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Abstract

The impact of three-dimensional steady incompressible boundary layer flow of Casson
nanofluid in the presence of heat generation is scrutinized. The geometry of the present
analysis is moving surface. Moreover, we considered the magnetohydrodynamics effect
within the fluid and convective condition along the surface. The governing partial
differential equations are transformed by using similarity transformation into a set of
coupled nonlinear ordinary differential equations. The resulting ordinary differential
equations are solved analytically by Homotopy Analysis Method (HAM). The
behaviour of emerging parameters is depicted visually and described for velocity,
temperature and concentration profiles. It is discovered that increasing the Casson fluid
and magnetic field parameters increases the velocity profiles in both the x — and y —
directions. Numerical solution is obtained using MATHEMATICA NDSolve
technique. Radius of convergence is calculated using Domb-Sykes plot. A comparative
study is made with the previous results and observed good agreement.

Keywords: Casson nanofluid, MHD, Heat source, HAM, Domb-Sykes plot.

1 Introduction

Casson fluid model was introduced in 1959 by Casson to characterize non-Newtonian
fluid behaviour. Fluids like Jelly, tomato sauce, honey, soup, foams, molten chocolates,
cosmetics, nail polish, stuffs, artificial fibers, concentrated fruit liquids are examples
for the Casson fluid. Casson fluid model can also be used to treat human blood. Casson
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fluid is a shear thinning/thickening liquid which is assumed to have an infinite viscosity
at zero rate of shear, a yield stress below which no flow occurs and a zero viscosity at
an infinite rate of shear. If the shear stress is less than the applied yield stress on the
fluid then Casson fluid act as a solid. If the shear stress is greater than the applied yield
stress then it acts as a fluid. The study of Casson fluid has wide applications in food
processing, in metallurgy, drilling operations and bio-engineering operations [1, 2].
Wang [14] described the motion of the fluid over a stretching surface in two lateral
directions. Mustafa et al. [4] concluded that the Casson parameter increases the velocity
field for an unsteady boundary layer flow over a moving plate. The impacts of thermal
radiation and heat source of the three-dimensional MHD mixed convection flow of
Casson nanofluid over an exponentially stretching sheet is studied by Ibrahim et al. [5].
The boundary layer flow of a Casson fluid model over a stretching sheet in the presence
of thermal radiation and velocity slip boundary conditions is investigated by Abdul
Hakeem et al. [6]. The laminar flow of a Casson fluid in a curved tube of circular cross-
section has been analyzed for large values of Dean number by Batra et al. [7].

The magnetohydrodynamic flow of a Casson fluid over a porous stretching sheet is
addressed in the presence of a chemical reaction using HAM is studied by Shehzad et
al. [8]. Nagarani et al. [9] studied the dispersion of solute in a Casson fluid flowing in
an annulus with interphase mass transfer at the outer boundary. Nawaz et al. [10]
analyzed the three-dimensional nano-plasma flow over the two-dimensional stretching
surface subject to the applied magnetic field using Galerikan Finite Element Method.
The effects of viscous dissipation, thermophoresis, and Brownian motion on the MHD
fluid boundary layer in relation to a wedge embedded in porous media is studied by
Amar et al. [11]. Mahanthesh et al. [12, 13] analyzed the nonlinear convection in the
three-dimensional flow of an Oldroyd-B fluid and water based nanofluid over a non-
linearly stretching sheet and numerically solved by using Runge—Kutta—Fehlberg
fourth—fifth order method along with shooting technique.

Mahanta et al. [3] investigated the MHD boundary layer three-dimensional flow for
Casson fluid model over a stretching sheet and used SRM method for numerical
solution. The heat and mass transfer analysis of the steady laminar Casson nanofluid
flow over a stretching sheet with velocity slip and convective boundary condition using
Optimal HAM are discussed by Abolbashari et al. [15]. Sarojamma et al. [16] analyzed
the influence of magnetic field and heat source on the steady boundary layer flow and
heat transfer of a Casson nanofluid over a vertical exponentially stretching cylinder
along its radial direction and revealed that Skin friction is higher in the Newtonian
nanofluid than it is in the Casson nanofluid. Nadeem et al. [17] discussed the MHD
boundary layer flow of a Casson fluid over an exponentially permeable shrinking sheet
and analytically solved by the Adomian Decomposition Method (ADM).

Rehman et al. [18] discussed the impact of a double stratified medium on Casson fluid
flow over a stretching cylindrical surface. The Soret-Dufour properties in mixed
convective radiated 3D Casson fluid flow by exponentially heated surface is explained
and analytically solved by Homotopic scheme by Zaigham Zia et al. [19]. The double
diffusion Cattaneo-Christove flow of Casson nanofluids in a three-dimensional time-
dependent magnetohydrodynamic rotation across an extended sheet is investigated by
Ali et al. [20]. Sunitha et al. [21] studied the effect of chemical reaction on magnetized
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thermally radiant williamson nanofluid over an exponentially stretching sheet using
homotopy analysis method.

Anwar et al. [22] investigated the Soret and Dufour effects of Casson nanofluid flow
over a nonlinear inclined surface with radiation numerically using Keller—Box method.
The heat and mass transfer analysis of magnetized blood flow induced by the peristaltic
wave is analyzed by Rashidi et al. [23]. Recently the MHD boundary layer flow of
Casson nanofluid in the presence of Brownian motion and thermophoresis properties is
solved using HAM by Raj Sekhar et al. [24]. Omowaye et al. [25] studied the Soret and
Dufour effects on steady MHD convection flow past a semi-infinite moving vertical
plate in a porous using HAM. Gangadhar et al. [26] conducted a detailed study in the
flow and heat transfer analysis of three-dimensional steady electrically conducting
Casson fluid flow over a porous stretching sheet with source and sink by using spectral
relaxation method (SRM).

The three-dimensional nanofluid model proposed by Buongiorno in steady natural
convection porous medium presented by Sheremet et al. [27]. The magneto-
hydrodynamic fluid flow of the Casson fluid across a nonlinearly stretching sheet in the
presence of Newtonian heating and velocity slip is numerically solved by the R-K
method with shooting technique by Venkateswara Raju et al.[28]. The three-
dimensional flow with nanoparticles over a bi-directional stretching sheet with
convective boundary conditions is studied by Khan et al. [29]. The effect of
incompressible Casson nanofluid flow past a stretching/shrinking surface with heat
radiation and mass transfer parameter is studied by Mahabaleshwar et al. [30]. Recently,
Vanitha et al. [31] investigated the unsteady casson nanofluid over a moving surface.
In this paper, we analyzed the magnetohydrodynamic boundary layer flow of three-
dimensional Casson nanofluid model with convective boundary conditions and heat
generation over a moving surface. We are extending the work of Ahmad et al. [32] for
three-dimensional in the presence of heat generation over a moving surface. The
distribution of the paper is section 2 includes Mathematical formulation, section 3
contains Method of solution, section 4 involves Results and discussion and section 5
graphs and tables.

2 Mathematical Formulation

The three-dimensional steady incompressible boundary layer flow of Casson nanofluid
over a moving surface with heat source and convective boundary conditions are
considered. The moving sheet is located at z = 0 and the flow is limited to z > 0.
Uniform magnetic field B, is applied in z — direction, which is orthogonal to xy —
plane. The velocity distribution far from the surface is assumed to be U and V where as
velocity of moving surface is AU and AV along x — and y — directions.

The rheological equation of an incompressible flow of a Casson fluid can be written
as[33]

2(up + %)eij' > T,

T = . 1)
ij 2(ug + \/%nc)eij' < T,
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where pg is dynamic viscosity, p, be the yield stress, m = e;;.e;; is the product of
component of deformation tensor with itself, e;; denotes the (i, /)" component of the

deformation rate and .. is the critical value of .
Under these assumptions the equations of the fluid model are

uZ—z+vZ—§+wg—Z=v(1+%)%——033(5_u), (3)
ug—z+vg—;+wgzv(1+%)%—@, 4)
ug—i+vg—;+wg—:= m3271"+571(r— w)+”§j”(DB$Z—Z+%(Z—Z)Z). (5)
uz—i+vg—§+wz—g= 33272 %:327:. (6)

The corresponding boundary conditions are given by

aT
u=AU,v=AV,w = 0,k5=hf(T—Tw),C=Cwatz=O,

u-Uv->V,T>T,C—Cy,,asz— o, (7)

where u, v and w are velocity components in x, y and z directions, g is Casson fluid
parameter, v is the kinematic viscosity and «,, is the thermal diffusivity of nanofluid,
p is density of the fluid, o is the electrical conductivity, 7 is heat capacity ratio, Dy is
thermophoresis coefficient, B, is uniform magnetic field, T is the temperature of the
fluid, C is the concentration of the fluid, Dy is Brownian diffusion coefficient, Q, is
heat source parameter and h, is convective heat transfer coefficient. Using the
similarity transformations

UV % 1A 1A
m) [f'n—f—g+gnl

T-Teo _ C—Cx _ , U
6(77) - TW_TOOJ(Ib(U) - Cw—Coo’n =z 2v(x+y)' (8)

equations (3)-(6) are reduced to ordinary differential equations as follows.

u=Uf"v= Ug’,wz(

(142" + G+ =M =D =0, ©)
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(1+2)g" +(f +9)g” ~M(g'~1) =0, (10)
0" + Pr(f + g)8' + PrQ6 + PrNb8'¢’ + PrNt(68")? = 0, (11)
¢+ Le(f + g)p' +--0" = 0. (12)

The corresponding boundary conditions are

f=09g=0,f" =19 =1a,0'=—-y[1-0],p =1atn =0,

f'-1,9 - a60-0,¢->0asn - . (13)
2
Where « is ratio parameter, M =%(5+”; Magnetic field parameter, Pr =al;
Prandtl number, y = i;—f /&U”) Biot number, Q = W; Heat source parameter,
P

(pcp)DB(Cw—Coo)

Le = = Lewis number, Nb = (
Dp V(pCf)

); Brownian motion parameter, Nt =

((pcp)DT(Tw—Too)

: Thermophoresis parameter.
VTao(pCp) ) P P

3 Method of Solution

Shijun Liao (1992) [34, 35, 36, 37, 38, 39, 40, 41] explained Homotopy Analysis
Method (HAM) to solve non-linear differential equations analytically. Using HAM [42,
43], we are proceeding as follows.

The coupled non linear equations for this problem are

NIFODI = (143) F7 + (F+ f " = MG = D), (14)
Nlgtn] = (1+3)g" + (f + 9)g" — M(g' = D), (15)
N[O(M)] =6" +Pr(f +g)8' + PrNbO'¢' + PrQO + PrNt(8')?, (16)
N[p()] = ¢ + Le(f + )¢’ +—-0". (17)

Linear operators considered are as follows,

23 92
L =55+57 (18)

23g , 92
L(g) = %+ﬁ, (19)
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a0

220
L) = on? + o (20)
6¢
L) =5+ (21)
which gives initial approximations as,
fo=@=D+n+0-De™, (22)
Jo=a((A—D+n+(1—-21e™), (23)
0o = () e, (24)
o =¢e". (25)

The nonlinear equations for approximate solutions are,

(=L ap) — o] = mpl(1+5) S+ (F+ DL - M (E-1)1,  (26)
g 9g

(1 =p)LIg(m.p) — go(M] = hp[(l + ;;)a_ +(f+9)22 anz -M (5 - 1)] (27)

(1 =p)L[6(n,p) — Bo(M)] =

hp[ SHPr(f+ ) + PrNb3t ""’ 99 4 PrQo+ Prit (3 )2] (28)
(1= LI, P) — Bo(N] = hp[S2 + Le(f + ) 52 + 3220, (29)
with following boundary conditions,

f(0,p) =0,£,(0,p) =4, f(c0,p) = 1, (30)
9(0,p) = 0,9,(0,p) = Aa, gy(oo,p) = a, (31)
6,(0,p) = —y(1 - 6(0)),8(c,p) =0, (32)
$(0,p) = 1,¢(c0,p) = 0. (33)

Varying the values of p from 0 to 1 we get the solution from first approximation to
required solution. Using Maclaurin’s series expansion and applying Leibnitz theorem
we get the series solution. The convergence of the series solution is derived by
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calculating the convergence parameter h.

L{fx = Xkfr-1] = hR (1), (34)

Llgx — Xk 9k-1] = hSk (), (35)

L[6 — xkOk-1] = hWi(n), (36)

Ll — xxPr-1] = hX; (), (37)
0, whenk<1

where Y, = {1, when k > 1 and (38)

Re() = (1+5) filla ) + 22 (erom + Georom MR (D) = MFL_1 (), (39)

Sk = (143) G200 + T2 Fiorom) + Gor-m)gi) — Mgis (), (40)

k-1

Wie(m) = 001 () + Pr Y (s m() + G- (D)) + PrQB_1 (1) +
m=0

PPND T2 Oy s (1Bl () + PPNE T 0y (DO, (41)

Xe(n) = bi—1 () + Le Ty (Fiemrem (M) + Gm1-m (DI S () + 27 041 (1), (42)

with boundary conditions,

fi(0) =0, f(0) = 0, fix () =0, (43)
9r(0) = 0, g;(0) = 0, gy () =0, (44)
0. (0) — y6,(0) = 0,6, () = 0, (45)
$x(0) = 0, py(0) = 0. (46)

Soving equtions (34)-(37) by using MATHEMATICA we get the required solution as

f=fHhthtfht+ .., (47)
g=gGo+tgi+tg+gst... (48)
6=90+91+92+63+..., (49)

b=do+ b1+ P+ Pst.... (50)
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Where

—4h + hf + 4hMB + Shaf + 4hA + 2hBA — 4hMBA — 2hafii — 3hBA% — 3hafr? .

fi= 48

1
Ee—2’7(—2e2’7hz\/1/3nz —h(1+ a)B(=1+ )% — 2e"(—2h — 3hf + 2hMPB — haf + 2hA +

6hfBA — 2hMBA + 4hafA — 3hSA% — 3hafA? + h(—1 + 1) (=22 + 1) +
L(=2+4+1n*>+2MQ2+n)+41+ 2n +
a2 +n%+ 41+ 2n(1 + D))))),.. (51)

1

15 (—4ha + haf + 4hMaf + Sha?f + 4hal + 2hafi — 4hMafA

g1 =
— 2ha?BA — 3hafA? — 3ha?BA?) + %6_277 (—2e*"hMafn?
—ha(1+ a)B(—1+ 1)? — 2e"(—2ha — 3haf +

2hMaf — ha?B + 2hal + 6hafA — 2hMafA + 4ha?BA — 3hafA? —

3ha?BA? + ha(—1+ ) (=22 +n)+ B(—=2+n*+2MQ2+n) + 41+ 2nl +

a2+n?+ 41+ 2n(1+ D)), . (52)

e ?"(hPry(—1—y + Nty + Nb(1+y) + a(1 +y)(-14+ 1) + 1 + yA)

+ e"1+y)(—2(1
hAPry(—1—y + Nty + Nb(A +y) +a(1+ ) (-1 + D) + A1+ yA)
e 20+ 7)?

hy(—=2 + Pr(—2Q + 2(1 + @)A))
+ 20 +7) Y+ hy(=2(14+n) +Pr(-2Q0(1+n) +

01 = 2(1 +7)2

(1+ a)(? + 21+ 2n1))))), ... (53)

1

e 2" (hLeNb(1+ a)(1 +y)(—=1+ 1) + e"(—2Nb(1 + y)(%hLe(l +

1 = Soa
@)(—1 + ) + HERHEUDC LA OD), 4y oNey (1 + 1) + Nb(1 +

Y)(Le(1+ a)n? + 2(—1 + Le(1 + a)A) + 2n(—1 + Le(1 + a)1)))), ... (54)

4 Results and Discussion
The semi-analytical solutions of non-dimensional equations (9)-(12) are obtained by
Homotopy Analysis Method. Figure 1 describes the combine A — curve of f"'(0),
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g''(0), 6'(0) and ¢'(0). Figures 2 and 3 shows that increasing values of Casson
parameter S increases the velocity profiles in x — and y — directions. From figures 4
and 5 we observed that increase in wall moving parameter A increases the velocity
profile f'(n) and g'(n). From figures 6 and 7, we can see that increase in ratio
parameter « increases the velocity fields in both the directions. Here when a = 0 the
flow reduces to two-dimensional case.The impact of Magnetic parameter M on velocity
distributions f'(n) and g'(n) are shown in the figures 8 and 9.The raise in Magnetic
parameter raises the velocity profile due to Casson fluid which opposes the Lorentz
force.

Figure 10 represents increase in wall moving parameter A decreases temperature
distribution 6(n). From figure 11 it is observed that larger values of ratio parameter «
drops the temperature field 8(n). From figure 12 we observed that increase in Magnetic
parameter M decreases the temperature profile 6(n). Figure 13 presents that larger
values of Prandtl number Pr leads to lower the temperature field 6(n). The fact that
the Prandtl number has an inverse relationship with thermal diffusivity, implying that
increased values of Pr correspond to reduction in the thermal diffusivity which leads
to the decreasing attitude of fluid temperature. The increase in the heat source parameter
Q raises the temperature distribution 6(n) due to increased heat generation in the
thermal boundary layer seen in figure 14. The increase in values of Biot number y,
Brownian motion parameter Nb and Thermophoresis parameter Nt increases the
temperature profile 6(n) as shown in figures 15, 16 and 17.

From figures 18, 19, 20, 21 and 23, it is observed that the increase in values of wall
moving parameter A, ratio parameter a, Magnetic parameter M, Lewis number Le and
Brownian motion parameter Nb decreases the concentration profile ¢(n), where as
from figure 22 we can observe that increase in Thermophoresis parameter Nt increases
the concentration profile ¢ (). Radius of convergence for series solution of £ (1), g(n),
6(n) and ¢ (n) are obtained from Domb-Sykes plot shown in figures 24, 25, 26 and 27.
The analytical solution using HAM is compared with numerical solution using
MATHEMATICA NDSolve technigue are shown in graphs 28 and 29. Also we
compared our solutions with existing solution of Ahmad et al. [31] and we observe that
in the limiting cases our values matches with their values as shown in the table 1.
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5 Graphs and Tables
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parameter M on 8(n)
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Figure 16: Influence of Brownian motion
parameter Nb on 6(n)

Rekha K. et al

ﬁ:Oj, M=1h=-02 =01, Q=0.2, Nb=0.1, Nt=0.1

0.08f 1
- s Pr=03
8
oo0sf % Pr=05 .
= Pr=07
R v
@ 004 .. ||I=EEEs Pr=09
0.02F ]
000 TAeTeTEs e ]
1 i ) A
0 2 4 3 3

Figure 13: Influence of Prandtl number

Pron8(n)

B£=0.5. M=1,h=-0.2, Pr=0.71, Q=0.2, Nb=0.1, Nt=0.1

04l
\ -em== y=01
\
03fF Y\ == =03 g
¥ y=05
3
£ 02 -eee=y=07 4
(1))
o1, 1
ool B e 8 R 5 3 5 i 0 e ]
) ! ! | | 1 |
] 1 2 3 4 5 6

Figure 15: Influence of Biot number y on

()

p=05,M=1,h=-02,Pr=0.71, y=0.1, Q=0.2, Nb=0.1

T
s

06} \“:\ ----- Nt =0.0 J
Nt=1.0
5 Nt =20
— 04F
s b ws | meee- Nt = 3.0
]
0.2 B
oof LA NS, W0 D8
] 1 2 3 4 5 6

Figure 17: Influence of Thermophoresis

parameter Nt on 8(n)



Three-dimensional MHD Casson Nanofluid Flow Over a Moving Surface

B=0.5,M=1,h=-0.2,Pr=0.71, y=0.1, Nb=0.1, Nt=0.1

LofR =
\

08f ‘.\\ ----- A=00 1

A=05
el X A=10| ]

= W

13y il | =eee- A:="15 1
0.2 |
ool \. L A e e R ST e ]
0 1 2 3 4 6

Figure 18: Influence of velocity

parameter A on ¢ (1)
$=0.5,Le=0.5, h=—02 Pr=0.71, ¥=0.1, Nb=0.1, Nt=0.1
1.0 —\‘ ]
.

osF &% | mee=ea M=00 ]

i M=05
L M=10 1

£ "

© oaf N u=1
021 -
e 7 R v
0 2 4 6 8

Figure 20: Influence of Magnetic
parameter M on ¢(n)

$£=0.5, M=1, h=-02, Pr=0.71, y=0.1, Nb=0.1, Le=0.5

1.0 ]
0.8} I‘\‘\ ---- Nt=05
W Nt=1.0

R RTINS Nt=15 1
E S (= Nt =2.0

€ \ .

04 RN N

02} o

[} 2 4 6 8

Figure 22: Influence of Thermophoresis
parameter Nt on ¢(n)
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Figure 19: Influence of ratio parameter a
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Figure 21: Influence of Lewis number Le

on ¢(n)
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Figure 23: Influence of Brownian motion
parameter Nb on ¢(n)
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Figure 24: Domb-sykes plot for f with
R =7.47261
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Figure 26: Domb-sykes plot for 8 with
R = 26.53223
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Figure 28: Comparison of HAM and
Numerical solution for velocity field

Rekha K. et al

40000000 —
30000000

20000000

Cn+1/Cn

10000000 —

0.0 02 0.4 0.8 08 1.0
1/n

Figure 25: Domb-sykes plot for g with

R = 0.03123
54
4 4
3_
=
Q
t 2
o
1_
04
0.0 02 04 06 08 10
1/n

Figure 27: Domb-sykes plot for ¢» with
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Figure 29: Comparison of HAM and
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Table 1: Comparision of f"(0) whenA =a =M =0and h = —0.3

Parameter " (0)
B Ahmad et al. [32] | Present work
5 0.4696 0.469558
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