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Abstract 

In this work, the indefinite Quasi Hyperbolic Generalized Kac-Moody algebra 
)9(

1QHGGH  of rank 10 is studied. Behavior of roots is analyzed. Specific 

properties of roots namely, special imaginary, strictly imaginary and purely 

imaginary roots are discussed. The complete classification of non-isomorphic, 

connected Dynkin diagrams associated with )9(

1QHGGH  is obtained.  
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1. INTRODUCTION 

The construction of Generalized Kac-Moody algebra was given by Borcherds [2]. In 

[1] and [3], Bennett and Caperson introduced the special and strictly imaginary roots. 

Sthanumoorthy and Uma Maheswari [9-12] defined a new class of imaginary root 

namely, purely imaginary root and determined the root multiplicities for the 

Generalized Kac-Moody algebras (GKM algebras) of EHA2
(1) , QAGGA2

(1)  and 

QAGGD3
(2). Sthanumoorthy et al. defined strictly imaginary and special imaginary 

roots for finite, affine and hyperbolic cases in [4-9]. In [14,15], Xinfang Song and et 

al. determined the root structure and root multiplicity for the infinite GKM algebra 

EB2.  

In this paper, section 2 deals with the basic definitions and preliminary ideas required 

for further study; In section 3,the  complete classification of Dynkin diagrams of 
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indefinite quasi  hyperbolic Kac Moody algebras of rank 10, denoted as QH1
(9) , 

which are obtained from the hyperbolic family of rank 9, H1
(9) [2]; In section 4,  a 

specific quasi hyperbolic family of QH1
(9)

 is analysed in depth; Basic properties of the 

roots  are also discussed.. 

 

2. PRELIMINARIES 

For the detailed study on Kac-Moody algebras one can refer Wan[16]. 

Definition 2.1[16]: An integer matrix n

jiijaA 1,)(   is a Generalized Cartan Matrix 

(abbreviated as GCM) if it satisfies the following conditions: 

(i) aii = 2    i =1,2,….,n 

(ii) aij = 0   aji = 0   i, j = 1,2,…,n 

(iii) aij  0   i, j = 1,2,…,n.  

Let us denote the index set of A  by N = {1,…,n}. A GCM A  is said to decomposable 

if there exist two non-empty subsets I, J   N such that I  J = N and aij = aji = 0   i

I and jJ.  If A is not decomposable, it is said to be indecomposable.    

Definition 2.2[16]: A GCM A is called symmetrizable  if  DA is symmetric for some 

diagonal matrix D = diag(q1,…,qn), with qi> 0 and qi’s are rational numbers. 

Definition 2.3[16]: A realization of a matrix n

jiijaA 1,)(   is a triple ( H,  , v ) where 

l is the rank of A,  H is a  2n - l dimensional complex vector space,  },...,{ 1 n  and 

v },...,{ 1

v

n

v   are linearly independent subsets of  H* and H respectively, satisfying  

ij

v

ij a)(  for i, j = 1,….,n.   is called the root basis. Elements of    are called 

simple roots.  The root lattice generated by    is 



n

i

izQ
1

  

Definition 2.4 [16]: The Kac-Moody algebra g(A) associated with a GCM 
n

jiijaA 1,)(   is the Lie algebra generated by the elements ei , fi , ni ,...2,1   and  H  with 

the   following defining relations :  
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The Kac-Moody algebra g(A) has the root space decomposition  

)()( AgAg
Q



 where }.,)(],/[)({)( HhallforxhxhAgxAg    
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Definition 2.5 [16]: An element  ,  0   in Q  is called a root if 0g . Let 

,
1




 
n

i

izQ  Q   has a partial ordering “” defined by     if    Q +,  where  ,

 Q . 

Let ))(( A  denote the set of all roots of g(A) and 
  the set of all positive 

roots of  g(A). We have  and    
  .  

Definition 2.6 [16]: Definition 2.4[7]: Define ri End (H*) as  ri() 

v,iwhere v,i
 v) and iN. For each i, ri is an invertible linear 

transformation of H* and ri is called a fundamental reflection. Define the Weyl 

group W to be the subgroup of aut(H*) generated by {ri, iN}. For any Q  

and ,
1

i

n

i
ik 



  define support of  , written as supp  , by supp }.0/{  ikNi   

Definition 2.7 [16]: The Dynkin diagram associated with the GCM A of order n is 

denoted by S(A) : S(A) has n vertices and vertices i and j are connected by max 

{|aij|,|aji|} number of lines if  aij. aji  4 and there is an arrow pointing towards i if  |aij| 

> 1. If   aij. aji> 4, i and j are connected by a bold faced edge, equipped with the 

ordered pair  (|aij| , |aji|)  of  integers.  

Definition 2.8 [16]: A root α is called real, if there exists a w ɛW such that w(α) is a 

simple root, and a root which is not real is called an imaginary root.  

An imaginary root α is called isotropic if (α,α) = 0. A positive imaginary root α is a 

minimal imaginary root (MI root, for short) if α is minimal with respect to the partial 

order on H*. 

The symmetry of the root system means that we need only to prove the results for 

positive imaginary roots. 

Definition 2.9 [10]: We define an indefinite non-hyperbolic, GCM A= n

jiija 1,)(   to be of 

extended hyperbolic type if every proper, connected sub diagram of S(A) is of finite, 

affine or hyperbolic type. 

Definition 2.10 [13]: Let A= n

jiija 1,)(  ,  be an indecomposable GCM of indefinite type. 

We define the associated Dynkin diagram S (A) to be of Quasi Hyperbolic (QH) type 

if S (A) has a proper connected sub diagram of hyperbolic type with n-1 vertices. The 

GCM A is of QH type if S (A) is of QH type. We then say the Kac Moody algebra 

g(A) is of QH type. 

Note: Every Extended hyperbolic Dynkin diagram is Quasi hyperbolic  but not 

conversely.  
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3. CLASSIFICATION OF DYNKIN DIAGRAMS OF RANK 10, DENOTED 

BY QHGGH1
(9): 

Let the GGCM associated with the Dynkin diagram  QHGGH1
(9) obtained from the 

rank 9 hyperbolic diagram H1
(10) 

 be generally given as a >2.
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and the corresponding Dynkin diagram is given by 
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Case 1)  α10  is connected with only one of the 9 vertices of H1
(9) .  

This vertex can be selected from the 9 vertices in 9C 1 ways.  

 αi and α1 , can be joined by any of the 9 possible edges.      

 α9   α1   ;  

  can  represent any of the nine possible edges: 

 

with (a,a), where a > 2. Hence we will get 9 x 9 possible Dynkin diagrams in this 

case. 

Case 2) α1  is connected with any two  of the 9 vertices of H1
(9) .  

These two  vertices can be selected from the 9 vertices in 9C 2  ways.  

 α1, α2  can be joined by any of the 9 possible edges in 9 x 9 ways.  

Hence there are  9 x 9 x 9C2 possible Dynkin diagrams. 

Case 3) α1  is connected with any three of the 9 vertices of H1
(9) .  

These three  vertices can be selected from the 9 vertices in 9C3  ways.   

Hence there are  9 x 9 x 9 x 9C3 possible Dynkin diagrams in this case. 

Case 4) α1  is connected with any four  of the 9 vertices of H1
(9) .  

These four vertices can be selected from the 9 vertices in 9C4  ways.  

 Thus, there will be 94 x 9C4 possible Dynkin diagrams in this case. 

Case 5) α1  is connected with any five  of the 9 vertices of H1
(9) .  

These five vertices can be selected from the 9 vertices in 9C5  ways.   

Thus, there will be 95 x 9C5 possible Dynkin diagrams in this case. 

Case 6) α1  is connected with any six  of the 9 vertices of H1
(9) .  

These six vertices can be selected from the 9 vertices in 19C6  ways.  

Thus, there will be 96 x 9C6 possible Dynkin diagrams in this case. 

Case 7) α1  is connected with any seven  of the 9 vertices of H1
(9) .  

These seven vertices can be selected from the 9 vertices in 9C 7  ways.  

Thus, there will be 97 x 9C7 possible Dynkin diagrams in this case. 

Case 8) α1  is connected with any eight  of the 9 vertices of H1
(9) .  

These eight vertices can be selected from the 9 vertices in 9C8  ways.  

Thus, there will be 98 x 9C8 possible Dynkin diagrams in this case. 
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Case 10) α1  is connected with all the 9 vertices of H1
(9) .  

Thus, there will be 99  possible Dynkin diagrams in this case. 

Thus, there are 9  x 9C1 + 92 x 9C2 + 93 x 9C3 + 94 x 9C4+ 95 x 9C5 + 96 x 9C6 + 97 x 

9C7 + 98 x 9C8 + 99 Dynkin diagrams associated with the Quasi hyperbolic 

generalized type QHGGH1
(10). We have proved the following theorem : 

Theorem 3.1 (Classification Theorem) :  Let  QHGGH1
(9)   be the family of Quasi 

hyperbolic Kac Moody algebras, obtained from the rank 9 hyperbolic family H1
(9). 

Then the number of non-isomorphic  connected  Dynkin diagrams associated with 

QHGGH1
(9)  is   )99(

9

1

i

i

i C


. 

 

4. A SPECIAL CLASS OF QUASI HYPERBOLIC KAC-MOODY ALGEBRA 

QHGGH1
(9): 

In this section let us study about a particular class of quasi hyperbolic Kac Moody 

algebra in the family QHGGH1
(9). Let QHGGH1

(9)
 denote the quasi hyperbolic Kac-

Moody algebra obtained from H1
(9) whose associated GGCM  A= n

jiija 1,)( 
, is given by  
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The corresponding Dynkin diagram is 

 

The GCM is symmetric. Therefore, bilinear form <αi,αj>= aij and  

(αi,αi)=2 for  i=2,3,…,10. 

Hence all real simple roots are of equal length. 

(a,a) 

10 9 

8 1 2 3 4 5 6 7 
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The non degenerate symmetric bilinear form ( , ) defined on  the root system is given 

as follows: 

(α1,α1) = -k; (α2,α3)= (α3,α4)=(α4,α5)=(α5,α6)=(α6,α7)= (α7,α8)= (α6,α9)= (α3,α10)= -1; 

(α1,α2)= - a  

Roots of height 2: 

 (α1+α2, α1+α2) = -k +2 -2a 

Case 1): When k = 0 

(α1+α2, α1+α2) = 2 -2a 

α1+α2 is an imaginary root, when a > 2 

Case 2): When k ≠ 0 

 (α1+α2, α1+α2) = -k +2 -2a 

α1+α2 is an imaginary root, when a > 2 

Similarly, α2+α3, α3+α4, α4+α5, α5+α6, α6+α7, α7+α8, α3+α10 , α6+α9 are all real 

roots. 

Roots of height 3: 

(α1+ α2+ α3, α1+ α2+ α3) = -k +2 -2a 

 Case 1): When k = 0 

(α1+ α2+ α3, α1+ α2+ α3)= 2 -2a 

α1+ α2+ α3is an imaginary root, when a > 2 

Case 2): When k ≠ 0 

 (α1+ α2+ α3, α1+ α2+ α3)= -k +2 -2a 

α1+ α2+ α3 is an imaginary root, when a > 2 

(α2+ α3+ α4, α2+ α3+ α4) = 2 > 0, which is real. 

Similarly, α2+ α3+ α4, α3+ α4+ α5, α3+ α4+ α10, α4+ α5+ α8, α5+ α6+ α7, α2+ α3+ 

α10, α5+ α6+ α9, α6+ α7+ α9, α6+ α7+ α8 are real roots. 

 

Proposition 4.1: The quasi hyperbolic generalized Kac Moody algebra 

QHGGH1
(9) satisfies the purely imaginary root. 

Proof: From the Dynkin diagram associated with QHGGH1
(9), it is clear that any 

imaginary root involves α1+ α2 .  Consider the addition of any two positive imaginary 

roots   α & β 

Support of α + β will be connected and (α + β, α + β) ≤ 0. Hence α + β is also an 
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imaginary root. Hence QHGGH1
(9)

 satisfies purely imaginary property. 

 

Example 4.2:Let α = α1+ α2 and β = α1+ α2+ α3 be two imaginary roots. We get (α+β, 

α+β) = -k +2 -2a  < 0, since a > 2. Therefore, 2(α1+ α2)+ α3 is an imaginary root. 

 

Proposition 4.3: The quasi hyperbolic generalized Kac Moody algebra 

QHGGH1
(9) does not satisfy the special imaginary property. 

The Dynkin diagram associated with QHGGH1
(9) contains proper sub diagram of 

indefinite  type and hence no special imaginary root exists for the QHGGH1
(9). 

 

Remark 4.4: The quasi hyperbolic generalized Kac Moody algebra QHGGH1
(9) 

does not satisfy the strictly imaginary property. 

For example, let α = α3+ α5+ α10 be an imaginary root and  β = α4+ α5 be a real root.  

Neither α+β nor α-β is a root, because the support is not connected and therefore, 

there exists no strictly imaginary root for QHGGH1
(10).  

 

CONCLUSION 

In this work, the complete classification of non-isomorphic Connected Dynkin 

diagrams associated with QHGGH1
(9)  is obtained. Some of the properties of root 

system were studied. Using representation theory, the structure of these GKM 

algebras can be further analyzed and the dimensions of root spaces can be computed. 
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