partial 

differential equations are transformed by using similarity transformation into a set of 

coupled nonlinear ordinary differential equations. The resulting ordinary differential 

equations are solved analytically by Homotopy Analysis Method (HAM). The 

behaviour of emerging parameters is depicted visually and described for velocity, 

temperature and concentration profiles. It is discovered that increasing the Casson fluid 

and magnetic field parameters increases the velocity profiles in both the 𝑥 − and 𝑦 − 

directions. Numerical solution is obtained using MATHEMATICA NDSolve 

technique. Radius of convergence is calculated using Domb-Sykes plot. A comparative 

study is made with the previous results and observed good agreement. 
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1 Introduction 

Casson fluid model was introduced in 1959 by Casson to characterize non-Newtonian 

fluid behaviour. Fluids like Jelly, tomato sauce, honey, soup, foams, molten chocolates, 

cosmetics, nail polish, stuffs, artificial fibers, concentrated fruit liquids are examples 

for the Casson fluid. Casson fluid model can also be used to treat human blood. Casson 
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fluid is a shear thinning/thickening liquid which is assumed to have an infinite viscosity 

at zero rate of shear, a yield stress below which no flow occurs and a zero viscosity at 

an infinite rate of shear. If the shear stress is less than the applied yield stress on the 

fluid then Casson fluid act as a solid. If the shear stress is greater than the applied yield 

stress then it acts as a fluid. The study of Casson fluid has wide applications in food 

processing, in metallurgy, drilling operations and bio-engineering operations [1, 2]. 

Wang [14] described the motion of the fluid over a stretching surface in two lateral 

directions. Mustafa et al. [4] concluded that the Casson parameter increases the velocity 

field for an unsteady boundary layer flow over a moving plate. The impacts of thermal 

radiation and heat source of the three-dimensional MHD mixed convection flow of 

Casson nanofluid over an exponentially stretching sheet is studied by Ibrahim et al. [5]. 

The boundary layer flow of a Casson fluid model over a stretching sheet in the presence 

of thermal radiation and velocity slip boundary conditions is investigated by Abdul 

Hakeem et al. [6]. The laminar flow of a Casson fluid in a curved tube of circular cross-

section has been analyzed for large values of Dean number by Batra et al. [7]. 

The magnetohydrodynamic flow of a Casson fluid over a porous stretching sheet is 

addressed in the presence of a chemical reaction using HAM is studied by Shehzad et 

al. [8]. Nagarani et al. [9] studied the dispersion of solute in a Casson fluid flowing in 

an annulus with interphase mass transfer at the outer boundary. Nawaz et al. [10] 

analyzed the three-dimensional nano-plasma flow over the two-dimensional stretching 

surface subject to the applied magnetic field using Galerikan Finite Element Method. 

The effects of viscous dissipation, thermophoresis, and Brownian motion on the MHD 

fluid boundary layer in relation to a wedge embedded in porous media is studied by 

Amar et al. [11]. Mahanthesh et al. [12, 13] analyzed the nonlinear convection in the 

three-dimensional flow of an Oldroyd-B fluid and water based nanofluid over a non-

linearly stretching sheet and numerically solved by using Runge–Kutta–Fehlberg 

fourth–fifth order method along with shooting technique. 

Mahanta et al. [3] investigated the MHD boundary layer three-dimensional flow for 

Casson fluid model over a stretching sheet and used SRM method for numerical 

solution. The heat and mass transfer analysis of the steady laminar Casson nanofluid 

flow over a stretching sheet with velocity slip and convective boundary condition using 

Optimal HAM are discussed by Abolbashari et al. [15]. Sarojamma et al. [16] analyzed 

the influence of magnetic field and heat source on the steady boundary layer flow and 

heat transfer of a Casson nanofluid over a vertical exponentially stretching cylinder 

along its radial direction and revealed that Skin friction is higher in the Newtonian 

nanofluid than it is in the Casson nanofluid. Nadeem et al. [17] discussed the MHD 

boundary layer flow of a Casson fluid over an exponentially permeable shrinking sheet 

and analytically solved by the Adomian Decomposition Method (ADM). 

Rehman et al. [18] discussed the impact of a double stratified medium on Casson fluid 

flow over a stretching cylindrical surface. The Soret-Dufour properties in mixed 

convective radiated 3D Casson fluid flow by exponentially heated surface is explained 

and analytically solved by Homotopic scheme by Zaigham Zia et al. [19]. The double 

diffusion Cattaneo-Christove flow of Casson nanofluids in a three-dimensional time-

dependent magnetohydrodynamic rotation across an extended sheet is investigated by 

Ali et al. [20]. Sunitha et al. [21] studied the effect of chemical reaction on magnetized 
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thermally radiant williamson nanofluid over an exponentially stretching sheet using 

homotopy analysis method. 

Anwar et al. [22] investigated the Soret and Dufour effects of Casson nanofluid flow 

over a nonlinear inclined surface with radiation numerically using Keller−Box method. 

The heat and mass transfer analysis of magnetized blood flow induced by the peristaltic 

wave is analyzed by Rashidi et al. [23]. Recently the MHD boundary layer flow of 

Casson nanofluid in the presence of Brownian motion and thermophoresis properties is 

solved using HAM by Raj Sekhar et al. [24]. Omowaye et al. [25] studied the Soret and 

Dufour effects on steady MHD convection flow past a semi-infinite moving vertical 

plate in a porous using HAM. Gangadhar et al. [26] conducted a detailed study in the 

flow and heat transfer analysis of three-dimensional steady electrically conducting 

Casson fluid flow over a porous stretching sheet with source and sink by using spectral 

relaxation method (SRM). 

The three-dimensional nanofluid model proposed by Buongiorno in steady natural 

convection porous medium presented by Sheremet et al. [27]. The magneto-

hydrodynamic fluid flow of the Casson fluid across a nonlinearly stretching sheet in the 

presence of Newtonian heating and velocity slip is numerically solved by the R-K 

method with shooting technique by Venkateswara Raju et al.[28]. The three-

dimensional flow with nanoparticles over a bi-directional stretching sheet with 

convective boundary conditions is studied by Khan et al. [29]. The effect of 

incompressible Casson nanofluid flow past a stretching/shrinking surface with heat 

radiation and mass transfer parameter is studied by Mahabaleshwar et al. [30]. Recently, 

Vanitha et al. [31] investigated the unsteady casson nanofluid over a moving surface. 

In this paper, we analyzed the magnetohydrodynamic boundary layer flow of three-

dimensional Casson nanofluid model with convective boundary conditions and heat 

generation over a moving surface. We are extending the work of Ahmad et al. [32] for 

three-dimensional in the presence of heat generation over a moving surface. The 

distribution of the paper is section 2 includes Mathematical formulation, section 3 

contains Method of solution, section 4 involves Results and discussion and section 5 

graphs and tables. 

 

 

2 Mathematical Formulation 

The three-dimensional steady incompressible boundary layer flow of Casson nanofluid 

over a moving surface with heat source and convective boundary conditions are 

considered. The moving sheet is located at 𝑧 = 0 and the flow is limited to 𝑧 ≥ 0. 

Uniform magnetic field 𝐵0 is applied in 𝑧 − direction, which is orthogonal to 𝑥𝑦 − 

plane. The velocity distribution far from the surface is assumed to be 𝑈 and 𝑉 where as 

velocity of moving surface is 𝜆𝑈 and 𝜆𝑉 along 𝑥 − and 𝑦 − directions. 

The rheological equation of an incompressible flow of a Casson fluid can be written 

as[33] 

 

𝜏𝑖𝑗 = {
2(𝜇𝐵 +

𝑝𝑧

√2𝜋
)𝑒𝑖𝑗, 𝜋 > 𝜋𝑐

2(𝜇𝐵 +
𝑝𝑧

√2𝜋𝑐
)𝑒𝑖𝑗, 𝜋 < 𝜋𝑐

 (1) 
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where 𝜇𝐵 is dynamic viscosity, 𝑝𝑧 be the yield stress, 𝜋 = 𝑒𝑖𝑗 . 𝑒𝑖𝑗 is the product of 

component of deformation tensor with itself, 𝑒𝑖𝑗 denotes the (𝑖, 𝑗)𝑡ℎ component of the 

deformation rate and 𝜋𝑐 is the critical value of 𝜋. 

Under these assumptions the equations of the fluid model are 

 
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
+

𝜕𝑤

𝜕𝑧
= 0, (2) 

 

𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
+ 𝑤

𝜕𝑢

𝜕𝑧
= 𝜈 (1 +

1

𝛽
)

𝜕2𝑢

𝜕𝑧2
−

𝜎𝐵0
2(𝑢−𝑈)

𝜌
, (3) 

 

𝑢
𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
+ 𝑤

𝜕𝑣

𝜕𝑧
= 𝜈 (1 +

1

𝛽
)

𝜕2𝑣

𝜕𝑧2
−

𝜎𝐵0
2(𝑣−𝑈)

𝜌
, (4) 

 

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
+ 𝑤

𝜕𝑇

𝜕𝑧
= 𝛼𝑚

𝜕2𝑇

𝜕𝑧2 +
𝑄0

𝜌𝑐𝑝
(𝑇 − 𝑇∞) +

𝜌𝑝𝑐𝑝

𝜌𝑐
(𝐷𝐵

𝜕𝐶

𝜕𝑧

𝜕𝑇

𝜕𝑧
+

𝐷𝑇

𝑇∞
(

𝜕𝑇

𝜕𝑧
)

2

), (5) 

 

𝑢
𝜕𝐶

𝜕𝑥
+ 𝑣

𝜕𝐶

𝜕𝑦
+ 𝑤

𝜕𝐶

𝜕𝑧
= 𝐷𝐵

𝜕2𝐶

𝜕𝑧2 +
𝐷𝑇

𝑇∞

𝜕2𝑇

𝜕𝑧2. (6) 

 

The corresponding boundary conditions are given by 

 

𝑢 = 𝜆𝑈, 𝑣 = 𝜆𝑉, 𝑤 = 0, 𝑘
𝜕𝑇

𝜕𝑧
= ℎ𝑓(𝑇 − 𝑇𝑤), 𝐶 = 𝐶𝑤 at 𝑧 = 0, 

 

𝑢 → 𝑈, 𝑣 → 𝑉, 𝑇 → 𝑇∞, 𝐶 → 𝐶∞, as 𝑧 → ∞, (7) 

 

where 𝑢, 𝑣 and 𝑤 are velocity components in 𝑥, 𝑦 and 𝑧 directions, 𝛽 is Casson fluid 

parameter, 𝜈 is the kinematic viscosity and 𝛼𝑚 is the thermal diffusivity of nanofluid, 

𝜌 is density of the fluid, 𝜎 is the electrical conductivity, 𝜏 is heat capacity ratio, 𝐷𝑇 is 

thermophoresis coefficient, 𝐵0 is uniform magnetic field, 𝑇 is the temperature of the 

fluid, 𝐶 is the concentration of the fluid, 𝐷𝐵 is Brownian diffusion coefficient, 𝑄0 is 

heat source parameter and ℎ𝑓 is convective heat transfer coefficient. Using the 

similarity transformations 

 

𝑢 = 𝑈𝑓′, 𝑣 = 𝑈𝑔′, 𝑤 = (
𝑈𝜈

2(𝑥 + 𝑦)
)

1
2

[𝑓′𝜂 − 𝑓 − 𝑔 + 𝑔′𝜂], 

 

𝜃(𝜂) =
𝑇−𝑇∞

𝑇𝑤−𝑇∞
, 𝜙(𝜂) =

𝐶−𝐶∞

𝐶𝑤−𝐶∞
, 𝜂 = 𝑧√

𝑈

2𝜈(𝑥+𝑦)
, (8) 

 

equations (3)-(6) are reduced to ordinary differential equations as follows. 

 

(1 +
1

𝛽
) 𝑓′′′ + (𝑓 + 𝑔)𝑓′′ − 𝑀(𝑓′ − 1) = 0, (9) 
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(1 +
1

𝛽
) 𝑔′′′ + (𝑓 + 𝑔)𝑔′′ − 𝑀(𝑔′ − 1) = 0,` (10) 

 

𝜃′′ + 𝑃𝑟(𝑓 + 𝑔)𝜃′ + 𝑃𝑟𝑄𝜃 + 𝑃𝑟𝑁𝑏𝜃′𝜙′ + 𝑃𝑟𝑁𝑡(𝜃′)2 = 0, (11) 

 

𝜙′′ + 𝐿𝑒(𝑓 + 𝑔)𝜙′ +
𝑁𝑡

𝑁𝑏
𝜃′′ = 0. (12) 

 

The corresponding boundary conditions are 

 

𝑓 = 0, 𝑔 = 0, 𝑓′ = 𝜆, 𝑔′ = 𝜆𝛼, 𝜃′ = −𝛾[1 − 𝜃], 𝜙 = 1 𝑎𝑡 𝜂 = 0, 
 

𝑓′ → 1, 𝑔′ → 𝛼, 𝜃 → 0, 𝜙 → 0 𝑎𝑠 𝜂 → ∞. (13) 

 

Where 𝛼 is ratio parameter, 𝑀 =
2𝜎𝐵0

2(𝑥+𝑦)

𝜌𝑈
; Magnetic field parameter, 𝑃𝑟 =

𝜈

𝛼𝑚
; 

Prandtl number, 𝛾 =
ℎ𝑓

𝑘
√

2𝜈(𝑥+𝑦)

𝑈
; Biot number, 𝑄 =

2𝑄0(𝑥+𝑦)

𝜌𝑐𝑝𝑈
; Heat source parameter, 

𝐿𝑒 =
𝜈

𝐷𝐵
; Lewis number, 𝑁𝑏 = (

(𝜌𝑐𝑝)𝐷𝐵(𝐶𝑤−𝐶∞)

𝜈(𝜌𝑐𝑓)
); Brownian motion parameter, 𝑁𝑡 =

(
(𝜌𝑐𝑝)𝐷𝑇(𝑇𝑤−𝑇∞)

𝜈𝑇∞(𝜌𝑐𝑓)
); Thermophoresis parameter. 

 

 

3 Method of Solution 

Shijun Liao (1992) [34, 35, 36, 37, 38, 39, 40, 41] explained Homotopy Analysis 

Method (HAM) to solve non-linear differential equations analytically. Using HAM [42, 

43], we are proceeding as follows. 

The coupled non linear equations for this problem are 

 

𝑁[𝑓(𝜂)] = (1 +
1

𝛽
) 𝑓′′′ + (𝑓 + 𝑔)𝑓′′ − 𝑀(𝑓′ − 1), (14) 

 

𝑁[𝑔(𝜂)] = (1 +
1

𝛽
) 𝑔′′′ + (𝑓 + 𝑔)𝑔′′ − 𝑀(𝑔′ − 1), (15) 

 

𝑁[𝜃(𝜂)] = 𝜃′′ + 𝑃𝑟(𝑓 + 𝑔)𝜃′ + 𝑃𝑟𝑁𝑏𝜃′𝜙′ + 𝑃𝑟𝑄𝜃 + 𝑃𝑟𝑁𝑡(𝜃′)2, (16) 

 

𝑁[𝜙(𝜂)] = 𝜙′′ + 𝐿𝑒(𝑓 + 𝑔)𝜙′ +
𝑁𝑡

𝑁𝑏
𝜃′′. (17) 

 

Linear operators considered are as follows, 

 

𝐿(𝑓) =
𝜕3𝑓

𝜕𝜂3
+

𝜕2𝑓

𝜕𝜂2
, (18) 

 

𝐿(𝑔) =
𝜕3𝑔

𝜕𝜂3 +
𝜕2𝑔

𝜕𝜂2, (19) 
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𝐿(𝜃) =
𝜕2𝜃

𝜕𝜂2
+

𝜕𝜃

𝜕𝜂
, (20) 

 

𝐿(𝜙) =
𝜕2𝜙

𝜕𝜂2
+

𝜕𝜙

𝜕𝜂
, (21) 

 

which gives initial approximations as, 

 

𝑓0 = (𝜆 − 1) + 𝜂 + (1 − 𝜆)𝑒−𝜂 , (22) 

 

𝑔0 = 𝛼((𝜆 − 1) + 𝜂 + (1 − 𝜆)𝑒−𝜂), (23) 

 

𝜃0 = (
𝛾

1+𝛾
) 𝑒−𝜂 , (24) 

 

𝜙0 = 𝑒−𝜂 . (25) 

 

The nonlinear equations for approximate solutions are, 

 

(1 − 𝑝)𝐿[𝑓(𝜂, 𝑝) − 𝑓0(𝜂)] = ℎ𝑝[(1 +
1

𝛽
)

𝜕3𝑓

𝜕𝜂3 + (𝑓 + 𝑔)
𝜕2𝑓

𝜕𝜂2 − 𝑀 (
𝜕𝑓

𝜕𝜂
− 1)], (26) 

 

(1 − 𝑝)𝐿[𝑔(𝜂, 𝑝) − 𝑔0(𝜂)] = ℎ𝑝[(1 +
1

𝛽
)

𝜕3𝑔

𝜕𝜂3 + (𝑓 + 𝑔)
𝜕2𝑔

𝜕𝜂2 − 𝑀 (
𝜕𝑔

𝜕𝜂
− 1)], (27) 

 

(1 − 𝑝)𝐿[𝜃(𝜂, 𝑝) − 𝜃0(𝜂)] = 
 

ℎ𝑝[
𝜕2𝜃

𝜕𝜂2 + 𝑃𝑟(𝑓 + 𝑔)
𝜕𝜃

𝜕𝜂
+ 𝑃𝑟𝑁𝑏

𝜕𝜙

𝜕𝜂

𝜕𝜃

𝜕𝜂
+ 𝑃𝑟𝑄𝜃 + 𝑃𝑟𝑁𝑡 (

𝜕𝜃

𝜕𝜂
)

2

], (28) 

 

(1 − 𝑝)𝐿[𝜙(𝜂, 𝑝) − 𝜙0(𝜂)] = ℎ𝑝[
𝜕2𝜙

𝜕𝜂2 + 𝐿𝑒(𝑓 + 𝑔)
𝜕𝜙

𝜕𝜂
+

𝑁𝑡

𝑁𝑏

𝜕2𝜃

𝜕𝜂2], (29) 

 

with following boundary conditions, 

 

𝑓(0, 𝑝) = 0, 𝑓𝜂(0, 𝑝) = 𝜆, 𝑓𝜂(∞, 𝑝) = 1, (30) 

 

𝑔(0, 𝑝) = 0, 𝑔𝜂(0, 𝑝) = 𝜆𝛼, 𝑔𝜂(∞, 𝑝) = 𝛼, (31) 

 

𝜃𝜂(0, 𝑝) = −𝛾(1 − 𝜃(0)), 𝜃(∞, 𝑝) = 0, (32) 

 

𝜙(0, 𝑝) = 1, 𝜙(∞, 𝑝) = 0. (33) 

 

Varying the values of 𝑝 from 0 to 1 we get the solution from first approximation to 

required solution. Using Maclaurin’s series expansion and applying Leibnitz theorem 

we get the series solution. The convergence of the series solution is derived by 
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calculating the convergence parameter ℎ. 

 

𝐿[𝑓𝑘 − 𝜒𝑘𝑓𝑘−1] = ℎ𝑅𝑘(𝜂), (34) 

 

𝐿[𝑔𝑘 − 𝜒𝑘𝑔𝑘−1] = ℎ𝑆𝑘(𝜂), (35) 

 

𝐿[𝜃𝑘 − 𝜒𝑘𝜃𝑘−1] = ℎ𝑊𝑘(𝜂), (36) 

 

𝐿[𝜙𝑘 − 𝜒𝑘𝜙𝑘−1] = ℎ𝑋𝑘(𝜂), (37) 

 

where 𝜒𝑘 = {
0, when 𝑘 ≤ 1
1, when 𝑘 > 1 and 

 (38) 

 

𝑅𝑘(𝜂) = (1 +
1

𝛽
) 𝑓𝑘−1

′′′ (𝜂) + ∑𝑘−1
𝑚=0 (𝑓𝑘−1−𝑚(𝜂) + 𝑔𝑘−1−𝑚(𝜂))𝑓𝑚

′′(𝜂) − 𝑀𝑓𝑘−1
′ (𝜂), (39) 

 

𝑆𝑘(𝜂) = (1 +
1

𝛽
) 𝑔𝑘−1

′′′ (𝜂) + ∑𝑘−1
𝑚=0 (𝑓𝑘−1−𝑚(𝜂) + 𝑔𝑘−1−𝑚(𝜂))𝑔𝑚

′′ (𝜂) − 𝑀𝑔𝑘−1
′ (𝜂), (40) 

 

𝑊𝑘(𝜂) = 𝜃𝑘−1
′′ (𝜂) + 𝑃𝑟 ∑

𝑘−1

𝑚=0

(𝑓𝑘−1−𝑚(𝜂) + 𝑔𝑘−1−𝑚(𝜂))𝜃𝑚
′ (𝜂) + 𝑃𝑟𝑄𝜃𝑘−1(𝜂) + 

 

𝑃𝑟𝑁𝑏 ∑𝑘−1
𝑚=0 𝜃𝑘−1−𝑚

′ (𝜂)𝜙𝑚 
′ (𝜂) + 𝑃𝑟𝑁𝑡 ∑𝑘−1

𝑚=0 𝜃𝑘−1−𝑚
′ (𝜂)𝜃𝑚

′ (𝜂), (41) 

 

𝑋𝑘(𝜂) = 𝜙𝑘−1
′′ (𝜂) + 𝐿𝑒 ∑𝑘−1

𝑚=0 (𝑓𝑘−1−𝑚(𝜂) + 𝑔𝑘−1−𝑚(𝜂))𝜙𝑚
′ (𝜂) +

𝑁𝑡

𝑁𝑏
𝜃𝑘−1

′′ (𝜂), (42) 

 

with boundary conditions, 

 

𝑓𝑘(0) = 0, 𝑓𝑘
′(0) = 0, 𝑓𝑘

′(∞) = 0, (43) 

 

𝑔𝑘(0) = 0, 𝑔𝑘
′ (0) = 0, 𝑔𝑘

′ (∞) = 0, (44) 

 

𝜃𝑘
′ (0) − 𝛾𝜃𝑘(0) = 0, 𝜃𝑘(∞) = 0, (45) 

 

𝜙𝑘(0) = 0, 𝜙𝑘(∞) = 0. (46) 

 

Soving equtions (34)-(37) by using MATHEMATICA we get the required solution as 

 

𝑓 = 𝑓0 + 𝑓1 + 𝑓2 + 𝑓3+. . ., (47) 

 

𝑔 = 𝑔0 + 𝑔1 + 𝑔2 + 𝑔3+. . ., (48) 

 

𝜃 = 𝜃0 + 𝜃1 + 𝜃2 + 𝜃3+. . ., (49) 

 

𝜙 = 𝜙0 + 𝜙1 + 𝜙2 + 𝜙3+. . .. (50) 
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Where 

 

𝑓1 = −
−4ℎ + ℎ𝛽 + 4ℎ𝑀𝛽 + 5ℎ𝛼𝛽 + 4ℎ𝜆 + 2ℎ𝛽𝜆 − 4ℎ𝑀𝛽𝜆 − 2ℎ𝛼𝛽𝜆 − 3ℎ𝛽𝜆2 − 3ℎ𝛼𝛽𝜆2

4𝛽
+ 

 
1

4𝛽
𝑒−2𝜂(−2𝑒2𝜂ℎ𝑀𝛽𝜂2 − ℎ(1 + 𝛼)𝛽(−1 + 𝜆)2 − 2𝑒𝜂(−2ℎ − 3ℎ𝛽 + 2ℎ𝑀𝛽 − ℎ𝛼𝛽 + 2ℎ𝜆 + 

 

6ℎ𝛽𝜆 − 2ℎ𝑀𝛽𝜆 + 4ℎ𝛼𝛽𝜆 − 3ℎ𝛽𝜆2 − 3ℎ𝛼𝛽𝜆2 + ℎ(−1 + 𝜆)(−2(2 + 𝜂) + 

 

𝛽(−2 + 𝜂2 + 2𝑀(2 + 𝜂) + 4𝜆 +  2𝜂𝜆 + 
 

𝛼(2 + 𝜂2 + 4𝜆 + 2𝜂(1 + 𝜆)))))), . .. (51) 

 

𝑔1 = −
1

4𝛽
(−4ℎ𝛼 + ℎ𝛼𝛽 + 4ℎ𝑀𝛼𝛽 + 5ℎ𝛼2𝛽 + 4ℎ𝛼𝜆 + 2ℎ𝛼𝛽𝜆 − 4ℎ𝑀𝛼𝛽𝜆

− 2ℎ𝛼2𝛽𝜆 − 3ℎ𝛼𝛽𝜆2 − 3ℎ𝛼2𝛽𝜆2) +
1

4𝛽
𝑒−2𝜂(−2𝑒2𝜂ℎ𝑀𝛼𝛽𝜂2

− ℎ𝛼(1 + 𝛼)𝛽(−1 + 𝜆)2 − 2𝑒𝜂(−2ℎ𝛼 − 3ℎ𝛼𝛽 + 
 

2ℎ𝑀𝛼𝛽 − ℎ𝛼2𝛽 + 2ℎ𝛼𝜆 + 6ℎ𝛼𝛽𝜆 − 2ℎ𝑀𝛼𝛽𝜆 + 4ℎ𝛼2𝛽𝜆 − 3ℎ𝛼𝛽𝜆2 − 
 

3ℎ𝛼2𝛽𝜆2 + ℎ𝛼(−1 + 𝜆)(−2(2 + 𝜂) +  𝛽(−2 + 𝜂2 + 2𝑀(2 + 𝜂) + 4𝜆 + 2𝜂𝜆 + 
 

𝛼(2 + 𝜂2 + 4𝜆 + 2𝜂(1 + 𝜆)))))), . .. (52) 

 

𝜃1 =
1

2(1 + 𝛾)2
𝑒−2𝜂(ℎPr𝛾(−1 − 𝛾 + Nt𝛾 + Nb(1 + 𝛾) + 𝛼(1 + 𝛾)(−1 + 𝜆) + 𝜆 + 𝛾𝜆)

+  𝑒𝜂(1 + 𝛾)(−2(1

+ 𝛾)(
ℎPr𝛾(−1 − 𝛾 + Nt𝛾 + Nb(1 + 𝛾) + 𝛼(1 + 𝛾)(−1 + 𝜆) + 𝜆 + 𝛾𝜆)

2(1 + 𝛾)2

+  
ℎ𝛾(−2 + Pr(−2𝑄 + 2(1 + 𝛼)𝜆))

2(1 + 𝛾)
) + ℎ𝛾(−2(1 + 𝜂) + Pr (−2𝑄(1 + 𝜂) + 

 

(1 + 𝛼)(𝜂2 + 2𝜆 + 2𝜂𝜆))))), . .. (53) 

 

𝜙1 =
1

2Nb(1+𝛾)
𝑒−2𝜂(ℎLeNb(1 + 𝛼)(1 + 𝛾)(−1 + 𝜆) + 𝑒𝜂(−2Nb(1 + 𝛾)(

1

2
ℎLe(1 +

𝛼)(−1 + 𝜆) +  
ℎ(−2Nt𝛾+2Nb(1+𝛾)(−1+Le(1+𝛼)𝜆))

2Nb(1+𝛾)
) + ℎ(−2Nt𝛾(1 + 𝜂) + Nb(1 +

𝛾)(Le(1 + 𝛼)𝜂2 + 2(−1 + Le(1 + 𝛼)𝜆) + 2𝜂(−1 + Le(1 + 𝛼)𝜆))))), . .. (54) 

 

 

4 Results and Discussion 

The semi-analytical solutions of non-dimensional equations (9)-(12) are obtained by 

Homotopy Analysis Method. Figure 1 describes the combine ℎ − curve of 𝑓′′(0), 
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𝑔′′(0), 𝜃′(0) and 𝜙′(0). Figures 2 and 3 shows that increasing values of Casson 

parameter 𝛽 increases the velocity profiles in 𝑥 − and 𝑦 − directions. From figures 4 

and 5 we observed that increase in wall moving parameter 𝜆 increases the velocity 

profile 𝑓′(𝜂) and 𝑔′(𝜂). From figures 6 and 7, we can see that increase in ratio 

parameter 𝛼 increases the velocity fields in both the directions. Here when 𝛼 = 0 the 

flow reduces to two-dimensional case.The impact of Magnetic parameter 𝑀 on velocity 

distributions 𝑓′(𝜂) and 𝑔′(𝜂) are shown in the figures 8 and 9.The raise in Magnetic 

parameter raises the velocity profile due to Casson fluid which opposes the Lorentz 

force. 

Figure 10 represents increase in wall moving parameter 𝜆 decreases temperature 

distribution 𝜃(𝜂). From figure 11 it is observed that larger values of ratio parameter 𝛼 

drops the temperature field 𝜃(𝜂). From figure 12 we observed that increase in Magnetic 

parameter 𝑀 decreases the temperature profile 𝜃(𝜂). Figure 13 presents that larger 

values of Prandtl number 𝑃𝑟 leads to lower the temperature field 𝜃(𝜂). The fact that 

the Prandtl number has an inverse relationship with thermal diffusivity, implying that 

increased values of 𝑃𝑟 correspond to reduction in the thermal diffusivity which leads 

to the decreasing attitude of fluid temperature. The increase in the heat source parameter 

𝑄 raises the temperature distribution 𝜃(𝜂) due to increased heat generation in the 

thermal boundary layer seen in figure 14. The increase in values of Biot number 𝛾, 

Brownian motion parameter 𝑁𝑏 and Thermophoresis parameter 𝑁𝑡 increases the 

temperature profile 𝜃(𝜂) as shown in figures 15, 16 and 17. 

From figures 18, 19, 20, 21 and 23, it is observed that the increase in values of wall 

moving parameter 𝜆, ratio parameter 𝛼, Magnetic parameter 𝑀, Lewis number 𝐿𝑒 and 

Brownian motion parameter 𝑁𝑏 decreases the concentration profile 𝜙(𝜂), where as 

from figure 22 we can observe that increase in Thermophoresis parameter 𝑁𝑡 increases 

the concentration profile 𝜙(𝜂). Radius of convergence for series solution of 𝑓(𝜂), 𝑔(𝜂), 

𝜃(𝜂) and 𝜙(𝜂) are obtained from Domb-Sykes plot shown in figures 24, 25, 26 and 27. 

The analytical solution using HAM is compared with numerical solution using 

MATHEMATICA NDSolve technique are shown in graphs 28 and 29. Also we 

compared our solutions with existing solution of Ahmad et al. [31] and we observe that 

in the limiting cases our values matches with their values as shown in the table 1. 
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5 Graphs and Tables 

 

 
 

Figure 1: h-curves for the functions 𝑓, 𝑔, 𝜃 and 𝜙 

 

  

Figure 2: Influence of Casson parameter 

𝛽 on 𝑓′(𝜂) 

Figure 3: Influence of Casson parameter 

𝛽 on 𝑔′(𝜂) 

  

Figure 4: Influence of velocity parameter 

𝜆 on 𝑓′(𝜂) 

Figure 5: Influence of velocity parameter 

𝜆 on 𝑔′(𝜂) 
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Figure 6: Influence of ratio parameter 

𝛼 on 𝑓′(𝜂) 

Figure 7: Influence of ratio parameter 𝛼 

on 𝑔′(𝜂) 

  

Figure 8: Influence of Magnetic 

parameter 𝑀 on 𝑓′(𝜂) 

Figure 9: Influence of Magnetic 

parameter 𝑀 on 𝑔′(𝜂) 

  

Figure 10: Influence of velocity 

parameter 𝜆 on 𝜃(𝜂) 

Figure 11: Influence of ratio parameter 𝛼 

on 𝜃(𝜂) 
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Figure 12: Influence of Magnetic 

parameter 𝑀 on 𝜃(𝜂) 

Figure 13: Influence of Prandtl number 

𝑃𝑟 on 𝜃(𝜂) 

  

Figure 14: Influence of Heat source 

parameter 𝑄 on 𝜃(𝜂) 

Figure 15: Influence of Biot number 𝛾 on 

𝜃(𝜂) 

  

Figure 16: Influence of Brownian motion 

parameter 𝑁𝑏 on 𝜃(𝜂) 

Figure 17: Influence of Thermophoresis 

parameter 𝑁𝑡 on 𝜃(𝜂) 
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Figure 18: Influence of velocity 

parameter 𝜆 on 𝜙(𝜂) 

Figure 19: Influence of ratio parameter 𝛼 

on 𝜙(𝜂) 

  

Figure 20: Influence of Magnetic 

parameter 𝑀 on 𝜙(𝜂) 

Figure 21: Influence of Lewis number 𝐿𝑒 

on 𝜙(𝜂) 

  

Figure 22: Influence of Thermophoresis 

parameter 𝑁𝑡 on 𝜙(𝜂) 

Figure 23: Influence of Brownian motion 

parameter 𝑁𝑏 on 𝜙(𝜂) 
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Figure 24: Domb-sykes plot for 𝑓 with 

𝑅 = 7.47261 

Figure 25: Domb-sykes plot for 𝑔 with 

𝑅 = 0.03123 

 
 

Figure 26: Domb-sykes plot for 𝜃 with 

𝑅 = 26.53223 

Figure 27: Domb-sykes plot for 𝜙 with 

𝑅 = 21.24495 

  

Figure 28: Comparison of HAM and 

Numerical solution for velocity field 

Figure 29: Comparison of HAM and 

Numerical solution for concentration field 
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Table 1: Comparision of 𝑓′′(0) when 𝜆 = 𝛼 = 𝑀 = 0 and ℎ = −0.3 

 

Parameter 𝑓′′(0) 

𝛽 Ahmad et al. [32] Present work 

5 0.4696 0.469558 
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