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Abstract
The study aims at proposing a model for unemployment and its optimal control
analysis. The model includes five variables namely; number of unemployed, tem-
porarily employed, regularly employed persons at time t and number of temporary
and regular vacancies at time t . Factors like retirement, death of temporarily and
regularly employed persons, termination from temporary and regular employment
are also considered. The optimal control analysis for proposed unemployment
model is performed using PontryaginâŁ™s maximum principle. The conditions for
optimal control of the unemployment problem with effective use of implemented
policies to provide temporary and regular employment to unemployed persons and
to create new temporary and regular vacancies are derived and analyzed by perform-
ing numerical simulations to validate the analytical findings. The study calculates
the Unemployment Averted Ratio (UAR) and Incremental Cost-Effectiveness Ratio
(ICER) to investigate the cost effectiveness of all possible combinations of four con-
trol measures. One of the findings of the study reveals that the most cost-effective
strategy for controlling unemployment is the combination of control measures on
temporary and regular employments and also creation of new temporary and regular
vacancies.
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1. Introduction

The problem of unemployment arises when people willing and competent to do work
on the prevailing wages but do not get a job. It has considerable negative impact on
economic and social development of the country. Prolonged period of unemployment
de-skills the worker. Rapid changes in technology and job requirement skills reduce
their chances of future employment. Unemployment leads to frustration and hence
unemployed people involve in activities which hamper normal life of society. Thus it is
important to resolve the problem of unemployment for the well being of society and for
the economic development of the nation. The dynamics of unemployment was studied by
Munoli and Gani [1] through non linear mathematical model, where in some concepts
of the model proposed by A.K.Mishra and A.K. Singh [2, 3] were generalized. the
other previous works on optimal control analysis in various fields are: [4, 5, 6, 7, 8, 10].
Optimal cost strategies and cost-effectiveness analysis of a Malaria model is considered
by [11].

In this paper an attempt is made to model unemployment through non-linear ordinary
differential equations; and the following variables are used:

• U(t), number of unemployed persons at time t .

• T (t), number of temporarily employed persons at time t .

• R(t), number of regularly employed persons at time t .

• V1(t), number of temporary vacancies at time t .

• V2(t), number of regular vacancies at time t .

It is assumed that:(i) the number of unemployed increase at constant rate. (ii) individ-
uals of unemployed class get job and move to temporary/regular employed class at a
rate proportional to the number of unemployed individuals and the number of available
temporary and regular vacancies. (iii) total number of temporary and regular vacancies
is constant. But to overcome the prevailing unemployment crisis, new vacancies must
be created. In such a scenario, it is crucial to determine the rates at which new temporary
and regular vacancies need to be created. In view of this, the present study comprises
a mathematical model and its analysis for the control of unemployment. In this model,
retirement and death of temporarily and regularly employed persons are considered as
temporary and regular vacancies. The optimal control analysis for unemployment model
is performed by using Pontryagins maximum principle [4]. The conditions are derived
and analyzed for optimal control of the unemployment problem with effective use of
implemented policies of government to provide temporary and regular employment to
unemployed persons and to create new temporary and regular vacancies. The paper is
organized as follows: Section 2 describes the formulation of the model and derivation of
optimal controls, Section 3 deals with numerical simulation results. Cost-effectiveness
analysis is considered in Section 4. Conclusions are outlined in Section 5.
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Figure 1: Model flow diagram

2. Model formulation

Variables and parameters of the model are described in Table 1. The following assump-
tions are made:

(i) all entrants to unemployed category are fully qualified and competent to do any
job;

(ii) some of the unemployed persons may directly get regular employment and some
of the unemployed persons may become temporarily employed;

(iii) temporarily employed persons will try to move from the temporary employed class
to regular employed class;

(iv) some temporarily and regularly employed persons may leave their job / get fired
from their job and join the unemployed class;

(v) some temporary and regular employed persons may retire or die that creates tem-
porary and regular vacancies respectively;

(vi) the rate of migration of unemployed persons is assumed to be proportional to the
number of unemployed persons.

(vii) the total numbers of available temporary and regular vacancies are limited and
these are assumed to be constants.

Flow diagram of the model for unemployment problem considered in this study is
given in Figure 1. In view of aforementioned considerations, the following system of
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equations that captures the dynamics of unemployment in a region is derived as system
of equations given below:

dU(t)

dt
= � − k1U(t)V1(t) − k2U(t)V2(t) − α1U(t) + γ 1T (t) + γ 2R(t),

dT (t)

dt
= k1U(t)V1(t) − k3T (t)V2(t) − α2T (t) − γ 1T (t)

dR(t)

dt
= k2U(t)V2(t) − α3R(t) − γ 2R(t) + k3T (t)V2(t) (2.1)

dV1(t)

dt
= α2T (t) + γ 1T (t) + φ1U(t) + k3T (t)V2(t) − δ1V1(t)

dV2(t)

dt
= α3R(t) + γ 2R(t) + φ2U(t) − δ2V2(t)

with initial conditions U(0) = U0, R(0) = R0, T (0) = T0, V1(0) = V10, V2(0) = V20.

Table 1: Parameters
Parameters Explanation
� Rate at which number of unemployed persons increase continuously.
α1 Rate of migration as well as death of unemployed persons.
α2 Rate of retirement or death of temporarily employed persons.
α3 Rate of retirement or death of regularly employed persons.
γ 1 Rate at which persons being fired from their temporary jobs.
γ 2 Rate at which persons being fired from their regular jobs.
φ1 Rate of creation of new temporary vacancies.
φ2 Rate of creation of new regular vacancies.
δ1 Diminution rate of temporary vacancies due to lack of funds.
δ2 Diminution rate of regular vacancies due to lack of funds.
k1 Rate at which the unemployed persons are becoming temporarily

employed.
k2 Rate at which the unemployed persons are becoming

regularly employed.
k3 Rate at which the temporarily employed persons are becoming

regularly employed.

Lemma 2.1. The set
� = �1 × �2 (2.2)

where

�1 =
{
U(t), T (t), R(t), V1(t), V2(t) : 0 ≤ U(t) + T (t) + R(t) ≤ �

δm

; 1 ≤ T (t) ≤ δ2

k3

}
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�2 =
{
V1(t), V2(t) : 0 ≤ V1(t) + V2(t) ≤ �(δm + δn − 1)

δ0δm

}

δm = min(α1, α2, α3), δn = min
{
(φ1 + φ2 − α1), γ 1, γ 2

}
. and δ0 = min{(δ2 −

k3), δ1} is a region of attraction for the model in system (2.1) and attracts all solutions
initiation in the interior of positive orthant.

Proof. From first, second and third equations of model described in system of equations
(2.1) (hence forth referred as model (2.1)) we get

dU(t)

dt
+ dT (t)

dt
+ dR(t)

dt
= � − α1U(t) − α2T (t) − α3R(t)

⇒ d[U(t) + T (t) + R(t)]
dt

≤ � − δm(U(t) + T (t) + R(t))

where δm = min(α1, α2, α3). Taking limit supremum, we get

lim
x→∞ sup{� − δm[U(t) + T (t) + R(t)] ≥ 0}

⇒ lim
x→∞ sup[U(t) + T (t) + R(t)] ≤ �

δm

Now from all equations of model (2.1) we have

lim
x→∞ sup{δ2 − k3T (t) ≥ 0}

⇒ lim
x→∞ sup {T (t)} ≤ δ2

k3

Now considering the

lim
x→∞ sup{δ2 − k3T (t) ≥ 0}

⇒ lim
x→∞ sup

{
T (t) ≤ δ2

k3

}

And the fact that if T (t) ≥ 1, then only temporarily employed persons will move to
regular employment class, it can be deduce that

1 ≤ T (t) ≤ δ2

k3
(2.3)

using result (2.3), equation (2.6) can be implied that
∑

X=U,T ,R,V1,V2

dX

dt
≤ � + (φ1 + φ2 − α1)U(t) + γ 1T (t)

+γ 2R(t) − (δ2 − k3)V2(t) − δ1V1(t)

⇒ dV1(t)

dt
+ dV2(t)

dt
≤ � + δn[U(t) + T (t) + R(t)] − δ0[V1(t) + V2(t)]

−
{

dU(t)

dt
+ dT (t)

dt
+ dR(t)

dt

}
(2.4)
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where δn = min
{
(φ1 + φ2 − α1), γ 1, γ 2

}
. and δ0 = min{(δ2 − k3), δ1}

⇒ d[V1(t) + V2(t)]
dt

≤ � + δn[U(t) + T (t) + R(t)] − δ0[V1(t) + V2(t)] − �

δm

Again taking Limit supremum, we get

lim
x→∞ sup{� + δn[U(t) + T (t) + R(t)] − �

δm

− δ0[V1(t) + V2(t)] ≥ 0}

⇒ � + δn lim
x→∞ sup[U(t) + T (t) + R(t)] − �

δm

≥ δ0 lim
x→∞ sup[V1(t) + V2(t)]

⇒ �

δ0
+ δn

δ0
∗ �

δm

− �

δ0δm

≥ lim
x→∞ sup[V1(t) + V2(t)]

⇒ lim
x→∞ sup[V1(t) + V2(t)] ≤ (δm + δn − 1)�

δ0δm

This proves the lemma. �

2.1. Optimal Control Analysis

The outburst of unemployment in a society can be avoided with early preparations for
controlling unemployment. This is achieved with policies of government such as pro-
viding temporary and regular employment to unemployed persons and to create new
temporary and regular vacancies. Hence the control variables: rates at which temporary
and regular employment are provided to unemployed and rates at which new temporary
and regular vacancies are created are introduced in the model. The effective control of
unemployment may be too costly when constant controls are considered as it requires
creating new temporary and regular vacancies at higher level and/or increasing the rate
of employability at higher level for all time. For effective control to be achieved in
finite time, time dependent controls need to be considered [5]. When the control is time
dependent, the Pontryagins maximum principle can be used to determine the conditions
for effective control of unemployment in finite time. The following control variables are
considered in order to study the optimal control problem.

• Control u1(t)ε[0, 1] is implemented policy of government to provide temporary
employment to unemployed persons.

• Control u2(t)ε[0, 1] is implemented policy of government to provide regular em-
ployment to unemployed persons.

• Control u3(t)ε[0, 1] is implemented policy of government to create new temporary
vacancies.

• Control u4(t)ε[0, 1] is implemented policy of government to create new regular
vacancies.
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Introducing the controls on providing temporary and regular employment to unemployed
persons and on creating new temporary and regular vacancies the model described in
(2.1) becomes.

dU(t)

dt
= � − (1 + u1)k1U(t)V1(t) − (1 + u2)k2U(t)V2(t)

−α1U(t) + γ 1T (t) + γ 2R(t),

dT (t)

dt
= (1 + u1)k1U(t)V1(t) − k3T (t)V2(t) − α2T (t) − γ 1T (t)

dR(t)

dt
= (1 + u2)k2U(t)V2(t) − α3R(t) − γ 2R(t) + k3T (t)V2(t) (2.5)

dV1(t)

dt
= α2T (t) + γ 1T (t) + (1 + u3)φ1U(t) + k3T (t)V2(t) − δ1V1(t)

dV2(t)

dt
= α3R(t) + γ 2R(t) + (1 + u4)φ2U(t) − δ2V2(t)

On the whole, pre-selected objective involves minimization of the number of unemployed
persons at minimum cost of policy making in providing both temporary and regular
employment and creating new temporary and regular vacancies by government. The
objective function J is given by

J (u1(t), u2(t), u3(t), u4(t))

=
∫ tf

0

{
A1U(t) + A2

2
u2

1(t) + A3

2
u2

2(t) + A4

2
u2

3(t) + A5

2
u2

4(t)

}
dt (2.6)

where tf is the final time and the co-efficient Ai ≥ 0 (for i = 1, 2, . . . , 5) are bal-

ancing cost factors. The terms
A2

2
u2

1(t),
A3

2
u2

2(t),
A4

2
u2

3(t) and
A5

2
u2

4(t) are the cost

associated with implemented policies of government to provide temporary and regular
employment to unemployed persons and create new temporary and regular vacancies
respectively. Quadratic costs on controls with the given objective function is chosen
J = (u1(t), u2(t), u3(t), u4(t)) (See, [5, 6]). The goal is to minimize the number of
unemployed persons, while minimizing the costs of controls u1(t), u2(t), u3(t) and u4(t)

such that.

J (u∗
1(t), u

∗
2(t), u

∗
3(t), u

∗
4(t))

= min {J (u1(t), u2(t), u3(t), u4(t))|(u1(t), u2(t), u3(t), u4(t)) ∈ w)} (2.7)

where w = {u1(t), u2(t), u3(t), u4(t)} such that measurable with 0 ≤ u1(t) ≤ 1, 0 ≤
u2(t) ≤ 1, 0 ≤ u3(t) ≤ 1 and 0 ≤ u4(t) ≤ 1, for t ∈ [0, tf ] is the control set.
The necessary conditions that an optimal control problem must satisfy are derived us-
ing Pontryagins maximum principle [8]. This principle converts equations (??) and
(2.6) into a problem of point wise minimization of a Hamiltonian H with respect to



556 Surekha B. Munoli, Shankrevva R. Gani, and Shrishail R. Gani

u1(t), u2(t), u3(t) and u4(t).

H = A1U(t) + A2

2
u2

1(t) + A3

2
u2

2(t) + A4

2
u2

3(t) + A5

2
u2

4(t)

+λU {� − (1 + u1)k1U(t)V1(t) − (1 + u2)k2U(t)V2(t) − α1U(t) (2.8)

+γ 1T (t) + γ 2R(t)}
+λT

{
(1 + u1)k1U(t)V1(t) − k3T (t)V2(t) − α2T (t) − γ 1T (t)

}
+λR

{
(1 + u2)k2U(t)V2(t) − α3R(t) − γ 2R(t) + k3T (t)V2(t)

}
+λv1

{
α2T (t) + γ 1T (t) + (1 + u3)φ1U(t) + k3T (t)V2(t) − δ1V1(t)

}
+λv2

{
α3R(t) + γ 2R(t) + (1 + u4)φ2U(t) − δ2V2(t)

}
(2.9)

where λU, λT λR, λV1 and λV2 are the associated adjoint variables or co-state variables for
the states U, T , R, V1(t) and V2(t) respectively. By applying Pontryagian’s maximum
principle [9] and the existing result for optimal control from [9], and taking the appro-
priate partial derivatives of the Hamiltonian (2.8) with respect to the associated state
variables, the system of equations that is obtained is outlined in the following theorem.

Theorem 2.2. Given optimal controls u1(t), u2(t), u3(t), u4(t) and solutions U∗(t),
T ∗(t), R∗(t), V ∗

1 (t) and V ∗
2 (t) of the corresponding state system (??) that minimizes

J = (u1(t), u2(t), u3(t), u4(t)) Over w, there exist adjoint variables λU, λT λR, λV1 and
λV2 satisfying.

−dλi

dt
= ∂H

∂i
(2.10)

with transversality condition

λU(tf ) = λT (tf ) = λR(tf ) = λV1(tf ) = λV2(tf ) = 0, where i = U, T ,R, V1, V2
(2.11)

Further,

u∗
1(t) = min

{
1, max

{
0,

k1U(t)V1(t)(λU − λT )

A2

}}

u∗
2(t) = min

{
1, max

{
0,

k2U(t)V2(t)(λU − λR)

A3

}}

u∗
3(t) = min

{
1, max

{
0,

−λV1(t)U(t)φ1

A4

}}
(2.12)

u∗
4(t) = min

{
1, max

{
0,

−λV2(t)U(t)φ2

A5

}}

Proof. The existence of an optimal control follows from corollary 4.1 of Fleming and
Rishel [8], since the integrand J is a convex function of u1(t), u2(t), u3(t),u4(t). A
priori boundedness of the state solutions and also the state system satisfies the Lipschitz
property with respective to the state variables. The differential equations governing the
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adjoint variables are obtained by differentiating the Hamiltonian function and evaluating
at the optimal control variables. Then the adjoint system can be written as

dλU

dt
= −∂H

∂U(t)
= −A1 + (1 + u1)k1V1(t)(λU − λT ) + (1 + u2)k2V2(t)(λU − λR) + λUα1

−λV1(1 + u3)φ1 − λV2(1 + u4)φ2
dλT

dt
= −∂H

∂T (t)
= −λUγ 1 + (α2 + γ 1)(λT − λV1) + k3V2(t)(λT − λR − λV1)

dλR

dt
= −∂H

∂R(t)
= −λUγ 2 + (α3 + γ 2)(λR − λV2) (2.13)

dλV1

dt
= −∂H

∂V1(t)
= (1 + u1)k1U(t)(λU − λT ) + λV1δ1

dλV2

dt
= −∂H

∂V2(t)
= (1 + u2)k2U(t)(λU − λR) + k3T (t)(λT − λR − λV1) + λV2δ2

with transversality conditions λU(tf ) = λT (tf ) = λR(tf ) = λV1(tf ) = λV2(tf ) = 0.

Due to prior boundedness of state system, adjoint system and resulting Lipschitz structure
of ordinary differential equations, the uniqueness of optimal control for small tf is
obtained. The uniqueness of optimal control follows from the uniqueness of optimality
system, which consists of (2.10) and (2.11) with characterization (2.12). There is a
restriction on length of time interval in order to guarantee the uniqueness of optimality
system. This smallness restriction of length on time is due to opposite time operations
of (2.10) and (2.11). The state problem has initial values where as the adjoint problem
has final values. This restriction is very common in control problems (See, [4, 7, 5]).
In order to minimize Hamiltonian H with respect to controls at optimal controls, H is
differentiated with respect to u1(t), u2(t), u3(t) and u4(t) on the set w, and equating to
zero, the following solutions are obtained.

∂H

∂u1(t)
= 0 gives u∗

1 = k1U(t)V1(t)(λU − λT )

A2

∂H

∂u2(t)
= 0 gives u∗

2 = k2U(t)V2(t)(λU − λR)

A3

∂H

∂u3(t)
= 0 gives u∗

3 = −λV1φ1U(t)

A4

∂H

∂u4(t)
= 0 gives u∗

4 = −λV2φ2U(t)

A5
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Then by standard control arguments involving bands on the controls, it is concluded for
u∗

1(t):

u∗
1(t) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0,
k1U(t)V1(t)(λU − λT )

A2
≤ 0

k1U(t)V1(t)(λU − λT )

A2
, 0 <

k1U(t)V1(t)(λU − λT )

A2
< 1

1,
k1U(t)V1(t)(λU − λT )

A2
≥ 1

which is expressed in compact form as

u∗
1(t) = min

{
1, max

{
0,

k1U(t)V1(t)(λU − λT )

A2

}}

Similarly compact form expression for u∗
2(t), u

∗
3(t) and u∗

4(t) are:

u∗
2(t) = min

{
1, max

{
0,

k2U(t)V2(t)(λU − λR)

A3

}}

u∗
3(t) = min

{
1, max

{
0,

−λV1(t)U(t)φ1

A4

}}

u∗
4(t) = min

{
1, max

{
0,

−λV2(t)U(t)φ2

A5

}}

�

3. Numerical Simulations

This section discusses the numerical simulations of the optimality system and corre-
sponding results of variations of optimal controls u1u2, u3 and u4, for some parameter
choices and the baseline parameter values are given in Table 2. Numerical solutions to
the optimality system comprising of the state equation (??) and adjoint equation (??) are
carried out in MATLAB 8.1.0.604(R2013a) for parameter values of Table 2 together
with the following weight factors A1 = 30, A2 = 20, A3 = 20, A4 = 10, A5 = 40 and
initial conditions U(0) = 100000, T (0) = 2000, R(0) = 1000, V1 = 200, V2 = 100.

The algorithm is the forward - backward scheme, starting with an initial guess for
the optimal Controls u1, u2, u3 and u4. The state variables are then solved forward in
time from the dynamics (??) using a RungeâŁ“Kutta method of the fourth order. Then,
those state variables and initial guess for the controls u1, u2, u3 and u4 are used to solve
the adjoint equation (??) backward in time with given final conditions (2.12), again
employing a fourth-order RungeâŁ“Kutta method. The controls u1, u2, u3 and u4 are
updated and used to solve the state and then the adjoint system. This iterative process
terminates when current state, adjoint and control values converge sufficiently. Numeri-
cal simulations are investigated when four controls on providing temporary and regular
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Table 2: Parameter values used in the optimal control simulation
Parameters Baseline value Reference

� 500 Assumed
α1 0.004 A. K. Mishra and A. K. Singh (2013) [3]
α2 0.005 A. K. Mishra and A. K. Singh (2013) [3]
α3 0.006 Assumed
γ 1 0.001 Assumed
γ 2 0.002 Assumed
φ1 0.22 Assumed
φ2 0.20 Assumed
δ1 0.09 Assumed
δ2 0.05 Assumed
k1 0.000003 Assumed
k2 0.000002 Assumed
k3 0.0000045 Assumed

employment to unemployed persons and on creating new temporary and regular vacan-
cies are optimized. To study the effect of control strategies on increasing employment,
different control strategies are explored. We use various combinations of the controls:use
of four controls, three controls in different combinations, two controls in different com-
binations; and one control at a time in all making 15 combinations. For the sake of
brevity, here we are presenting only four significant strategies.

• Strategy S1 with temporary employment (u1 �= 0), regular employment (u2 �= 0),
new temporary (u3) and regular (u4 �= 0). vacancies

• Strategy S2 with temporary employment (u1 �= 0), without regular employment
(u2 = 0), new temporary (u3 = 0) and regular (u4 = 0) vacancies.

• Strategy S3 without temporary employment (u1 = 0), with regular employment
(u2 �= 0), new temporary (u3 �= 0) and regular (u4 �= 0) vacancies .

• Strategy S4 without temporary employment (u1 = 0), with regular employment
(u2 �= 0), without temporary vacancies (u3 = 0) , and with regular vacancies
(u4 �= 0).

Figure 2 shows the simulation results of the state variables when all controls are in
use. This shows unemployed persons decrease gradually till final time of study period.
Temporary and regular vacancies increase gradually till 4 units of time and the slowly
decrease till final time of study period. Regular employed persons increase gradually
throughout the study period. Initially temporary employed persons increase with the
same rate as that of regular employed persons but after 1.8 units of time a change is
observed reaching its maximum at 3 units of time and then gradually decreases to zero.



560 Surekha B. Munoli, Shankrevva R. Gani, and Shrishail R. Gani

Figure 2: Simulation of the model showing the state variables when all controls are in
use.

Figure 3: Simulation of the model showing the effect of control strategies S1, S2, S3, S4

on unemployment problem

To investigate how optimal control depend upon various control strategies imple-
mented, the control profiles of the four control strategies are plotted in Figure 3.

Figure 3(S3) shows that the control u2 which is at lower bound for a period of time
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1.9 units it takes up to upper bound and remain there till final time tf and the control
u3 which is at lower bound for short period of time it reaches upper bound and will be
at it up to 9.5 units of time and then drops down to lower bound. Control u4 remains at
upper bound up to time 9 units then gradually drops down to lower bound and remains
there till tf . The optimal scenario can be achieved if the policy of government to create
new temporary and regular vacancies is implemented with the maximum rate up to time
9.5 units and 8 units respectively and policy of government to provide temporary and
regular employment to unemployed persons are implemented with the maximum rate
till final time tf . In strategy S2 only u1 control is implemented, from Figure 3(S2) it is
clear that until the enough vacancies are created with the constant rate, up to time 2.5
units it is at the lower bound and then suddenly it reaches upper bound and remain there
till the final time tf . Figure 3(S3) shows that the control u3 which is at lower bound for
short period of time it reaches upper bound and will be at it upto 9.5 units of time and
then drops down to lower bound. Control u4 remains at upper bound up to time 9 units
then gradually drops down to lower bound and remains there till tf . Finally Figure 3(S4)
shows the control profile of strategy S4 and here the control u2 which is at lower bound
for a period of time 2.125 units it take up to upper bound and remains there till final time
tf and u4 remain at upper bound up to time 9.5 units and then it gradually drops down to
lower bound . The overall analysis of the control profile reveals that the optimal scenario
are achieved for different strategies at different time horizon.

The goal behind applying the optimal control theory is to estimate an optimal control
(u1, u2, u3, u4), which minimizes the cost function J given by equation (2.6) subject
to equation (??). Figures 4(a) and 4(b) depict unemployed persons and cost function J

respectively for no controls and with those generated strategies (S1, S2, S3, S4) control
strategy S1 shows the significant reduction in unemployed persons (Figure 4(a)) and also
in cost function J (Figure 4(b)) compared to all other control strategies.

The Figures 5(a) and 5(b) show the comparison of temporary employed and regularly
employed persons respectively with no controls and with those generated strategies
(S1, S2, S3, S4). The strategy S4 is implementation of regular employment and creation
of regular vacancies, it shows maximum number of regularly employed persons (Figure
5(b)), however the implementation cost of it is more than that of S1 and S3 (Figure
5(b)), this is because it gives the least importance to that is implementation of temporary
employed persons compare to other strategies. Where as strategy S2 which is based
on the control u1 gives highest importance for implementation of temporary employed
persons but it is the worst cost effective as compare to strategies S1, S3, and S4. The
Figure 6 depicts the similar kind of interpretation for the implementation of creating
temporary and regular vacancies.

4. Cost-effectiveness analysis

The cost-effectiveness analysis is used in order to determine the most effective strategy
to use to control the unemployment outbreak. The Unemployment Averted Ratio(UAR)
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Figure 4: Simulation of the unemployed persons and cost function J showing the effect
of control strategies S1, S2, S3, S4 on unemployment problem.

Figure 5: Simulation of the temporary and regular employed persons showing the effect
of control strategies S1, S2, S3, S4 on unemployment problem.

measure is

UAR = Number of unemployment averted

Number of employed
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Figure 6: Simulation of the temporary and regular vacancies showing the effect of control
strategies S1, S2, S3, S4 on unemployment problem.

The cost of controls are directly proportional to number of controls considered because
the aim of using successful policies is to reduce the unemployment. The number of un-
employed averted is computed by taking the difference between the total unemployment
without control and total unemployment with control. However, for clear results, the
cost effectiveness ratio of strategies is computed, so that it can be concluded which strat-
egy is most appropriate. There are three types of cost-effectiveness ratios: 1. Average
Cost-Effectiveness Ratio (ACER), 2. Marginal Cost-Effectiveness Ratio (MCER), 3.
Incremental Cost-Effectiveness Ratio (ICER) used to compare the differences between
the costs and unemployment outcomes of two alternative strategies, that is to compare
two or more competing strategies incrementally, one strategy should be compared with
next less effective alternative. The total unemployment averted persons are estimated
using the model simulation results. Total cost in rupees is estimated by using cost of
controls over time.

Strategies Total unemployment controled Total cost(Rs) ICER
Strategy S1 20840158.1 624948818.3 29.9877
Strategy S2 6231624.056 186794413.4 29.9930

The ICER is calculated as follows:

ICER(strategy I) = 624948818.3

20840158.1
= 29.9877

ICER(strategy II) = 186794413.4 − 624948818.3

6231624.056 − 20840158.1
= 29.9930
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The comparison between strategies ICER S1 and S2 shows a cost savings of RS 29.9877
for strategy S1 over strategy S2. The less ICER for strategy S1 indicates that strategy S2 is
more costly and less effective than strategy S1. Therefore , strategy S2 is excluded from
the set of alternatives so it does not work on limited resources. The ICER is recalculated
as,

Strategies Total unemployment controled Total cost ICER
Strategy S1 20840158.1 624948818.3 29.9877
Strategy S3 16224660.09 486509485.2 29.9944

The comparison between strategies S1 and S3 shows less cost expense for strategy
S1 over strategy S3. Similarly, the high ICER for strategy S3 indicates that strategy S3 is
more costly and less effective than strategy S1. Therefore, strategy S3 is excluded from
the set of strategies and the ICER is recalculated with remaining strategies S1 and S4.

Strategies Total unemployment controled Total cost ICER
Strategy S1 20840158.1 624948818.3 29.9877
Strategy S4 12133467.86 363794804 29.9946

The comparison between strategies S1 and S4 shows the lower ICER for strategy S1
over strategy S4 and it indicates that strategy S4 strongly dominate. It shows strategy S4
is more costly and less effective than strategy S1 therefore, strategy S4 is excluded from
the set of strategies. By this study it is concluded that strategy S1 has minimum ICER
and more cost-effective strategy in the set of alternatives.

5. Conclusion

The study of optimal control analysis for unemployment model performed by using
Pontryagins maximum principle helps to arrive at certain conditions. The conditions
for optimal control of the unemployment problem were derived and analyzed with the
effective use of government employment policy through the implemented policies of
government to provide temporary and regular employment to unemployed persons and
to create new temporary and regular vacancies. It is concluded that implementing of
this successful policy by a government to create new temporary and regular vacancies
will have significant impact in reducing unemployment. Control programs that follow
these strategies can effectively reduce the unemployment problem in the society. From
the cost-effectiveness analysis,the results suggest that it is cost effective to implementing
temporary employment and regular employment and also creation of new temporary and
regular vacancies.
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