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Abstract

This paper presents the optimal control analysis of a non-linear Deterministic and
stochastic SIS Model with vaccination. The study explore both deterministic and
stochastic optimal control analysis using two time dependent control parameters
to determine optimal strategies for controlling the spread of disease. In order to
solve the stochastic optimal control problem numerically, we use an approximation
based on the solution of the deterministic model. The results are presented and
compared through numerical simulations. Our result reveals that, as intensity of
noise increases the infection as well as cost of non-pharmaceutical interventions
and vaccination increases.
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1. Introduction

In the present days many different kinds of epidemics such as HIV/AIDS, Hepatitis C,
Malaria are widely spreading around the world. Hence there has been growing interest
in controlling the epidemics to public health [1]. Mathematical modelling has been an
important approach to study and analyse the spread and control of communicable dis-
eases. Many researchers are recently made an attempts to develop realistic mathematical
models for the transmission dynamics of infectious diseases [2, 3, 4, 5, 6, 7]. In mod-
elling of communicable diseases, the incidence function has been considered to play a
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key role in ensuring that the models indeed give reasonable qualitative description of the
epidemic dynamics. In many epidemiological models, the corresponding incidence rate
is bi-linear with respect to the number of susceptible and infective individuals. More
specifically, if S(t) and I (t) are the number of susceptible and infective individuals in the
population, and if β is the transmission coefficient between the compartments S and I ,
then the principle of mass action implies that the infection spreads with the rate βSI . This
contact law is more appropriate for communicable diseases such as influenza, but not for
sexually transmitted diseases. Addition in modelling of disease dynamics is the intro-
duction of stochasticity into models, so that it can provide an additional degree of realism
in comparison to their deterministic counterparts. This study explores optimal control
analysis by deriving deterministic and stochastic non-linear SIS epidemic model with
vaccination using two time dependent control parameters to determine optimal strategies
for controlling the spread of disease. Pontryagin’s maximum principle in optimal control
theory introduced by Pontryagin et al. [8] and later developed by Fleming and Rishel
[9], is successfully applied in a number of studies to explore optimal control theory in
some mathematical models for infectious diseases including HIV diseases [10, 11, 12]
pandemic influenza (Sunmi Lee et al., [13]) and vector–borne diseases (Blayneh et al.,
[14]). The Pontryagin’s maximum principle [8, 9] is used to characterize these optimal
controls in the deterministic optimal control model. For Stochastic Differential Equa-
tion(SDE) models in epidemiology, optimal control has not been studied (or at least
not published) extensively. One of the reasons for this could very well be the difficulty
with high dimensionality of the resulting partial differential equation (PDE) for the value
function; see the paper of Sulem and Tapiero [15], for instance. A four-compartmental
SIVR model such as in [16, 17] could easily lead to a PDE having the time variable
together with three state variables. In our study stochastic optimal control problem is
analysed by using Hamiltonian Jacobi Bellman equation, the feasible optimal controls
of the system is derived. To obtain stochastic optimal control problem solution numeri-
cally, we use an approximation based on the solution of the deterministic model and our
approximation is fully accommodates the stochasticity. Efficacy of the optimal controls
is validated by numerical simulation. The results are presented and compared through
numerical simulations. The rest of the paper continues with four sections; Section 2 deals
with formulation of mathematical model, in Section 3 the model with optimal control is
analysed, in Section 4 has the numerical summary and concluding remarks are presented
in Section 5.

2. Mathematical Model

The model sub-dividing the total human population into the region at time t , by four
groups, the number of susceptible at time t is represented by S(t), I (t) represents the
number of infective individuals at time t , vaccinated individuals at time t is denoted by
V (t) and Removals at time t is denoted by R(t). The parameters in the model have the
following features: Q represents a constant input of new members into the population;
β represents the transmission coefficient between susceptible and infectious class; µ is
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the natural death rate of the compartments S; I; V; and γ , p, α denotes the recovery
rate of I; proportional coefficient of vaccinated for the susceptible; and disease-caused
death rate of infectious individuals respectively. δ is the rate of losing their immunity
for vaccinated individuals; All parameters values are assumed to be non-negative and
µ, Q > 0. It is also assumed that the recovered and vaccinated wanes are rejoin to
the susceptible group. It suffices here to study model system (2.1). The dynamics of
infection considered above are mathematically shown by system of nonlinear ordinary
differential equations:

dS(t)

dt
= Q − βI (t)S(t) − pS(t) − µS(t) + γ I (t) + δV (t)

dI (t)

dt
= βI (t)S(t) − γ I (t) − µI (t) − αI (t) (2.1)

dV (t)

dt
= pS(t) − δV (t) − µV (t)

dR(t)

dt
= γ I (t) − µR(t)

where, S(0) > 0, I (0) > 0, V (0) ≥ 0, R(0) ≥ 0. Here N(t) = S(t) + I (t) + V (t) +
R(t). It is apparent that the total population N(t) is variable with

dN(t)

dt
= Q − µN(t) − αI (t)

≤ Q − µN(t) (2.2)

For the solution of equation (2.2), we have

0 ≤ N(t) ≤ N(0) exp(−µt) + Q

µ
(1 − exp(−µt)) (2.3)

where N(0) represents the sum of initial values S(0), I (0) and V (0). As t → ∞,

N(t) → Q

µ
then

Q

µ
is the upper bound of N(t). However if N(0) >

Q

µ
, then the

solution approaches asymptotically to the feasible region � defined by

� =
{
(S, I, V , R) ∈ �4+ : S + I + V + R ≤ N ≤ Q

µ

}
(2.4)

Hence, it sufficient to study the dynamics of the model system (2.1) in �. Since the
total population at time t is constant, in System (2.1), R(t) is determined by R(t) =
1 − S(t) − I (t) − V (t). Moreover, first three equations of in System (2.1) can solved
independently of fourth equation of System (2.1). So henceforth we consider only the
equations of S(t), I (t), V (t).
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2.1. Equilibrium Analysis

The model system (2.1) has a disease free equilibrium (DFE) given by E0

(
Q

µ
, 0, 0

)
,

which always exists, without any condition. To determine the local stability of E0, one
can easily see that, the Jacobian matrix of the model system (2.1) is evaluated at DFE.

It is easily noted that one eigenvalue of Jacobian matrix at E0 is
βQ

µ
− (γ + α + µ). It

is also easy to see that other eigenvalues of Jacobian matrix at E0 are negative. Thus if
R0 < 1, E0 is locally asymptotically stable and unstable if R0 > 1, where R0 is defined
by

R0 = βQ

µ(γ + α + µ)
(2.5)

IfR0 > 1, the model system (2.1) also exhibits an endemic equilibrium (EE)E1(S
∗, I ∗, V ∗)

is obtained by equating each of the derivatives to zero and is given by.

E1(S
∗, I ∗, V ∗)

=
(

(µ + γ + α)

β
,

(µ + δ)βQ − (µ + γ + α)((µ + p)(µ + δ) − δp)

β(µ + α)(µ + δ)
,

p(µ + γ + α)

β(µ + α)

)

which is globally asymptotically stable under a sufficient condition in �.

2.2. Stochastic model formulation

In the reality epidemic systems are inevitably effected by environmental white noise.
Therefore it is necessary to study that how the noise influences on the epidemic models.
A non-linear stochastic differential equation (SDE) models play a significant role in
various branches of applied sciences including disease dynamics, as they provide some
additional degree of realism compared to their deterministic counterpart. Consequently,
many authors have studied stochastic epidemic models, see [18, 7, 19]. Recently, Gray
et al. [18] investigate the stochastic SIS epidemic model. They establish conditions for
extinction and persistence according to the perturbation and the reproductive number
R0. Considered the stochastic system from Zhao and Jiang [20] by excluding the initial
recruitment of vaccinated population is discussed.

dS(t) = [Q − βI (t)S(t) − pS(t) − µS(t) + γ I (t) + δV (t)]dt + σ 1S(t)dW1(t)

dI (t) = [βI (t)S(t) − γ I (t) − µI (t) − αI (t)]dt + σ 2I (t)dW2(t)

dV (t)

dt
= [pS(t) − δV (t) − µV (t)]dt + σ 3V (t)dW3(t) (2.6)

where, S(0) > 0, I (0) > 0, V (0) ≥ 0, and Wi(t), i = 1, 2, 3 are independent Wiener
processes, and σ 1, σ 2, σ 3 are their intensities. Throughout this paper, unless otherwise
specified, we let (�, F, P ) be a complete probability space with a filtration {Ft}t≥0
satisfying the conditions (i.e. it is increasing and right continuous while F0 contains all
P -null sets). Let W(t) be a one-dimensional Weiner process defined on filtered complete
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probability space (�, F, {Ft}t≥0, P ). In general for some n ∈ N , consider the general
n-dimensional stochastic differential equation.

dx(t) = F(x(t), t)dt + G(x(t), t)dW(t), x(0) = x0, (2.7)

with the initial value x(0) = x0 ∈ Rn. W(t) denotes the n dimensional standard Weiner
process defined on the above probability space.

3. Optimal Control Analysis

In this section, dynamics of epidemic is observed through time dependent controls in a
finite time interval [0, tf ], and then proceed by applying Prontrygins maximum principle
[8] to determine the conditions for effective control in finite time. By introducing the
following control variables into the model system (2.1).

1. Control u1 ∈ [0, 1] is the successful practice of non-pharmaceutical interventions
for susceptible to protect themselves from attack of the disease on a time interval
[0, tf ].

2. Control u2 ∈ [0, 1] is the control on vaccination of susceptible in a time interval
[0, tf ].

3.1. The deterministic optimal control problem

It is formulated and solved the deterministic form of the control problem. Controls u1(t)

and u2(t) contributes to minimize the number of infective and on the other hand cost
of vaccination over a certain time horizon [0, tf ]. For simplicity it is introduced the
functions f1(t), f2(t) and f3(t) system of equations appearing in the System (2.1) with
controls as follows

f1(t) = dS(t)

dt
= Q − (1 − u1(t))βI (t)S(t)

−(1 + u2(t))pS(t) − µS(t) + γ I (t) + δV (t)

f2(t) = dI (t)

dt
= (1 − u1(t))βI (t)S(t) − γ I (t) − µI (t) − αI (t) (3.1)

f3(t) = dV (t)

dt
= (1 + u2(t))pS(t) − δV (t) − µV (t)

The optimal control problem is the minimization of cost function J given by

J (u1(t), u2(t)) = min
∫ tf

0

[
AI (t) + C1u

2
1

2
+ C2u

2
2

2

]
dt (3.2)

subject to system (3.1), where, S(0) > 0, I (0) > 0, V (0) ≥ 0 and A, C1, C2 are

positive weights, the terms
C1

2
u2

1 and
C2

2
u2

2 are the costs associated with the controls
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u1(t) and u2(t) respectively, where � = {(u1, u2)|0 ≤ ui(t) ≤ 1, i = 1, 2; 0 ≤
t ≤ tf , u1, u2 are Lebesgue measurable} is the control set. The problem is solved
by using well established control theory such as in the book [21] of Lenhart and Work-
man. It is constructed the Hamiltonian function, by introducing the Lagrange multipliers
λ1(t), λ2(t) and λ3(t), these also referred as adjoint variables, and adjoint variables are
functions of time, but dependence is suppressed except where required explicitly. The
Hamiltonian of the problem has the form

H = AI (t) + C1u
2
1

2
+ C2u

2
2

2
+ λ1f1(t) + λ2f2(t) + λ3f3(t) (3.3)

The necessary conditions that an optimal control problem must satisfy come from Pon-
tryagin’s maximum principle [8, 9]. This principle converts equation (3.1) and (3.2) into
a problem of minimizing point wise a Hamiltonian H , with respect to u1 and u2.

Theorem 3.1. The optimal solution for problem (3.3) exists and satisfied the following
system of differential equations:

λ̇1(t) = (1 − u1(t))βI (t)(λ1 − λ2) + (1 + u2(t))p(λ1 − λ3) + λ1µ

λ̇2(t) = (1 − u1(t))βS(t)(λ1 − λ2) − γ (λ1 − λ2) + µ + α (3.4)

λ̇3(t) = δ(λ3 − λ1) + λ3µ

with the transversality conditions λ1(tf ) = 0, λ2(tf ) = 0 and λ3(tf ) = 0. Furthermore,
the optimal non-pharmaceutical interventions is given by

u∗
1(t) = min

{
1, max

{
0,

βS(t)I (t)(λ2 − λ1)

C1

}}

Similarly for u∗
2(t)

u∗
2(t) = min

{
1, max

{
0,

pS(t)(λ1 − λ3)

C2

}}

Proof. In particular Hamiltonian is a convex with respect to u1(t) and u2(t) and existence
of a solution follows. It is checked the first order condition for optimization. Then
derived the Hamiltonian with respect to all state variables to obtain time derivatives
λi(t), i = 1, 2, 3 of the adjoint variables. That is

λ1(t)

dt
= −∂H

∂S
= (1 − u1(t))βI (t)(λ1 − λ2) + (1 + u2(t))p(λ1 − λ3) + λ1µ

λ2(t)

dt
= −∂H

∂I
= (1 − u1(t))βS(t)(λ1 − λ2) − γ (λ1 − λ2) + µ + α (3.5)

λ3(t)

dt
= −∂H

∂V
= δ(λ3 − λ1) + λ3µ
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This leads to the equations asserted in the theorem with the transversality conditions
λ1(tf ) = 0, λ2(tf ) = 0 and λ3(tf ) = 0. Then it is considered for optimal controls
u1(t) and u2(t)

∂H

∂u1(t)
= 0 gives u∗

1 = βS(t)I (t)(λ2 − λ1)

C1

∂H

∂u2(t)
= 0 gives u∗

2 = pS(t)(λ1 − λ3)

C2

Then by standard control arguments involving bounds on the controls, it is concluded
for u∗

1(t):

u∗
1(t) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0,
βS(t)I (t)(λ2 − λ1)

C1
≤ 0

βS(t)I (t)(λ2 − λ1)

C1
, 0 <

βS(t)I (t)(λ2 − λ1)

C1
< 1

1,
βS(t)I (t)(λ2 − λ1)

C1
≥ 1

which is expressed in compact form as

u∗
1(t) = min

{
1, max

{
0,

βS(t)I (t)(λ2 − λ1)

C1

}}

Similarly for u∗
2(t)

u∗
2(t) = min

{
1, max

{
0,

pS(t)(λ1 − λ3)

C2

}}

This completes the proof. �

3.2. The stochastic optimal control

In this section it is formulated stochastic optimization problem and describe its solution.
Consider the general stochastic differential equation defined in equation (2.7).

dx(t) = F(x(t), t)dt + G(x(t), t)dW(t), x(0) = x0. (3.6)

A solution to the above equation is denoted by x(t, x0). We assume that F(t, 0) =
G(t, 0) = 0 for all t ≥ 0, so that the origin point is an equilibrium of (2.6). Let us denote
by L the differential operator associated with the function displayed in (2.6), defined for
a function U(t, x) ∈ C1,2(�X�3) by

LU = ∂U

∂t
+ F trp ∂U

∂x
+ 1

2
T rc

[
Gtrp ∂2U

∂x2
G

]
. (3.7)

Here trp denotes the transpose and Trc means trace of a matrix. In view of Ito’s formula,
if x(t) ∈ Rd, then dU(x, t) = LU(x, t)dt + Ux(x, t)g(x, t)dW(t). To solve stochastic
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control problem followed the book [22] Okensendal. Objective of the paper is that to
find optimal non-pharmaceutical interventions and optimal vaccination that minimizes
the objective functional for which an initial state x0 is defined.

E0,x0

[∫ tf

0

(
AI (t) + C1u

2
1

2
+ C2u

2
2

2

)
ds

]
(3.8)

The expectation of the above equation is obtained at initial state of a system is x0. In
the deterministic problem it is assumed that there is a fixed constant ū(t) ≤ 1 with
u1(t) ≤ ū1(t) a.s. The class of admissible control law is

A = {u(.) : u1, u2 are adapted and 0 ≤ u1, u2 ≤ 1 a.s} (3.9)

To obtain a solution of the stochastic controls, it s define the performance criterion as
follows.

Js(t,x,u1,u2) = Et,x

[∫ tf

0

(
AI (s) + C1u

2
1

2
+ C2u

2
2

2

)
ds

]
(3.10)

where expectation is a conditional on the state of system being a fixed value at x at time
t . Now the value function is defined as

V(t, x) = inf
u(.)∈A

Js(t,x,u1,u2) = Js(t,x,u∗
1,u

∗
2) (3.11)

Now it is defined the control law that minimizes the expected value of Js : A → �+,
given by (3.10). We now formulate the stochastic analogue of the optimal control prob-
lem, corresponding to which it is present the solution formulae.

Problem 1: Give the system (2.6) and A as in (3.9) with Js as in (3.10) find the value
of the function

U(t, x) = inf
u(.)∈A

Js(t,x,u1,u2) (3.12)

and an objective function

u∗
i (t) = arg inf

ui(t)∈A
Js(x; ui(t)) ∈ A, i = 1, 2. (3.13)

Now through following theorem it is obtained the optimal controls u∗
1(t) and u∗

2(t).

Theorem 3.2. A solution to the optimal control problem stated in problem (3.9) is of
the form

u∗
1(t) = min

{
1, max

{
0,

βS(t)I (t)(UI − US)

C1

}}

u∗
2(t) = min

{
1, max

{
0,

pS(t)(UI − UV )

C2

}}
(3.14)
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Proof. We determine (3.14) via the dynamic programming approach. First we calculate
LU(t):

LU(t) = f1(t)US(t) + f2(t)UI (t) + f3(t)UV (t) (3.15)

+ 1

2
(σS(t))2USS(t) + 1

2
(σI (t))2UII (t) + +1

2
(σV (t))2UV V (t)

+ 1

2
σ 2S(t)I (t)USI (t) + 1

2
σ 2S(t)V (t)USV (t) + 1

2
σ 2I (t)V (t)UIV (t)

Applying Hamiltonian Jacobi Bellman theory [22], the infimum of (3.12) is

inf
ui∈A

[
AI (t) + C1u

2
1

2
+ C2u

2
2

2
+ LU(t)

]
(3.16)

To obtain optimal controls u1(t) and u2(t) it needs to derive the expression (3.16) with
respect to u1 and u2 and equating to zero. This leads to the equations:

C1u1(t) + USβS(t)I (t) − UIβS(t)I (t) = 0

C2u2 − USpS(t) + UV pS(t) = 0

By considering the bounds of u1(t) and u2(t) by an argument similar to that in the proof
of deterministic case, the corresponding expression for u1(t)

∗ and u2(t)
∗ emerges. �

4. Numerical Analysis

In this section, the numerical simulations of the optimality system (3.1) and correspond-
ing stochastic optimal system. Parameter values used in the simulation are referred
from Yanan Zhao [23] that is Q = 0.8, β = 0.16, γ = 0.3, p = 0.4, δ =
0.2, α = 0.2, µ = 0.1, A = 100, C1 = 70, C2 = 100 with the initial condi-
tions S(0)=0.8, I(0)=0.5 and V(0)=0 and an intensity of noise for each state are assumed
as σ 1 = 0.3, σ 2 = 0.6, σ 3 = 0.3 for S, I and V respectively. Numerical solutions
to the optimality system comprising of the state equation (3.1) and adjoint system (3.4)
are carried out using parameters considered above and in the discussion that follows for
the stochastic optimality system it is used the results of deterministic control problem to
find an approximate numerical solution for the stochastic control problem (See, Witbooi
et al. [24]). In particular, it is used a proxy for λi(t), i = 1, 2, 3 in the calculation of
u1(t) and u2(t). It is noted that the presence of S(t) and I (t) makes u1(t) and u2(t) into
a stochastic variable even with the said proxy (in the stochastic case). Using the method
mentioned in [25], it is drawn the simulations shown in Figure 2 to support our results.

The time series plot illustrates the dynamics of the population in each compartment
with respect to time (in days), Figure 1(a) shows the time series plot for the deterministic
epidemic model under the time dependent controls u1(t) and u2(t) and control profile
of the same model in Figure 1(b). Further it is evident from the Figure 1(b) that it is
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Figure 1: Simulation of deterministic model solution(a) and control profile u(t)(b)

Figure 2: Simulation of Stochastic model solution (a) and control profile u(t)(b)

optimal to use non-pharmaceutical interventions up to 40 units of time at maximum rate
and gradually decreases to lower bound up to 50 units of time.

Figure 2 illustrates the stochastic model solutions using the same parameter values
and initial conditions as that of deterministic model and the corresponding control profile
for stochastic model. It is observed that stochastic model solution also depicts same
scenario as that of deterministic model solution under the time dependent control u1(t)

and u2(t) and also control profile u1(t) and u2(t) exhibits same state of affairs as that of
deterministic control profile. An important point to note about our approximation is that
it fully accommodates the stochasticity. Further it is evident from the Figure 2(a) that it
is optimal to use non-pharmaceutical interventions up to 50 units of time at maximum
rate and gradually decreases to lower bound up to 60 units of time. The control u2(t) in
Figure 2(b), it is at the lower bound up to 25 units of time and then it increases slightly
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Figure 3: Simulation of Deterministic (a) and Stochastic (b) cost functional

and again reaches the lower bound at 40 units of time. In case of stochastic simulation
in Figure 2(b) it is at the lower bound up to 40 units of time and then it increases slightly
and again reaches the lower bound at 50 units of time. The control u2 in Figure 1(b), it is
at the lower bound up to 25 units of time and then it increases slightly and again reaches
the lower bound at 40 units of time. In case of stochastic simulation in Figure 2(b) it is
at the lower bound up to 40 units of time and then it increases slightly and again reaches
the lower bound at 50 units of time. It explores that intensity of noise increases usage of
control t maximum time.

Figure 3 shows the simulation of deterministic and stochastic Cost function. It is clear
that the similar kind of flow is found in deterministic and stochastic cost curves, which
agrees that the infections directly influencing on cost functional but we can observe the
stochastic curve drop down at 50 where as deterministic case it drop down to 40 units
of time, this show that the as intensity of noise increases the infection as well as cost of
non-pharmaceutical interventions and vaccination increases.

5. Conclusion

The present study considered the optimal control analysis of both deterministic and
stochastic modeling of infectious disease by taking effects of non-pharmaceutical in-
terventions and vaccination strategies on the epidemic into account. Optimal control
strategy under the quadratic cost functional using Pontrygin’s Maximum Principle and
Hamiltonian-Jacobi-Bellman equation are derived for both deterministic and stochas-
tic optimal control problem respectively. The Hamiltonian-Jacobi-Bellman equation is
used to solve stochastic system, which is fully non-linear equation, however it ought
to be pointed out that for stochastic optimality system, it may be difficult to obtain the
numerical results. For the analysis of the stochastic optimality system, the results of
deterministic control problem are used to find an approximate numerical solution for the
stochastic control problem. Outputs of the simulations shows that non-pharmaceutical
interventions and vaccination place important role in the minimization of infectious pop-
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ulation with minimum cost. Numerical simulation of stochastic optimal control problem
enables to measure the feasibility of option followed. A formal approach to the numeri-
cal simulation of the stochastic optimal control problem is far more complex and labour
intensive and our method is a workable approximate alternative.
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