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SUMMARY
The Uniform Shell Designs (USD) are the used for the exploration of second order
response surfaces containing the design points, that are uniformly spaced over the
region of interest on a hyper sphere with origin as centre proposed by Deohlert
(1970). In this paper, an attempt is made to construct uniform shell designs through
the generalization of Deohlert’s method, using symmetric balanced incomplete block
designs and factorial designs.
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1.

INTRODUCTION

Suppose there are v factors X1, X2, ... Xv which influence the response variable Y.
Then the design matrix D is given by
D = ( ( xu1, xu2, … xuv) )

(1.1)

Where xui be the level of the ith factor in the uth treatment combination (i =1,2, ... v; u
=1,2, …N). Let Yu be the response at the uth design point (xu1, xu2, … xuv) u=1, 2, ...
N. Then the second order response surface model in v factors, given by
Y = Xβ + ε

(1.2)

where Y = (Y1, Y2, … YN)' is the vector of observations,
Xu = (1, xu1, xu2,… xuv, x2u1, x2u2, … x2uv, xulxu2, … xuv-1xuv) is the uth row of X
β= (β0, β1, β2, ... βv, β11, β22, … β vv, βl2, … βv-1v)' is the vector of parameters
ε = (ε1, ε2, ... εN)' is the vector of random errors.
Assume E (ε)=0, D(ε)= σ 2I and ε ~ N(0,σ 2).
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The design D satisfies the following conditions
1.

 xui = 0
 xui xuj = 0  xui x3uj = 0  x3ui = 0
 xui x2uj = 0
xuixujxuk = 0 xuixujx2uk = 0  xui xuj xuk xul = 0 i≠j≠k≠l=1, 2, … v

2.

 x2ui = N λ2

3.  x4ui = CN λ4

4.  x2ui x2uj = Nλ 4

The summation is over (u=1,2, ... N) all the design points.

(1.3)

In this case, the pattern of the moment matrix N-1(X'X) is

 1
 0

 2 J v

 0

0
2 I v
0
0

2 J 1,v



0


0
4 [(C  1) I v  J v ]

0
4 I v ( v 1) / 2 
0
0

(1.4)

and the precision matrix is N(X'X)-1

4 (C + v - 1)
0

1
2 I v
0


1
 2  J v ,1
0

0
0


 2 1 J 1,v
0
1
[4 [(C  1)] [ I v  (4  22 )1 ]
41
0






I v ( v 1) / 2 
0
0
0

and Δ= λ4(C+v-1)-vλ22 >0

(1.5)

(1.6)

The variance of the estimated response at any design point xu is
V(Ŷu) =V(β0 ) +[V(βi )+2Cov(β0, βii)]ρ2 +V(βii )ρ4 + [(C-3)/(C-1)Nλ4]  x2ui x2uj
(1.7)
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Hence, we have
V(Yu) = [λ4(C+v-1)/N Δ ] σ2 + [λ4(C+v-1)-(v+2) λ22/N λ2 Δ ] σ2 ρ2 + [{λ4(C+v-1)(v-1)λ22 }/{N(C-1)λ4Δ}] σ2 ρ4 + {(C-3)/(C-1)Nλ4} σ2  x2ui x2uj
(1.8)
The designs ensure that the estimated response has a constant variance at all the points
which are at same distance from the center of the design if C=3. In this case the term
containing  x2ui x2uj in (1.8) vanishes. A second order response surface design, whose
design matrix D is such that the variance of the estimated response at any point is a
function of its distance ρ from the origin is defined as rotatable design. Such a design
is called second order rotatable design (SORD).
2. UNIFORM SHELL DESIGNS
Schefee (1963) noted that “uniformity of space filling” had good design future.
Deohlert (1970) made an attempt and proposed a method of generating designs such
that the design points are uniformly spaced on a unit hyper sphere with origin as
center. Such designs are termed as Uniform Shell Designs (USD’s).
Let the design points be distributed uniformly i.e. with uniform spacing on a hyper
sphere. Let the spacing between any two consecutive design points be equal to the
radius (r) of the hyper sphere. Then such an arrangement is called as uniform shell
design, defined by Deohlert (1970) and is denoted by USD(r). However, when the
distance between two consecutive design points on a shell is equal to d (but not equal
to r) then also the design points are uniformly spaced on the shell. Such designs are
termed as uniform shell designs and are denoted by USD (d).
When an experiment is conducted through the response surface design, the design
points are not uniformly distributed, as a result the influence of the neighbor design
points is not uniform, to make it to uniform if at all exists and easy to remove once it
is identified when compared with non uniform response surface designs.
In this paper, an attempt is made to construct the uniform shell designs (both r and d)
for the exploration of second order response surfaces, through the generalization of
Deohlerts method, through the symmetric balanced incomplete block designs and
factorial designs.
3. CONSTRUCION OF USD'S THROUGH DOEHLERT’S METHOD
Deohlert (1970) proposed a method for generating designs satisfying the criteria that
the design consisting of points uniformly spaced on a unit radius hyper sphere with
origin as centre. Now, we can generalize the radius unity to r (for any value of r) and
construct uniform shell design. The method is given below for v factors.
METHOD: For v factors, start with v coordinate points in (v-1) dimension. Let the
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points be
O (0.000,0.000 ... 0.000)
A1 ( r, 0.000 ... 0.000)
A2 ( r/2, r√3/2 ... 0.000)
A3 ( r/2, r/2√3 ... 0.000)
... ... ...

... ... ...

Av-1 (r/2, r/2√3, r/2√6 ... r/√2(v-1)(v-2), r√v / 2(v-1) )
Augment a vth coordinate 0 (zero) to the above v design points and also by taking one
more design point in the same (v-dimension) then we get the v+1 design points in vdimensions are given by
O (0.000, 0.000 ... 0.000)
A1 ( r, 0.000 ... 0.000)
A2 ( r/2, r√3/2 ... 0.000)
A3(r/2, r/2√3 ... 0.000)
... ... ...

... ... ...

Av-1 (r/2, r/2√3, r/2√6 ... r/√2(v-1)(v-2), r√v/2(v-1), 0.000)
Av (r/2, r/2/√3, r/2√6 ... r/√2(v-1)(v-2), r/√2v(v-1), r√(v+1)/2v)
The additional points can be obtained by taking differences of the coordinates of the
v+1 points. The number of distinct additional points is v2, the total number of design
points are v2+v+1 which lie on a hyper sphere of radius r and one central point.
REMARKS
1.

In the above method, if r=1 (i.e. the radius of the hyper-sphere is unity) the
resulting design provides the same uniform shell design as given by Deohlert
(1970).

2.

In the Doehlerts USD(r) all factors are not having the same number of levels.
For example when v=3 factors have the levels five, seven and three.

EXAMPLE 3.1: For two factors, consider three design points in two dimensions. Let
the points be O(0,0); A(r,0); B(r/2, r√3/2). Take the differences of the coordinates of
the points to get additional points. The additional point C is obtained by taking
differences of the coordinates of points B and A (i.e. B-A). Similarly additional points
D, E, F can be obtained by O-A, O-B, A-B respectively. The points are C(-0.5r,
r√3/2); D(-r, 0.000); E(-0.5r, -r √3/2); F(0.5r , -r√3/2).
The complete set of seven points is the regular hexagon shown in fig. 3.1 with origin
as the centre point. When r=2, we have the set of seven points which constitutes
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USD(r) in two dimensions are O(0,0); A(2,0); B(1,√3); C(-1,√3); D(-2,0); E(-1,-√3);
F(1,-√3).

4. CONSTRUCTION OF USD (d) THROUGH SBIBD
A method of construction of USD(d) for the exploration of second order response
surface through a symmetric balanced incomplete block design in presented below.
METHOD: Consider a symmetric balanced incomplete block design with parameters
v, b, r, k and λ. Let Nbxv be as incidence matrix consisting of elements zeros and ones.
Replace the element unity in Nbxv by α. Associate each of Nbxv with 2k factorial with
the levels +1 and 1 to get b.2k design points. Complete the design by taking n0 central
points of type (0,0 ... 0) in v-dimensions to avoid the singularity in the moment
matrix. The resulting design D is a uniform shell design (d) with total number of
design points N=b.2k+n0 in v-factors each with three levels (±α, 0). For the above N
design points, we have
 x2ui = N λ2 =2krα2

(4.1)

 x4ui = CN λ4 =2krα4

(4.2)

 x2ui x2uj = Nλ4=2kλα4

(4.3)

The summation is over all the design points. From (4.2) and (4.3), we can obtain
C= r/ λ

(4.4)

And the distance between any design point on the hyper sphere to the origin is ρ,
where ρ2=k α2. In this case  x2ui x2uj can written as
 x2ui x2uj = (k-1) ρ4/2k

(4.5)

Hence the variance of the estimated response at any uth design point on the hypersphere is
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V(Ŷu) = A ρ4 + B ρ2 + D

(4.6)

Where A=[λ4(C+v-1)-(v-1) λ22 ] / [N(C-1) λ4 Δ ]σ2 + [(C-3)(k-1) / 2k(C-1)Nλ4]σ2
B= [(C+v-1)λ4-(v+2) λ22] / [N λ2 Δ] σ2

and D= [(C+v-1)λ4 / N Δ σ2.

Where Δ= λ4(C+v-1)-vλ22 >0
From (4.6) it can be noted that, the variance of the estimated response at, the
u design point (i,e. V(Ŷu) ) is a function of the distance of the uth design point from
the origin. Therefore the resulting uniform shell design is termed as uniform shell
second order response surface design and is denoted by USSORSD.
th

REMARKS:
1. The levels of USD derived by this method have same number of levels for each
factor, where as the USD’s derived in section 3 has unequal levels for each factor.
2. The values of the levels are automatically fixed in the method derived in section3, where as in the designs derived in the above method, the values of the levels
can be chosen for different values of α.
3. The moment matrix of the design derived in the method given in the section-3
cannot be expressed in a specified pattern as model fitting may become
cumbersome. Where as the moment matrix of the design derived by the above
method can be expressed in a specified pattern due to which the model fitting may
become simple.
4. Even though methods of constructions of SORSD are available using BIBD, but
to get USSORD one has to use a SBIBD only.
5. Taking an appropriate fraction of 2k can reduce the design points.
The method is illustrated in the following example.
EXAMPLE 4.1: Consider a symmetrical balanced incomplete block design with
parameters v=4=b, r=3=k, and λ=2. Using the above method, we can obtain a three
dimensional uniform shell second order response surface design (USSORSD) with 33
design points in three levels (±α, 0), is given below.

 
 

D =  

 0
 0






0

0



0


0

0 
  



0 

For the above design. The distance between any design point, on the hyper-sphere to
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the origin is ρ, where ρ2=3α2 and the distance between any two consecutive design
points on the hyper sphere is d, where d2 = 2α2. In this case the variance of the
estimated response at any point on the hyper sphere is given by 0.52083 σ2.
5. CONSTRUCTION OF USD'S THROUGH FACTORIALS: In this section we
are presenting one more method of construction of USD (d) through factorials. The
method is presented below.
METHOD: Consider a set of 2v factorial combinations with the levels ±α. Complete
the design by taking n0 central points of type (0,0 ... 0) in v-dimensions to avoid the
singularity in the moment matrix. Take (n0=1) one central point at origin (0, 0, ... , 0).
The resulting design consisting of N design points (N=2v+1) provides a uniform shell
design of type USD (d)

Remark: The moment matrix of the design USD (d) constructed using the above
method through factorials is always singular. Consequently to estimate the
parameters of the model (1.2), we impose some suitable restrictions on the
parameters. The number of restrictions to be imposed on the parameters depends on
the deficiency of the rank of the matrix.
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The complete set of above nine design points form a cuboid in three dimensions
shown in fig. 5.1 with origin as the center point. The vertices coordinates points are
A ( +α, +α, +α ), B(+α, +α, -α ), C ( +α, -α, +α ), D ( -α, +α, +α ), E ( +α, -α, -α ) F ( α, +α, -α ), G ( -α, -α, +α ), H ( -α, -α, -α), I ( 0, 0, 0);
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