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Abstract 

The popular topic of obtaining conic sections by intersecting right-circular 

cones with planes is readily found in books, journals and the internet. However, 

a mathematical analysis of this topic is hard to find, because of the lack of a 

simple derivation to show that the outlines of the planar sections of conics 

indeed satisfy the equation of that conic. In this paper, we show that one can 

obtain the Cartesian equation of an ellipse without too much mathematical 

intricacy. This can be best demonstrated by intersecting a right-angled right-

circular cone with a plane. Elliptical shapes of any desired size and eccentricity 

can be made by choosing slicing angle of the plane and the vertical intercept. 

 

1. INTRODUCTION 

Conic sections are plane curves of widely common interest. They have been studied 

extensively by great mathematical minds since the ancient Greeks. Examples of conic 

sections, especially ellipses, are encountered in everyday life. Elliptical orbits of planets 

were first discovered by Johannes Kepler following his analyses of Tycho Brahe’s 

planetary data. An extensive summary of representations of ellipses is found in 

Reference 1 [1]. 

A widely popular topic of obtaining conic sections by intersecting right-circular cones 

with planes is readily found in books, journals and the internet (see [2] and the 

references therein). However, a mathematical analysis of this topic is hard to find, 

because of the lack of a simple derivation to show that the outlines of the planar sections 

of conics indeed satisfy the equation of a conic. In this paper, we show that one can 

obtain the Cartesian equation of an ellipse without too much mathematical intricacy. 

Without the loss of generality, we consider the right-angled right-circular cone, i.e., a 

cone whose angle is 90o or half-angle is 45o [3].  
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2. METHOD 

We start with an inverted right-angled right-circular cone (Fig. 1). The equation of the 

cone in Cartesian coordinates (x, y, z) is given by 

                                                              𝑥2 + 𝑦2 = 𝑧2                                                            (1) 

 

 

 

Fig. 1 

 

Next, rotate the cone about the y-axis clockwise by an angle θ (Fig. 2). The equation 

of the cone in the rotated axes (x′, y′, z′) is then 

                                                            𝑥′2 + 𝑦′2 = 𝑧′2                                                           (2) 

 

 

Fig. 2 
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The transformation equations of new coordinates relative to the old are given by 

 

(
𝑥′
𝑦′

𝑧′

) = (

𝑐𝑜𝑠(𝑥′, 𝑥) cos(𝑥′, 𝑦) cos(𝑥′, 𝑧)

cos(𝑦′, 𝑥) cos(𝑦′, 𝑦) cos(𝑦′, 𝑧)

cos(𝑧′, 𝑥) cos(𝑧′, 𝑦) cos(𝑧′ , 𝑧)
) (

𝑥
𝑦
𝑧
) = (

𝑐𝑜𝑠𝜃 0 𝑠𝑖𝑛𝜃
0 1 0

−𝑠𝑖𝑛𝜃 0 𝑐𝑜𝑠𝜃
) (

𝑥
𝑦
𝑧
)      (3)                      

 

or,                                                   𝑥′ = 𝑥𝑐𝑜𝑠𝜃 + 𝑧𝑠𝑖𝑛𝜃                                                                            (4) 

 

                                             𝑦′ = 𝑦                                                                             (5) 

and 

                                           𝑧′ = −𝑥𝑠𝑖𝑛𝜃 + 𝑧𝑐𝑜𝑠𝜃                                                     (6) 

 

Substituting Eqs. (4)–(6) in Eq. (2), we get: 

 

                     (𝑥𝑐𝑜𝑠𝜃 + 𝑧𝑠𝑖𝑛𝜃)2 + 𝑦2 = (−𝑦𝑠𝑖𝑛𝜃 + 𝑧𝑐𝑜𝑠𝜃)2                             (7) 

 

Now intersect the cone with a plane parallel to the x–y plane having z-intercept c (Fig. 

3). The outline of the intersection will be an ellipse in the x–y plane for 0o ≤ θ ≤ 45o. 

Substituting z = c in Eq. (7), simplifying, and re-arranging terms, one has: 

 

                       (𝑥 + 𝑐𝑡𝑎𝑛2𝜃)2 +
𝑦2

𝑐𝑜𝑠2𝜃
= 𝑐2𝑠𝑒𝑐22𝜃                                             (8) 

 

 

 

Fig. 3 



70 Arjun Tan 

Dividing Eq. (8) by the right hand side, we get: 

 

                                                            
(𝑥+𝑐𝑡𝑎𝑛2𝜃)2

𝑎2
+

𝑦2

𝑏2
= 1                                                    (9) 

where 

                                                                𝑎 = 𝑐𝑠𝑒𝑐2𝜃                                                            (10) 

and 

                                                               𝑏 = 𝑐√𝑠𝑒𝑐2𝜃                                                          (11) 

 

Equation (9) is that of an ellipse with semi-major axis a and semi-minor axis b. A 

further transformation of X = x + ctan2θ and Y = y puts Eq. (9) to the standard form of 

the ellipse 

                                                                
𝑋2

𝑎2
+

𝑌2

𝑏2
= 1                                                            (12) 

                                               

The eccentricity e of the obtained ellipse is related to the semi-major and semi-minor 

axes by the relation 

                                                              𝑏 = 𝑎√1 − 𝑒2                                                           (13) 

 

Substituting the values of a and b and simplifying, we get the eccentricity in terms of 

the slicing angle θ: 

                                                               𝑒 = √2𝑠𝑖𝑛𝜃                                                              (14) 

 

Thus, the eccentricity of the resulting ellipse can be pre-determined from the slicing 

angle. The slicing angle for a desired eccentricity is given by the inverse relation of Eq. 

(14): 

                                                              𝜃 = 𝑠𝑖𝑛−1
𝑒

√2
                                                             (15) 
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The slicing angles for desired eccentricities as calculated from Eq. (15) are shown in 

Table I. 

Table I. Slicing Angles for desired eccentricities 

Eccentricity e Slicing Angle θ, deg. 

0 0.00 

.1 4.05 

.2 8.13 

.3 12.25 

.4 16.43 

.5 20.70 

.6 25.10 

.7 29.67 

.8 34.45 

.9 39.52 

1 45.00 

 

Another length of fundamental importance in the ellipse is the semi-latus-rectum p. 

The semi-latus-rectum is an important parameter in the polar representation of an 

ellipse. It is readily seen that 

                                                           𝑝 = 𝑎(1 − 𝑒2) = 𝑐                                                      (16) 

 

The semi-latus-rectum is simply the z-intercept of the intersecting plane. Thus, the size 

of the resulting ellipse can be pre-determined by choosing the z-intercept. 

 

Lastly, it can be verified from Eqs. (10), (11) and (16) that 

 

                                                                    𝑎𝑝 = 𝑏2                                                               (17) 

 

The semi-minor axis is the geometric mean between the semi-major axis and the 

semi-latus-rectum – a familiar result. 

 

3. DISCUSSION 

It has been demonstrated that elliptical outlines of any desired shape (given by 

eccentricity) and size (given by semi-latus-rectum) can be obtained by slicing a right-

angled right-circular cone with a plane by pre-determined slicing angles and vertical 

intercepts. One can apply this method to right-circular cones whose angle are not right 

angles. However, the mathematical expressions are expected to be more complicated. 
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