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Abstract 

In the historical search of contributions of Russian Mathematicians in the 

development of Probability, we have given particular emphasis on the works 

of P. L. Chebyshev (1821-1894), A. A. Markov (1856–1922), P. A. Nekrasov 

(1853-1924), A.M. Lyapunov (1857-1918), S. N. Bernstein (1880–1968), A. Y. 

Khintchine (1894 – 1959) and A. N. Kolmogorov (1903-1987).  The 

chronological development of Weak Law of Large Numbers has been from 

1713 (Jacob Bernoulli’s Theorem) to the ultimate forms of 1930 

(Kolmogorov’s Law of Large Numbers) have been traced out [2,4]. It is to be 

noted that the ‘Modern Probability Theory’ was firmly established on an 

axiomatic foundation forwarded by Russian Mathematician A. N. Kolmogorov 

(1903-1987). The aim of this article is to high light the contributions by the 

well-known Russian Mathematicians in the Probability Theory and Law of 

Large Numbers. 

Keywords: Probability Theory, Chebyshev Inequality, Markov Inequality, 

Kolomogorov Inequality, Bienaym´e Inequality, Independent identically 

distributed.   

 

1. INTRODUCTION 

In the sixteenth century, Italian Mathematician Gerolamo Cardano (1501-1575) 

observed what was later termed as ‘The Law of Large Numbers’. Cardano observed 

the fact that the accuracy of observations tended to improve as the number of trials 

got increased. However, there is no historical evidence to the fact that he made any 

attempt to prove his observation mathematically. Historical search shows that over 

two hundred years later this conjecture was formally proved.  
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Record shows that another Italian Mathematician Galileo Galilei (1564-1642), was 

the first to attempt at a quantitative measure of probability while dealing with some 

problems related to the theory of dice in gambling. Literature review shows that the 

first foundation of Mathematical Theory of Probability was laid in the mid 

seventeenth century by two French Mathematicians, B. Pascal(1623-1662) and P. 

Fermat (1601-1665), while solving a number of problems posed by French gambler 

and a nobel man Chevalier- De-Mere to Pascal. The famous ‘Problem of Points’ 

posed by De-Mere to Pascal is: “Two persons play a game of chance. The person who 

first gains certain number of points wins the stake. They stop playing before the game 

is completed. How is the stake to be decided on the basis of the number of points each 

has won?” The above mentioned two Mathematicians after a lengthy correspondence 

between themselves finally solve this problem and this correspondence laid the first 

foundation of science of Probability.  

In 1713, Swiss Mathematician Jacob Bernoulli published the first proof of what 

Cardano observed centuries earlier. Bernoulli recognized the intuitive nature of the 

problem as well as its importance and spent twenty years formulating a complicated 

proof for the case of a binary random variable that was first published posthumously 

in his book, ‘Ars Conjectandi’. Bernoulli referred to this as ‘Golden Theorem’ but 

later on it was known as ‘Bernoulli Theorem’[3].  

In his book ‘Ars Conjectandi’, Bernoulli described the problem of drawing balls from 

an urn that contains both black and white balls. Bernoulli tried to estimate the 

proportion of white balls to black if they are consecutively drawn from the urn and 

then replaced. Bernoulli stated: “When estimating the unknown proportion any degree 

of accuracy can be achieved through an appropriate number of trials” [3].  

In 1812 P. S. Laplace (1749-1827) after extensive research over a number of years 

finally published ‘Theoric anlaytique des probabilities’. In addition to these, other 

outstanding contributors in the field of probability are S. D. Poission (1781-1840), 

Richard Von Mises (1883-1953), Paul Levy (1886-1971) and R. A. Fisher (1890-

1962) to name a few.  

In the next sections of this paper, an attempt has been made to describe some 

significant contributions in the field of Probability by some well-known Russian 

Mathematicians. 

 

2. CONTRIBUTION TO PROBABILITY THEORY BY PAFNUTY LVOVICH 

CHEBYSHEV: 

2.1. Pafnuty Lvovich Chebyshev’s personal life: 

Pafnuty Lvovich Chebyshev was a Great Russian Mathematician. He was born on 16th 

May, 1821 at Okatovo, a small town in western Russia, south-west of Moscow. 

Chebyshev's parents were Agrafena Ivanova Pozniakova and Lev Pavlovich 

Chebyshev.  At the time of his birth his father had retired from the army. Lev 

Pavlovich and Agrafena Ivanova had nine children some of whom followed in their 

father's military tradition. Chebyshev started his early education at home where both 
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his mother and his cousin Avdotia Kvintillianova Soukhareva were his teachers. In 

1832, when Chebyshev was eleven years old, the family moved to Moscow. In 1837, 

Chebyshev entered Moscow University for his study of the mathematical sciences. In 

1940-41, Chebyshev received a prize competition from the department of Physics and 

Mathematics. In 1841, Chebyshev graduated. In 1846, Chebyshev was examined on 

his Master's thesis and the thesis was on the Theory of Probability.  In 1847, 

Chebyshev started to teach at St. Petersburg University and became an extraordinary 

professor in the same University in 1850. Chebyshev retired from his professorship at 

St Petersburg University in 1882. He had received many honours during his working 

career.  He was famous for his work on ‘Chebyshev Inequality’. He died on 8th 

December, 1894 at St. Petersburg, Russia.  

 

2.2. Pafnuty Lvovich Chebyshev’s contribution to Probability Theory: 

In 1845, Chebyshev’s thesis entitled ‘An Essay in Elementary Analysis of the Theory 

of Probabilities’ was published in Russian. Chebyshev’s thesis used no calculus, only 

algebra, a rigorous analytical discussion of the then probability theory, with a few 

examples [2]. The thesis concluded with a table of what are in effect ‘tail 

probabilities’ of the Standard Normal Distribution.  

In 1846, Chebyshev completed the first Russian dissertation on ‘Probability Theory’ 

entitled ‘An Experience in an Elementary Analysis of the Probability Theory’ at 

Moscow University, [5, 7].  

Following the footsteps of V. Y. Bunyakovsky, Chebyshev started teaching a course on 

‘Probability Theory’ in 1860 at St Petersburg University. At that time, the famous St. 

Petersburg Mathematical School originated, which later became famous for the works 

of Chebyshev and his students A. A. Markov, Y. K. A. Sokhotsky, A. M. Lyapunov, G. 

F. Voronoi and others. Markov and Lyapunov who later became stalwarts in different 

fields of Probability Theory were students and researchers during this period and were 

much influenced by Chebyshev.  

 

2.2.1. Chebyshev’s Inequality: 

In Probability Theory, Chebyshev’s Inequality is also known as ‘Bienaym´e–

Chebyshev Inequality’. It stated that: “For a wide class of probability distributions, no 

more than a certain fraction of value can be more than a certain distance from 

mean”.  

Specifically, no more than 
2

1

k
of the distribution’s values can be more than ‘k’ 

standard deviations away from mean. It is one of the most common inequalities used 

in Probability Theory to bound the tail probabilities of a random variable X having 

finite variance,
2)( XVar .  
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It is mathematically stated that: 

 
 

2

2

Pr
k

kX


                                               (i) 

where, )(XE represents the mean of X, of course the given bound is of use only if 

k is bigger than the standard deviation. 

The above expression (i) is named after Russian Mathematician P.L. Chebyshev, 

although it was first formulated by his French friend Bienaym´e (1776-1878). This 

result was first stated without proof by Bienaym´e in 1853 and later proved by 

Chebyshev in 1867. It is also known as Two-Sided Chebyshev Inequality. In 1884 his 

student A. Markov provided another proof in his Ph.D. thesis.

 Again for any k > 0 other equivalent forms can be written for this inequality, by 

simple manipulation
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 (ii) is also another form of Markov Inequality. For any random variable X, the 

following are also different forms of one sided Chebyshev Inequality:  
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(iii) 

In expression (iii), we can observe that the right-hand side interval becomes minimal 

to give one sided tail bound. The expression (iii) also called ‘Cantelli’s Inequality’. 

 

Example:  

Let X be the outcomes of a single fair die is rolled. If 5.3)( XE  and .
12

35
)( XVar  

i) Theoretically  :  

           
.67.0

6

1
)6Pr()6Pr( elyapproximatXX   

ii) Markov Inequality:   

           
elyapproximatX 583.0

6

6

21

)6Pr(  . 

iii) Two sided Chebyshev’s Inequality :   

   
2

35

7126 6 1 3 5 2 5 0 467
2 5 5

Pr( X ) Pr( X or X ) Pr( X . . ) . approx.
( . )
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iv) One sided Chebyshev Inequality : 

                          
2

35

7126 3 5 2 5 0 318
35 22

2 5
12

Pr( X ) Pr( X . . ) . approx.

( . )

      



 

 

2.2.2. Chebyshev’s Inequality and Weak Law of Large Numbers: 

One of the most common applications of Chebyshev’s Inequality is the Weak Law of 

Large Numbers. Suppose we are given a sequence   1
nnS

 
of real-valued random 

variables with independent increments ,..., 21 XX  such that )( nn XE  and 

 nn XVar
2

  are finite for all .1n  

Defining 



n

k

knn SEm
1

)(  , 



n

k

knn VarSS
1

22
 and assuming Markov’s 

condition  0lim
2

2


 n

Sn

n  
we can conclude by making use of (i) that for any 0  

                                    ,0Pr
22

2













n

S

n

mS nnn


  as n  

and hence 0


n

mS nn  in probability.  

We can trace Chebyshev’s influence back to 1867, when Chebyshev’s paper ‘On 

Mean Values’ was published, which generalized ‘Poisson’s Theorem’ on the ‘Weak 

Law of Large numbers’ [5, 8]. Chebyshev initiated his systematic study of sequences 

of ‘Independent Random Variables’, and his student Markov later extended to include 

certain types of dependent random variables. Markov and Liapunov were Chebyshev’s 

most illustrious students.  

In 1874 Chebyshev wrote: “The simple and rigorous demonstration of Bernoulli’s 

law to be found in my note entitled: Des valeurs moyennes, is only one of the results 

easily deduced from the method of M. Bienaym´e, which led him  to demonstrate a 

theorem on probabilities,  from which Bernoulli’s law follows immediately . . .[2]” 

In 1887, Chebyshev published another paper entitled ‘On Two Theorems concerning 

Probability,’ which generalized the Central Limit Theorem and presented the Method 

of Moments [5, 9]. The proof of the Central Limit Theorem by the Method of 

Moments was   completed by Markov. Famous probabilist Kolmogorov, who followed 

in the footsteps of Chebyshev and Markov remarked “Chebyshev was the first to 

estimate clearly and make use of such notions as random quantity and its expectation 

value” [5,10].  
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3. CONTRIBUTION TO PROBABILITY THEORY BY ANDREY  

        ANDREYEVICH MARKOV: 

3.1. Andrey Andreyevich Markov’s personal life: 

The Russian Mathematician Andrey Andreevich Markov is known for his work in 

Number Theory, Analysis and Probability Theory. Markov was born on June 14th, 

1856 in the town of Ryazan, Russia. His father Andrei Grigorievich Markov was a 

public officer at the Forestry Department. In his early life, he was rather poor in many 

subjects, but not in mathematics. In 1874, Markov graduated and entered the Faculty 

of Mechanics and Mathematics of St. Petersburg University. In 1877, he was awarded 

a gold medal for his research work entitled ‘On Solution of Differential Equations 

with the Help of Continued Fractions’ [5]. In 1880, Markov defended his Master 

Degree thesis, ‘On the Binary Square Forms with Positive Determinant’. In 1884, he 

received his Doctorate Degree for the thesis entitled ‘On Certain Applications of the 

Algebraic Continuous Fractions’. In 1880, he joined as an Associate Professor at the 

St. Petersburg University [5]. In 1883 Chebyshev resigned from the university and 

after him Markov started teaching the Probability Theory. In 1886, he was elected as 

an Extraordinary Professor. On July 20th , 1922, A. A. Markov died of sepsis. He was 

buried in the Mytrophany Cemetery in St. Petersburg [5].   

 

3.2. Andrey Andreyevich Markov’s contribution to Probability Theory: 

3.2.1. Markov’s Inequality: 

The most elementary tail bound in Probability theory is given by Markov’s Inequality, 

which states that for a positive random variable X and positive number ,  

 
E( X )

Pr X 


                                                          (iv) 

Intuitively, if the mean of a positive random variable is small then it is unlikely to be 

too large too often i.e. the probability that it is large is small. While Markov Inequality 

on its own is fairly crude, it forms the basis for much more refined tail bounds. 

Example: A factory produces batches of 1000 motor cycles in each batch and finds 

that on average, two motor cycles per batch are defective. To estimate the probability 

of fewer than five motorcycles in the next batch will be defective: 

                             
%60)5Pr(

%40
5

2
)5Pr(.

)(
)(Pr





X

Xei
XE

X



 

So, according to Markov Inequality, there is at least a 60% chance that fewer than 5 

motorcycle will be defective. 
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3.2.2. Markov Theorem 1: 

Markov stated that:  0
)...(

2

21 


n

XXXVar n   as n is the sufficient 

condition for Weak Law of Large Numbers holds for arbitrary summands

 ...21  XX  2 . Thus, the assumption of independence is dropped, although the 

assumption of finite individual variance is still retained. In Russian Literature  6,2  

this is called ‘Markov Theorem 1’. It is used to prove ‘Bienaym´e–Chebyshev 

Inequality’.  

 

3.2.3. Markov Theorem 2: 

Markov later on proposed an advanced version of the Weak Law of Large Numbers 

which was to be known as ‘Markov Theorem 2’. 

The theorem in its modern form states : 

0
Pr











n

S
E

n

S nn  

where 



n

i

in XS
1

 and  ,...2.1, iX i are independent and satisfy   


cXE i

1

for some constants 0  and c. The case 1 came to be known in Russian 

literature as “Chebyshev’s Theorem”  2 . 

Seneta  2  mentioned that in a paper of Markov entitled ‘O Zadache Yakova Bernoulli’ 

(i.e. On the Problem of Jacob Bernoulli) which was published in 1914, Markov 

modified the approximate formula of De’ Moivre which is 

dxe
Z

x




 21


     for     npqznpX 2Pr   

to the form  

   
npq

eqpz
dxe

z

Z

x

26

211
2

2
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 , 

and named it as Chebyshev’s formula. This paper motivated other Russian 

Mathematicians to a great extent. 

 

Markov developed the basic concept of the Week Law of Large Numbers and Central 

Limit Theorem to certain sequence of Dependent Random Variables. He mentioned 

the application of the method of Mathematical Expectations, the method of Moments 

and the proof of the Second Limit Theorem of the calculus of Probabilities. 
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In addition to these, Markov made some significant contributions to the Stochastic 

Processes such as Markov chain. The concepts of Markov chain is based on some 

limit theorems. 

 

4. CONTRIBUTION TO PROBABILITY THEORY BY PAVEL 

ALEKSEEVICH NEKRASOV: 

4.1. Pavel Alekseevich Nekrasov’s personal life: 

Pavel Alekseevich Nekrasov was born on 13th February 1853 in Ryazan Governorate. 

Nekrasov was a Russian Mathematician and a Rector of the Imperial University of 

Moscow. Nekrasov studied at the Orthodox Theological Seminary and from 1874 at 

the University of Moscow. In 1885, he joined as an Associate Professor at Moscow 

University. In 1890, Nekrasov received a full Professorship. In 1893, Nekrasov 

became Rector. From 1885–1891, Nekrasov taught Probability Theory and Higher 

Mathematics at the Moscow Institute of Land Surveying. From 1898 he was with 

administrative duties for the Ministry of Education and moved in 1905 to Saint 

Petersburg as a member of the Council of the Ministry of Education. In 1891 

Nekrasov was Vice-President of the Moscow Mathematical Society and was its 

president from 1903 to 1905. From 1891 to 1894, he was Vice-President of the 

Society of Friends of Science in Moscow. He died of pneumonia on 20th 

December1924. Nekrasov worked on Algebra, Analysis, Mechanics and Probability 

Theory.  

 

4.2. Pavel Alekseevich Nekrasov’s contribution to Probability Theory: 

Nekrasov attempted to use what we now call as the method of Saddle Points, 

Laplacian Peaks, Lagrange inversion formula for sums of independent and non-

identically distributed lattice random variables. His works in these lines led 

Probability theory towards standard local and global limit theorems of Central Limit 

Theory for large deviations  2 . 

In a paper authored by Nekrasov 1902, in its footnote he stated Chebyshev’s Theorem 

as follows: 

If nXXX ,..., 21  are independently distributed and 
 

n

XXX
X n

n

...21 
 then  

 
2

1
1)(Pr




n
fXEX nnn 

, 

where,  is a given positive number and  





n

i

i
n

n

XVar
f

1

)(
 , probability approaches 1 as n  . 

https://en.wikipedia.org/wiki/Moscow_State_University
https://en.wikipedia.org/wiki/Probability_theory
https://en.wikipedia.org/wiki/Saint_Petersburg
https://en.wikipedia.org/wiki/Saint_Petersburg
https://en.wikipedia.org/wiki/Moscow_Mathematical_Society
https://en.wikipedia.org/wiki/Algebra
https://en.wikipedia.org/wiki/Mathematical_analysis
https://en.wikipedia.org/wiki/Probability_theory
https://en.wikipedia.org/wiki/Probability_theory
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He added that if n   can be chosen so that 0nn f  while simultaneously 

nn 2 then )( nn XEX   converges to 0. 

Nekrasov said: “Chebyshev’s Theorem provides the means for asserting almost 

surely, and in the limit surely, the destiny of the arithmetic mean….” 

In the aforesaid paper of 1902, Nekrasov’s bold statement on p.29 that Chebyshev’s 

Theorem attains its ‘full force’ under necessary condition that the random variables

1, iX i , are pairwise independent  2  have far reaching consequences in the 

development of modern Probability Theory. 

In the context of earlier mentioned footnote, Nekrasov said (Seneta, 1984  2 ) that he 

had examined the ‘Theoretical Underpinnings’ of Chebyshev’s Theorem and had 

apparently come to the correct conclusion that if nf  is defined as )( nn XnVarf  , 

then the inequality still holds good. Later on it was found that in general 

2

1

),(2)(

)(
n

XXCovXVar

XVar
ji

ji

n

i

i

n






  

The same expression for nf results under ‘Pairwise Independent’ which implies 

  0, ji XXCov  as under mutual independence and hence ‘Pairwise Independent’ is 

sufficient for Chebyshev’s Theorem. 

As mentioned in [12], in 1902, Nekrasov noted that Chebyshev’s Inequality holds for 

a single random variable: 

    
2

1
1Pr

k
YVarkYEY   

for positive k, he began his discussion of stability by taking  nXY   from the 

inequality 

 
2

1
1)(Pr

n

nnnn
n

fXEX


        where )( nn XnVarf  , nnk 2

1

  

permitting niX i ,...,1,  , to be dependent in an arbitrary way.  

The intention was to argue that if n can be chosen so that ,0
2

nn f nn 2

then statistical stability which is Generalized Law of Large Numbers. 

As mentioned in [12], in 1912, Nekrasov attempted to measure the stability of Xn by 

introducing the quantity  

nfQ n   
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where  is to be regarded as the measure. Nekrasov puts   nn
 ,                 

so 0nn f


  and 
2

nn  if 
2

1
   

Since, 
)(22   nfnn , 

 212  nn n  

On the contrary, if 
2

1
 , stability does not obtain and Nekrasov mentioned it as 

strongly paradoxical. 

In addition Nekrasov was a famous for his works on Probability Theory, Central Limit 

Theorem, Method of Least Squares etc. 

 

5. CONTRIBUTION TO PROBABILITY THEORY BY ALEKSANDR 

MIKHAILOVICH LYAPUNOV: 

5.1. Aleksandr Mikhailovich Lyapunov’s personal life: 

Aleksandr Mikhailovich Lyapunov was born on 6th June 1857 at Yaroslavi in the 

Russian Empire. Lyapunov's parents were Sofia Aleksandrovna Shilipova and Mikhail 

Vasilievich Lyapunov. Mikhail Vasilievich was an astronomer who worked at Kazan 

University until two years before Lyapunov was born, and the family moved to 

Yaroslavl on his appointment as director of the Demidovski Lyceum. Lyapunov began 

his education at home. In1870, after the death of Lyapunov's father, Sofia 

Aleksandrovna moved to Nizhny Novgorod with her children and Lyapunov entered 

the Gymnasium (a school) in that city. There he became a friend of Markov. He 

graduated in 1876 and entered the Faculty of Physics and Mathematics at St 

Petersburg University. At St Petersburg University he was taught by Chebyshev who 

had a strong influence on him. In 1880, Lyapunov graduated and remained at St 

Petersburg to undertake research. In 1884, Lyapunov submitted his Master Degree 

thesis on ‘the stability of ellipsoidal forms of equilibrium of a rotating liquid’ and 

defended it at St Petersburg University in the next year. He submitted his doctoral 

thesis entitled ‘The general problem of the stability of motion’ to the University of 

Moscow and was awarded the Doctorate Degree after defending the thesis on 12th 

October 1892. In 1891 he was appointed as a Professor at Kharkov University where 

he remained until 1902. At Kharkov University, Lyapunov played a major role in the 

activities of Kharkov Mathematical Society. From 1891 to 1898 he was the Vice-

President and from 1899 to 1902 the President of the society. In 1900 and 1901, he 

published two papers where Lyapunov proved the Central Limit Theorem using a 

technique based on characteristic functions.  

In 1901 Lyapunov was elected as a member to the Russian Academy of Sciences in St 

Petersburg and in the next year he became an academician in Applied Mathematics of 

the Academy. In 1909, Lyapunov was honoured for his outstanding contributions by 

various academies such as the Accademia dei Lincei and in 1916 the French Academy 

of Sciences. He was also given honorary membership of the universities of St 

http://www-groups.dcs.st-and.ac.uk/history/Mathematicians/Markov.html
http://www-groups.dcs.st-and.ac.uk/history/Mathematicians/Chebyshev.html
http://www-groups.dcs.st-and.ac.uk/history/Societies/Kharkov.html
http://www-groups.dcs.st-and.ac.uk/history/Societies/Russian.html
http://www-groups.dcs.st-and.ac.uk/history/Societies/Lincei.html
http://www-groups.dcs.st-and.ac.uk/history/Societies/Paris.html
http://www-groups.dcs.st-and.ac.uk/history/Societies/Paris.html
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Petersburg, Kharkov and Kazan. In 1917 Lyapunov left St Petersburg to take up a 

post at the university in Odessa, on the Black Sea coast. Lyapunov taught at the 

university but in 1918 his wife Natalia Rafailovna's health began to deteriorate 

rapidly. She suffered from a form of tuberculosis and Lyapunov was greatly disturbed 

to watch her ill health. On 31st October 1918 Lyapunov's wife died and later that day 

Lyapunov shot himself and became seriously injured. He died three days later on 3rd 

November 1918 in the hospital.  

 

5.2. Aleksandr Mikhailovich Lyapunov’s contribution to Probability Theory: 

5.2.1. Aleksandr Mikhailovich Lyapunov’s Central Limit Theorem: 

In Probability Theory, the Central Limit Theorem states that “the sum of a sufficiently 

large number of independent and identically distributed random variables with finite 

mean and variance converges to normal distribution function”.  

Mathematically, let X1 ,X2, … be a sequence of random variables. Let 



n

k

kn XS
1

, 

under certain conditions, the distribution function of the properly centered and 

normalized sum nS converges to the normal distribution function as .n  

The Central Limit Theorem has an interesting history. In 1733, the first statement of 

this theorem was given by Abraham de Moivre by using the normal distribution to 

approximate the distribution of the number of heads resulting from many tosses of a 

fair coin. In 1812 Pieere-Simon Laplace expanded De Moivre’s finding by 

approximating the Binomial Distribution with the Normal Distribution.  

In 1901, Lyapunov proved the Central Limit Theorem. The Central Limit Theorem is 

an approximation theorem and the approximation is stated as a limit theorem. A limit 

theorem tells us that there is an approximation theorem, but it does not tell us how 

good the approximation is. The Law of Large Numbers tells us that the average of 

sums of independent and identically distributed random variables tends to the 

expectations but not how fast. The Central Limit Theorem tells us that the error nE is 

of the order of 
n

1
. 

Suppose X1, X2,… is a sequence of independent random variables, each with finite 

expected value i  
and variance 

2  then 



n

i
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1

22
 , 

If for some 0 , Lyapunov’s condition:      0
1

lim
1

2
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i
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XE
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then a sum of 
n

i
i

s
X


 converges in distribution to a standard normal random variable. 

In symbol  
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  )1,0(
1

NX
s

d
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n

 

       

 as n     

It is usually easy to check Lyapunov’s condition for .1  

If a sequence of random variables satisfies Lyapunov’s Condition, then it also satisfies 

Lindeberg’s condition. The converse does not hold. The Lindeberg’s condition  for 

sequences states that for every ,0

 

     


nassXIXE
s

n

i

niiii

n

0
1

1

2

2
  

Example:  

Suppose in a study we get that 20% of Assamese people are vegetarian, and we decide 

to test this hypothesis by doing a poll on 1,000 randomly selected Assamese people 

with replacement. Suppose that 205 of the responses are “vegetarian”, while 795 are 

“non- vegetarian”. Is the claim “20% of Assamese smoke” unreasonable?  

Let us verify it with the help of Central Limit Theorem: 

Let Xi = 1 if respondent is a vegetarian, and let Xi = 0 if respondent is not a 

vegetarian. These Xi’s are independent Bernoulli random variables. Let Sn = X1 + · · 

·+X1,000. If our hypothesis that 20% of Assamese vegetarian be correct,  

then μ = E(Xi) = 0.2, and V (Xi) = μ(1 − μ) = o.2(1-0.2) = 0.20.8 = 0.16; and  

By the Central Limit Theorem  

 
16.01000

2001000



S

  

is approximately N(0, 1),                             (1) 

So,   )(
64911.12

200
Pr 100 cc

S












 

Now, if 1000
S  is the observed value of 1000S , and if 

  
64911.12

2001000 


S
                                                                        (2) 

Then on the basis of the Central Limit Theorem and (1) we wouldn’t expect that is an 

atypical value for N (0, 1). In particular, we wouldn’t expect that  is too big; that 

is, we wouldn’t expect that 

   05.01,0Pr  N     if    μ = 0.2 is the true mean.  

 

Statistical Test : 

Fix an 0 , typically 05.0   or 0.01. Compute as in (2).  
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                                          If        21,0Pr N , 

then, we reject the hypothesis that the mean value of X1 is μ; and, if this inequality is 

not satisfied, we do not reject it, which is not the same as saying that we accept it. 

In the example given above we have that 
64911.12

200205
 = 0.39528, and one can 

readily compute that 2 (−0.39528) > 0.05 

Thus, we do not reject the hypothesis that 20% of Assamese people are vegetarian. 

Lyapunov is a famous Russian Mathematician in the field of Probability Theory for 

his works on Lyapunov Function, Lyapunov Stability, Lyapunov Exponent, Lyapunov 

Central Limit Theorem. 

 

6. CONTRIBUTION TO PROBABILITY THEORY BY SERGEI 

NATANOVICH BERNSTEIN: 

6.1. Sergei Natanovich Bernstein’s personal life: 

Sergei Natanovich Bernstein was born on 5th March 1880 at Odessa in the Russian 

Empire. Bernstein’s father was Natan Osipovich Bernstein, a medical doctor and also 

an Extraordinary Professor at the University of Odessa. Bernstein was brought up in 

Odessa but his father died just before he was eleven years old. In 1898 he graduated. 

After his graduation, he went with his elder sister to Paris and continued his higher 

studies there. In 1904, he submitted his doctoral thesis entitled ‘Sur la nature 

analytique des solutions des équations aux dérivées partielles du second ordre' to the 

Sorbonne University. In the same year Bernstein received his Doctorate Degree from 

the Sorbonne University and left Paris next year to attend the International Congress 

of Mathematicians in Heidelberg. In 1905, Bernstein returned to Russia and he had to 

start his Doctoral programme again as Russia did not recognize foreign qualifications 

for university posts. In 1906 he passed his Master's examination at St Petersburg. He 

moved to Kharkov in 1908 where he submitted a thesis entitled ‘Investigation and 

Solution of Elliptic Partial Differential Equations of Second Degree’ for yet another 

Master degree. In 1913 he received his second doctorate, this time from Kharkov 

University for his thesis entitled ‘About the Best Approximation of Continuous 

Functions by Polynomials of Given Degree’. In 1911, for the same thesis, Bernstein 

got a prize from the Belgium Academy of Science. He taught at Kharkov University 

for 25 years beginning in 1907. He was made an Ordinary Professor at Kharkov 

University in 1920.  In 1924 he was elected as a corresponding member of the Russian 

Academy of Sciences and in the following year, became an ordinary member of the 

Ukrainian Academy of Sciences. In 1928 he became Director of the Kharkov 

Mathematical institute. The Russian Academy of Sciences had been renamed as the 

USSR Academy of Sciences in 1925 and in1929, Bernstein was elected as full member 

of USSR Academy of Sciences. In 1932 Bernstein left Kharkov to become Head of the 

Department of Probability Theory and Mathematical Statistics of the Mathematical 

Institute of the USSR Academy of Sciences. At the beginning of 1939 he took up a 

http://www-history.mcs.st-andrews.ac.uk/Societies/Belgium_Academy.html
http://www-history.mcs.st-andrews.ac.uk/Societies/Russian.html
http://www-history.mcs.st-andrews.ac.uk/Societies/Russian.html
http://www-history.mcs.st-andrews.ac.uk/Societies/Ukrainian_Academy.html
http://www-history.mcs.st-andrews.ac.uk/Societies/Russian.html
http://www-history.mcs.st-andrews.ac.uk/Societies/Russian.html
http://www-history.mcs.st-andrews.ac.uk/Societies/Russian.html
javascript:win1('../Glossary/probability_theory.html',400,250)
http://www-history.mcs.st-andrews.ac.uk/Societies/Russian.html
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lecturing post at Moscow University but continued to live in Leningrad. He left his 

position as Head of the Mathematical Institute in Leningrad but, in 1940, became an 

honorary member of the Moscow Mathematical Society. In 1947 he became Head of 

the Department of Constructive Function Theory at the Steklov Institute. He retired in 

1957.  

In1944 Bernstein was awarded an honorary Doctorate degree by Algiers University. 

In 1955 he was elected a full member of the Académie des Sciences in Paris. In 1942 

he was given a ‘State Award: First Class’ and in the same year received the Stalin 

Prize for his three papers: On the sums of dependent variables with almost zero 

correlation; On the approximation of continuous functions by the linear differential 

operator from a polynomial; and On Fisher's provable probabilities.  He died on 26th 

October 1968 at Moscow, Russia. 

 

6.2. Sergei Natanovich Bernstein’s contribution to Probability Theory: 

6.2.1. Bernstein Polynomials: 

In 1912, Bernstein presented a probabilistic proof of ‘Weierstrass’s Theorem’ [2] 

which is now called as ‘Bernstein Polynomials’.                     

The Bernstein polynomials of degree n are defined by 

mnm

nm tt
m

n
tB 








 )1()(, ,  

where nm ,...,2,1  and
)!(!

!

mnm

n

m

n











 

 

In particular,   Bernstein Polynomials of degree 1 are :  

,1)(1,0 ttB      ttB )(1,1
 

 

Bernstein Polynomials of degree 2 are:  

,)1()( 2

2,0 ttB   )1(2)(2,1 tttB  ,  
2

2,2 )( ttB   

 

Bernstein Polynomials of degree 3 are: 

,)1()( 3

3,0 ttB 
  

2

3,1 )1(3)( tttB  ,    

),1(3)( 2

3,2 tttB    
3

3,3 )( ttB   

A Bernstein polynomials of degree n can be defined by blending together two 

Bernstein polynomials of degree n – 1 as follows :  

http://www-history.mcs.st-andrews.ac.uk/Societies/Moscow.html
http://www-history.mcs.st-andrews.ac.uk/Societies/Paris.html
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)()()1()( 1,11,, ttBtBttB nknknk   . 

 

6.2.2. Bernstein Inequality: 

Bernstein’s Inequality stated: 





v

V

e

eE
vV

)(
)Pr(   , for any 0 .                               

It follows from Markov’s Inequality (iv) (was called ‘Chebyshev’s Lemma’ by 

Bernstein) 



)(

)(Pr
XE

X  .  

The Bernstein’s Inequality holds for any random variable V, by substituting
VeX  , 

 ve . If )( VeE , the bound is particularly effective for a non-negative random 

variable V such as the Binomial, since the bound may be tightened by manipulating   

[2]. 

 

6.2.3. Bernstein works on the Weak Law of Large Numbers: 

Bernstein worked on extending Markov’s work, on the Law of Large Numbers. 

In 1924 Bernstein worked on the problem of accuracy of the normal approximation to 

the binomial via bounds [2,11]. He showed that there exists )1(   such that 

mnm
m

n
qp 









  summed over m satisfying 

 



 npqt
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  is    
3
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)2(2 2
2

1 npq

t

t

u
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where   < 1 for any n, t, provided 365
16

2

 npq
t

 . The tool used for achieving 

the result is Bernstein Inequality. 

In 1927, Weak Law of Large Numbers in Bernstein’s textbook (by Uspensky,1937) 

[2] showed that P taken over the usual range npqtnpxnpqt 21   for any real 

numbers 21 tt  can be expressed as : 
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where       ,111 npqtnpnpqtnp     ,222 npqtnpnpqtnp    and 

 

2

325.020.0 npq

e
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The symmetric case then follows by putting ,12 ttt   the Chebyshev term 

vanishes. When both np  and npqt  are integers 021  , reducing the correction 

term in (v) to Laplace’s 
npq

e

t

2

2

2

 

 

6.2.4. Bernstein’s works on the Statistical Probability, average values and the 

coefficient of dispersion: 

In 1934 Bernstein worked on Statistical probabilities, average values and the 

coefficient of dispersion [2]. He particularly contributed towards Bayesian inversion 

of Jacob Bernoulli’s Theorem, proved under a certain condition on the prior 

(unconditional) distribution of the number of successes, X, in n trials. 

As mentioned in [2], the methodology used Markov’s Inequality applied to  
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and in the classical case of a uniform prior distribution over (0,1) of the success 

probability   given for any 0w  
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    for 0nn   and .,...,1,0 nm   

In addition Bernstein was famous for Bernstein Inequality in analysis, Bernstein 

Approximation Theory,   Bernstein Theorem on monotone Function, Bernstein 



Contributions of Russian Mathematicians in the Development of Probability: A Historical Search 17 

Problem in Mathematical Genetics. 

 

7. CONTRIBUTION TO PROBABILITY THEORY BY ALEXANDER 

YAKOVLEVICH KHINTCHINE: 

7.1 Alexander Yakovlevich Khintchine’s personal life: 

Khintchine was a famous Russian Mathematician. In 1894, on 19th July Khintchine 

was born in the village Kondrovo of the Kaluga region of Russia. From 1911 to 1916 

he was a student of the Moscow State University. All his scientific investigations were 

deeply connected with this University [1]. He completed his graduation from Moscow 

State University. In 1918 his teaching career started at Moscow Women's Poly 

technical Institute. One year later he became the Dean of Physical-Mathematical 

Faculty of Ivanovo-Voznesensk Pedagogical Institute. In 1927 he got the 

Professorship at the Moscow State University. From 1927 all of Khintchine's scientific 

and teaching activities were connected with Moscow State University. In 1959, 18th 

November he passed away after a long heavy illness [1]. For contributions of 

Khintchine and other mathematicians, in the middle of 1920 Probability Theory 

became an important branch of mathematical sciences.  

 

7.2. Alexander Yakovlevich Khintchine’s contribution to Probability Theory: 

7.2.1. Khintchine’s Law of Iterated Logarithm: 

In 1924 Khintchine’s first paper entitled ‘Law of Iterated Logarithm’ was published. 

It was related to Probability of Bernoulli sequence of random variables. 

In this paper he established the following result: 

Let Xi   be independent and identically distributed random variables with zero mean 

and finite variance 12  , then  

1
)log(log2

suplim 
 nn

Sn

n

 

This result is known as Khintchine’s law of the iteration logarithm. Khintchine’s law 

of the iteration logarithm provides the size of the deviation in terms of expected mean 

and the deviation is of order
 longnn log2

1
. 

 

7.2.3. Khintchine and Kolmogorov convergence Theorem: 

In 1925, Khintchine and Kolmogorov initiated the systematic study of the 

convergence of infinite series where terms are mutually independent random variables 

[1]. Khintchine proved it for countably valued random variables, convergence of 

means and variances guarantees almost sure (i.e., with probability one) convergence 
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of series. In order to obtain this result Khintchine used measure theory i.e. constructed 

the corresponding random variables as functions on the interval [0, 1] with Lebesgue 

measure. From the modern point of view such a construction is not necessary but it 

laid the foundation for the Kolmogorove’s way of dealing with the Probability 

Theory. 

Later on Khintchine and Kolmogorov worked together and proposed a theorem which 

is known as Khintchine and Kolmogorov convergence Theorem, the mathematical 

form of which is as follows:  

Suppose ,..., 21 XX  are independent with mean 0 such that  
n

nXV a r )( . Then 


n

nX a.s., that is Sn (sum of the random variables) converges a.s. as well as in L2  

to 


1n

nX . 

 

7.2.4.  Khintchine’s Weak Law of Large Numbers : 

Khintchine’s Weak Law of Large Numbers mathematically stated : 

Let   ,...2,1, iX i be independent and identically distributed random variables and 

  ,)( iXE . Then Pr

nX . 

As mentioned in [2], in 1936 on a published paper of Khintchine which was published 

in Cantelli’s Journal, he worked on the Weak Law of Large Numbers and tried to find 

the necessary and sufficient conditions for the existence of a sequence  na of positive 

numbers such that  

1Pr
n

n

a

S
     as      n                                      (i) 

where the summation of independent identically distributed random variables are non-

negative . 

In that paper, putting )Pr()( xXxF i  and dvvFx

x

))(1()(
0

  , Khintchine 

established that the necessary and sufficient condition for (i) is   

0
)(

))(1(




x

xFx


, as x                                              (ii) 

 

7.2.5. Khintchine’s Strong Law of Large Numbers: 

Khintchine’s Strong Law of Large Numbers mathematically stated is as follows: 
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Let   ...,2,1, iX i be independent and identically distributed random variables and 

.)(  iXE
 
Then  ..sa

nX . 

 

7.2.6. Khintchine and  P. Levys’ characteristic functions of stable distribution 

laws: 

Khintchine and P. Levy were working on the theory of ‘Stable law Distributions’. In 

fact, Khintchine and P. Levy had published only one joint paper entitled ‘Sur le lois 

stables’. It was devoted to the proof of the following theorem on the representation 

formula for characteristic functions of stable distribution laws [1]: 

The characteristic function )( t  i.e. expected value of 
xtie , X  being the random 

variable, the Stable distribution law is defined by 

  )()( xdFeeEt xtixti






  

In the above mentioned joint paper of Khintchine and P. Levy they established the 

result that  






 t
t

t
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2
tan1)(log            )1,20,0(  c  

The proof of the result consists of two parts. The part concerning the case 0 <   < 1 

was written by P. Levy, and that concerning the case 1 <  < 2 was written by 

Khintchine [1]. 

 

7.2.7. Khintchine’s Infinitely Divisible Distributions: 

In 1930, Khintchine constructed the general theory of the limit distributions for sums 

of independent random variables. In 1937 Khintchine obtained the following main 

results in his paper  ‘Zur Theorie der unbeschr•anktteilbaren Verteilungsgesetze’ [1]: 

i) The limit law for the sums of mutually independent random variables such 

that every summand is neglected with respect to the sum and have to be 

infinitely divisible. It happens also that the class of infinitely divisible 

distributions is exactly the union of those distributions which are the limits 

of sums of mutually independent random variables satisfying the condition 

that none individual summand has an influence on the value of the limit of 

sums. It is clear that the problem has no sense without the last condition 

since in this case almost all sums of such a type has no limit [1]. 

ii) Each partial distribution is an infinitely divisible one. Conversely, each 

infinitely divisible distribution is a partial distribution [1]. 

 

iii) He showed how one can determine a new random variable, having an 
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arbitrary (but not Gaussian) stable distribution, from a sequence of 

independent identically distributed random variables by using a simple 

construction. In this manner, a model can be obtained for random variables 

satisfying the stable distribution [1]. 

In 1927, Khintchine’s monograph ‘Fundamental Laws of Probability’ was published 

in which Khintchine wrote[1]:   

“Up to the recent years in Europe the dominated opinion on Probability Theory was 

as on science which is important and useful, but cannot state and solve serious 

problems. The Probability Theory has an integral method deeply connected with the 

methods of modern theory of functions, and thus the most of the recent ideas appeared 

in the Mathematical Analysis have a fruitful application in the Probability Theory."  

In addition Khintchine focused his works on Real Analysis, Metric Theory, Number 

Theory, Limit Theorems and Stationary Process etc. 

 

8. CONTRIBUTION TO PROBABILITY THEORY BY ANDREY 

NIKOLAEVICH KOLMOGOROV: 

8.1. Andrey Nikolaevich Kolmogorov’s personal life: 

Andrey Nikolaevich Kolmogorov was a Russian Mathematician who made significant 

contributions to the Modern Probability Theory.  He was born on 25th April, 1903 at 

Tambov in Russia. Kolmogorov's mother died during his birth. So, his mother's sister, 

Vera Yakovlena, looked after him since his birth. After Kolmogorov left school, he 

worked for a while as a conductor on the railway. In 1920, Kolmogorov entered 

Moscow State University. In 1931 Kolmogorov was appointed as a Professor at 

Moscow University. In 1933 his monograph on probability theory ‘Grundbegriffe der 

Wahrscheinlichkeitsrechnung’ was published. In1938 Kolmogorov published his 

highly significant paper ‘Analytic methods in probability theory’ which laid the 

foundations of the theory of Markov random processes. In 1941 he published two 

papers on turbulence which are of fundamental importance. In 1954 he developed his 

works on dynamical systems in relation to planetary motion.  In 1953 and 1954 

Kolmogorov published two papers which were on the theory of dynamical systems 

with applications to Hamiltonian Dynamics. These papers marked the beginning of 

KAM-theory, which is named after Kolmogorov, Arnold and Moser. Kolmogorov 

addressed the International Congress of Mathematicians in Amsterdam in 1954 on this 

topic with his important talk ‘General theory of dynamical systems and classical 

mechanics’. Kolmogorov received numerous honours from many different countries. 

In 1939 he was elected to the USSR Academy of Sciences. He received one of the 

highest State Prizes, the Lenin Prize in 1965, the Lobachevsky Prize in 1987. He 

received  many awards from many other academies and societies including the 

Romanian Academy of Sciences (1956), the Royal Statistical Society of London 

(1956), the Leopoldina Academy of Germany (1959), the American Academy of Arts 

and Sciences (1959), the London Mathematical Society (1959), the American 

Philosophical Society (1961), The Indian Statistical Institute (1962), the Royal 

http://www-groups.dcs.st-and.ac.uk/history/Mathematicians/Markov.html
javascript:win1('../Glossary/dynamical_system.html',400,250)
http://www-groups.dcs.st-and.ac.uk/history/Societies/Russian.html
http://www-groups.dcs.st-and.ac.uk/history/Mathematicians/Lobachevsky.html
http://www-groups.dcs.st-and.ac.uk/history/Societies/Romanian_Academy.html
http://www-groups.dcs.st-and.ac.uk/history/Societies/Royal_Statistical.html
http://www-groups.dcs.st-and.ac.uk/history/Societies/German_Academy.html
http://www-groups.dcs.st-and.ac.uk/history/Societies/American.html
http://www-groups.dcs.st-and.ac.uk/history/Societies/American.html
http://www-groups.dcs.st-and.ac.uk/history/Societies/LMS.html
http://www-groups.dcs.st-and.ac.uk/history/Societies/Netherlands_Academy.html
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Netherlands Academy of Sciences (1963), the Royal Society of London (1964), the 

National Academy of the United States (1967), the French Academy of Sciences 

(1968). Many universities awarded him an honorary degree including Paris, 

Stockholm, and Warsaw. He died on 20th October 1987 at Moscow.  

 

8.2. Andrey Nikolaevich Kolmogorov’s contribution to Probability Theory: 

According to Kolmogorov, Probability is a part of Mathematics. He stated: “the 

author set himself the task of putting in their natural place, among the general notions 

of modern mathematics, the basic concepts of probability theory….” 

 

The axiomatic approach to probability theory proposed by Kolmogorov (1933) is 

based on the concept of Measure Theory, which closely relates the theory of 

Probability with modern metric theory of functions and also the set theory. According 

to Kolmogorov probability can be defined as follows: 

 

Definition: 

Let ( ),S  be the sample space. A set function )(P  defined on S is called a 

probability measure (or simply, probability) if it satisfies the following conditions: 

i) 0)( AP , for all SA  

ii) 1)( P  

iii) Let  iA , ...,2,1,  iSAi , be a disjoint sequence of sets, i.e.  ji AA  

for  

ji  , where  is the null set.  

Then 
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Here we call P(A) is the probability of the event A. Further he defined the triple           

( ),, PS as probability space. 

 

8.2.1. Kolmogorov’s theorem (1929): 

Let ...,, 21 XX  be a sequence of independent variables having the same density 

function F(x) and let 

 
n

XXX
X n

n




...21  .  

A necessary and sufficient condition for the existence of a sequence of constants 

http://www-groups.dcs.st-and.ac.uk/history/Societies/Netherlands_Academy.html
http://www-groups.dcs.st-and.ac.uk/history/Societies/RS.html
http://www-groups.dcs.st-and.ac.uk/history/Societies/NAS.html
http://www-groups.dcs.st-and.ac.uk/history/Societies/Paris.html
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,..., 21   such that 0Pr nnX   is that 
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8.2.2. Kolmogorov’s Zero- One Law:  

In Probability Theory, “Kolmogorov’s Zero-One Law” named in honour of 

Kolmogorov, specifies that a certain type of event called a tail event, will either 

almost surely happen or almost surely not happen, i.e. the probability of such an event 

occurring is zero or one. 

Tail events are defined in terms of infinite sequences of random variables. Suppose 

 1, iAi  is an infinite sequence of independent random variable (not necessarily 

identically distributed). Let  be the  algebra generated by the Ai. Then a tail event 

A  is an event which is probabilistically independent of each finite subset of these 

random variables. 

This theorem states that given a sequence of independent events A1, A2, … in a 

probability space  P,, , events residing in the tail field of this sequence occur with 

a probability of either zero or one. In mathematical language, we can write the 

statement as follows: 

Given a probability space  P,,  and a sequence of independent events 21, AA

with tail field , if T then    1,0TP . 

Example: The presence of an infinite connected component in randomly generated 

sub graphs of Z2 , the coordinate plane. Depending on the percolation parameter p, an 

infinite connected components occurs with probability zero or one. We state that the 

critical parameter is p =
2

1
, i.e. an infinite component occurs with probability one if 

2

1
p and zero if .

2

1
p  

 

8.2.3. Kolmogorov Inequality:  

There are several important variations of the Law of Large Numbers, an important one 

now defined is known as ‘Kolmogorov’s Inequality’.  

The mathematical statement of Kolmogorov’s Inequality is : 

Let  nX  be independent random variables with common mean 0 and variance 

nkk ,...,2,1, 
 
respectively. Then for any 0  
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In Probability Theory, Kolmogorov’s Inequality is also called ‘Maximal Inequality’ 

that gives a bound on the probability that the partial sums of a finite collection of 

independent random variables exceed some specified bound. 

Kolmogorov further established the following inequality [13].  Let X1, X2,… be the 

sequence of independent identically distributed Bernoulli random variables with mean 

p, 10  p . Then 
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Next we state another important criterion known as Kolmogorov Criterion which is 

related to Strong Law of Large Numbers. 

 

8.2.4. The Kolmogorov Criterion: 

The convergence of the series  2

2

k

k
 is a sufficient condition for the Strong Law of 

Large Numbers to apply to the sequence of mutually independent random variables 

 kX  with variances
2

k . 

In Probability Theory, Kolmogorov’s criterion is a theorem giving a necessary and 

sufficient condition for Markov Chain or Continuous time Markov Chain to be 

stochastically identical to its times-reversed version.  

The Strong Law of Large Numbers applies to independent and identically distributed 

random variables having an expected value. This was proved by Kolmogorov in 1930. 

It can also be applied in other cases.  

If the summands are independent but not identically distributed then 

0)( . sa
nn XEX  

Provided that each kX has a finite second moment and )(
1

1
2 k

k

XVar
k






 

This statement is known as Kolmogorov’s Strong Law of Large Numbers. 

 

8.2.5. Kolmogorov’s Strong Law of Large Numbers: 

The most standard classic Strong Law of Large Numbers, established by Kolmogorov, 

for independent identically distributed random variables holds as long as the 

population mean exists. In statistical view, the sample mean shall always converge to 

the population mean as long as the population mean exists, without any further 
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moment condition. In fact, the sample mean converges to a finite limit if and only if 

the population mean is finite, in which case, the limit is the population mean.  

Mathematically: Suppose X be a real valued random variable and its copies ...,, 21 XX

are independent identically distributed and  

),(XE
n

Sn    a.s.. 

Conversely, if    
n

Sn  which is finite, then ).(XE  

Another form of Kolmogorov’s Strong Law of Large Numbers [3]: 

Let nXXX ...,, 21 be a sequence of independent random variables with )( nXE  for 

n 1 . Then the Strong Law of Large Numbers holds if one of the following is 

satisfied: 

i) The random variables  are identically distributed 

ii) For all n , )( nXVar  and 
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n

n
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8.2.6. The difference between Weak Law of Large Numbers and Strong Law of 

Large Numbers : 

The Law of Large Numbers formulated in modern mathematical language reads as[3]:  

Let us suppose that ...,, 21 XX is a sequence of uncorrelated and identically distributed 

random variables having finite  mean E (Xi)  . 

If we now define 



n

k

kn XS
1

, then for every 0  we have  

0Prlim 












n

Sn

n
.     (1) 

Bernoulli proved (1) for independent and identically distributed (i.i.d) random 

variables ...,, 21 XX taking only values in  1,0 , 

Today Bernoulli’s law of large numbers (1) is also known as the Weak law of large 

numbers.  

The Strong law of large number says that 

.1limPr 
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As mentioned in [3], the Strong Law of Large Numbers is equivalent to 
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0lim 
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 with probability 1. 

But the Weak Law of Large Numbers is equivalent to 1Prlim 
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The convergence of the Strong Law of Large Numbers is more powerful. Because, if a 

random variable abides by the Strong Law of Large Numbers, then the Weak Law of 

Large Numbers holds as well, i.e. the Strong Law of Large Numbers implies the Weak 

Law of Large Numbers. But the converse is not true, i.e. the Weak Law of Large 

Numbers does not imply Strong Law of Large Numbers. 

Example : Consider n rolls of a die. Let Xi be the outcome of the ith roll. Then 

nn XXXS  ...21  is the sum of the first n rolls. 

Here 5.3
6

654321



  

Thus, by the Law of Large Numbers, for any   > 0 
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and equivalently 
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8.2.7. Kolmogorov Two Series Theorem: 

In mathematical language it can be stated as: 

Let NnnX )(  be independent with   nn aXE  and 
2

)( nnXVar  such that 


1n

na

converges in R and 


1

2

n

i then 


1n

nX converges in R almost surely. 

 

8.2.8. Kolmogorov Three Series Theorem: 

For independent random variables, Kolmogorov Three Series Theorem is the ultimate 

result in providing necessary and sufficient conditions for the convergence of series 

almost surely. 

In mathematical language it can be stated as: Suppose ...,, 21 XX are  independent. Let 

 11



nXnn XA  then 

n

nX  almost surely if and only if  
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i)   
n

nX 1Pr  

ii) 
n

nAE )(  and 

iii) 
n

nAVar )( . 

Example: Let 





1

1

n n
be the harmonic series with random signs. Here  means that 

each term 
n

1
is taken with a random signs that is either 1 or -1 with respective 

probabilities 
2

1
,

2

1
 and all random signs are taken independently.  Xn  in the theorem 

indicates a random variable that takes the value 
n

1
and 

n

1
with equal probabilities and 

it satisfies the condition of the theorem, hence harmonic series with random signs 

converges almost surely. 

Again the analogous series of square root reciprocals with random signs 





1

1

n n

diverges almost surely and condition (iii) is not satisfied. This is different from the 

behaviour of the analogous series with alternative signs, 






1

)1(

n

n

n
converges. 

The tremendous development of “Probability Theory”, which thus took place in the 

twenty years from 1920 to 1940 was a joint effect of the efforts of a number of 

Mathematicians and statisticians like P. Levy , B. de Finetti, Khintchine, A.N. 

Kolmogorov [1]. 

Kolmogorov made significant contribution to Mathematics of Probability Theory, 

Topology, Classical Mechanism, Algorithmic Information Theory and Computational 

Complexity. 

In addition to these Kolmogorov made some significant contributions to Stochastic 

Processes. To study various physical behaviours of some Mathematical models, he 

introduced the concepts of Kolmogorov Forward and Backward Equations to get the 

solutions of the models. 

 

9. CONCLUSION 

In this paper, we have tried to highlight the contributions of some prominent Russian 

Mathematicians towards “Probability Theory” and “Law of Large Numbers” which 

has now become a very important topic in itself having applications in many scientific 

disciplines. Further research regarding the contributions of other Russian 

Mathematician will definitely help us to evaluate what a great contribution Russian 
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Mathematicians made towards the development of Probability Theory in particular 

and scientific field in general.  
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