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non-minimal phase behavior by using zero analysis. 7) Most
PE converters exhibit non-minimal phase behavior for voltage
to duty transfer function, so a cascade PI controller must be
stablished. 8) Deduction of transfer function for tuning the
outer loop. 9) Obtention of mean values for stablishing the
stationary state. 10) Tunning PI controllers using Matlab
R2020b. 11) Implementation of control strategy using
OpenModellica. 12) Evaluation of control strategy applying
perturbations in the system. This paper includes the dynamical
characteristics of the system.

Abstract
This paper presents a methodology for tuning cascade PI
controllers for power electronics (PE) converters. In general
terms, this paper presents a step by step mathematical
procedure for obtaining the transfer functions useful for
tunning PI controllers. Most of converters exhibit nonminimum phase behavior for voltage to duty transfer function;
in consequence, cascade PI controller is needed. The proposed
cascade PI controller features inner and outer loops. The inner
loop allows controlling the inductor current while the outer
loop permits to control the capacitor voltage and provides the
reference current of the inner loop. The methodology was
applied to the Boost converter. Controllers were tuned using
Matlab R2020b while control implementation was performed
by using Open Modellica.

For PE devices, few works that consider dynamical
characteristics of the system have been published [15]-[19].
However, in these works, the design problem is presented as
an optimization problem. In consequence, a procedure to
easily control PE devices is still needed. In this paper, a
procedure to easily control PE devices is proposed. In this
procedure, neither an optimization process is carried out nor is
the control structure fixed. It is important to highlight that
zeros location is analyzed, this for stablishing if cascade PI
controller is required. In general terms, most converters
require a cascade PI controller, so that, the main contribution
of this paper is the methodology for getting the transfer
functions for tunning cascade PI controllers.

Keywords: Cascade PI controllers, Power Electronics (PE)
devices, Transfer functions, Matlab, OpenModelica.

I. INTRODUCTION
The design of control structure for Power Electronics (PE)
devices is an important topic that concerns electrical,
electronic and control engineers. In consequence, there is a
great quantity of papers reported in the technical literature
regarding this issue; nonetheless, most of these papers are
hard to read and understand for undergraduate students.
Therefore, this paper presents a step-by-step methodology for
tunning cascade PI controllers in PE devices, starting from
basic knowledge and reaching more elaborate or complex
knowledge useful in the design stage [1]-[8].

This paper is organized as follows: Section II presents the
proposed methodology using the Boost converter. Section III
corresponds to the results obtained in OpenModelica and
Matlab for validating the proposed methodology. Section IV
concludes and highlights the most relevant aspects of this
paper.

II. PROPOSED METHODOLOGY

The methodology was organized taking into account a
bibliographical review [9]-[14]; so the proposed methodology
features the following steps: 1) Obtention of Differential
equations that govern the behavior of the converter. 2)
Application of average model for only considering average
values and disregarding voltage and current ripples; this
model is called large-signal average model. 3) Linearization
of the system using Jacobian Linearization for evaluating the
system behavior for small changes near a fixed operation
point; this model is called small signal model. 4) Application
of Laplace transform for getting the transfer functions. 5)
Evaluation of stability by using pole analysis. 6) Evaluation of

The proposed methodology is explained using the Boost
converter depicted in Figure 1. 𝑣𝑖 is the input voltage; 𝐿 is
an inductor; 𝐶 is a capacitor; 𝑄 is a power switch, 𝐷 is a
power diode; and 𝑅 is the resistor used as a load. The
following assumptions have been made: 1) Losses are
neglected. 2) voltage drop in power switches is not
considered. 3) The passive law of sign is used to obtain
voltage and current references of the system that are drawn in
red color.
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Figure 1. Boost converter topology

Equations (1) and (2) are the differential equations that govern
the behavior of the converter and can be obtained if Kirchhoff
laws are applied for open and closed switching states. The
switching function 𝑢 is defined to conveniently write the
differential equations. When 𝑢 = 1 , the switch is closed,
whereas when 𝑢 = 0, the switch is open.

derivatives of the system for obtaining linear relationships in
the operation point among all their variables. The Jacobian
linearization is expressed as follows:

𝑑𝑖𝐿
𝐿
= 𝑣𝑖 ∙ 𝑢 + (𝑣𝑖 − 𝑣𝐶 )(1 − 𝑢)
𝑑𝑡

Its linear expression is as indicated in Equation (6):

𝑑𝑣𝐶
𝑣𝐶
𝑣𝐶
𝐶
= − ∙ 𝑢 + (𝑖𝐿 − ) ∙ (1 − 𝑢)
𝑑𝑡
𝑅
𝑅

𝑑𝑥
𝑑𝑡

(1)

= 𝑓(𝑥, 𝑥1 , 𝑥2 , … 𝑥𝑛 )

(5)

𝑑𝑥𝛿
≈ 𝐴𝑥𝛿 + 𝐴1 𝑥1 𝛿 + ⋯ + 𝐴𝑛 𝑥𝑛 𝛿
𝑑𝑡

(2)

(6)

Where:
The average model is applied over Equations (1) and (2). This
model only considers the average values of the variables and
disregarding their ripples. So, Equations (3) and (4) are also
called large-signal average model:
𝑑〈𝑖𝐿 〉
𝐿
= 〈𝑣𝑖 〉 ∙ 〈𝑢〉 + [〈𝑣𝑖 〉 − 〈𝑣𝐶 〉](1 − 〈𝑢〉)
𝑑𝑡
𝐶

〈𝑣𝐶 〉
〈𝑣𝐶 〉
𝑑〈𝑣𝐶 〉
=−
∙ 〈𝑢〉 + [〈𝑖𝐿 〉 −
] (1 − 〈𝑢〉)
𝑑𝑡
𝑅
𝑅

𝐴=

𝜕𝑓
|
𝜕𝑥 𝑥=𝑋̅,

𝐴1 =

𝜕𝑓
|
𝜕𝑥1 𝑥=𝑋̅,

(3)
𝐴𝑛 =
(4)

̅̅̅̅
̅̅̅̅
𝑥1 =𝑋
1 … 𝑥𝑛 =𝑋
𝑛

𝜕𝑓
|
𝜕𝑥𝑛 𝑥=𝑋̅,

…
̅̅̅̅
̅̅̅̅
𝑥1 =𝑋
1 … 𝑋𝑛 =𝑋
𝑛

(7)

̅̅̅̅
̅̅̅̅
𝑥1 =𝑋
1 … 𝑥𝑛 =𝑋
𝑛

In Equations (5), (6) and (7), 𝑋̅ represents the variable’s
operation point and 𝑥𝛿 represent slight deviations from the
operation point. A linearization process is applied to Equation
(3); initially, it is rewritten as equation (8). Then, the partial
derivatives are calculated and evaluated in the operation point
(equations (9), (10) and (11)). Finally, the linearized
expression is found in equation (12):

After obtaining the large-signal average model, a linearization
of the system is applied. The model linearization or small
signal model evaluates the system behavior when small
changes near a fixed operation point is applied over variables
of the system (Middlebrook, 1988). The following variables
̅〉 , 〈𝑖𝐿𝛿 〉 = 〈𝑖𝐿 〉 − 〈𝐼̅𝐿 〉, 〈𝑣𝑖𝛿 〉 =
are defined: 〈𝑢𝛿 〉 = 〈𝑢〉 − 〈𝑈
̅𝑖 〉, and 〈𝑣𝑐𝛿 〉 = 〈𝑣𝑐 〉 − 〈𝑉
̅𝑐 〉. Where 〈𝑢〉, 〈𝑖𝐿 〉, 〈𝑣𝑖 〉, 〈𝑣𝑐 〉
〈𝑣𝑖 〉 − 〈𝑉
̅〉, 〈𝐼̅𝐿 〉, 〈𝑉
̅𝑖 〉 and
represent the actual values of the converter. 〈𝑈
̅𝑐 〉 represent their operation point fixed values and
〈𝑉
〈𝑢𝛿 〉, 〈𝑖𝐿𝛿 〉, 〈𝑣𝑖𝛿 〉, 〈𝑣𝑐𝛿 〉 represent their small signal deviations.

𝑑〈𝑖𝐿 〉
= 𝑓(〈𝑣𝑖 〉, 〈𝑣𝐶 〉, 〈𝑢〉)
𝑑𝑡
〈𝑣𝑖 〉 ∙ 〈𝑢〉 + [〈𝑣𝑖 〉 − 〈𝑣𝐶 〉](1 − 〈𝑢〉)
=
𝐿

A small-signal model predicts the system behavior when
variables change slightly from its operation point and can be
obtained by using the Jacobian linearization (Urrea-Quintero,
et al., 2018). Jacobian linearization performs the partial
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Replacing Equations (16) in (14):

〈𝑢〉 + (1 − 〈𝑢〉) 1
𝜕𝑓
=
=
𝜕〈𝑣𝑖 〉
𝐿
𝐿
𝜕𝑓
1
→
|
=
𝜕〈𝑣𝑖 〉 〈𝑣 〉=〈𝑉̅ 〉, 〈𝑣 〉=〈𝑉̅̅̅〉, 〈𝑢〉=〈𝑈̅〉 𝐿
𝑖

𝑖

𝐶

𝑐

𝜕𝑓
−(1 − 〈𝑢〉)
=
𝜕〈𝑣𝑐 〉
𝐿
𝜕𝑓
→
|
𝜕〈𝑣𝑐 〉 〈𝑣 〉=〈𝑉̅ 〉, 〈𝑣 〉=〈𝑉̅̅̅〉,
𝑖

𝑖

𝐶

𝑐

=−
̅〉
〈𝑢〉=〈𝑈

̅〉
1 − 〈𝑈
𝐿

(10)

̅〉
〈𝑉̅𝑐 〉
𝑑〈𝑖𝐿𝛿 〉 1
1 − 〈𝑈
〈𝑣𝑐𝛿 〉 +
〈𝑢𝛿 〉
= 〈𝑣𝑖𝛿 〉 −
𝑑𝑡
𝐿
𝐿
𝐿

(12)

𝐶

𝐻𝑖(𝑠) =

̅𝑐 〉𝑅𝐶𝑠 + [〈𝑉
̅𝑐 〉 + 𝑅〈𝐼̅𝐿 〉(1 − 〈𝑈
̅〉)]
〈𝑖𝐿𝛿 〉
〈𝑉
=
2
2
̅〉]
〈𝑢𝛿 〉
𝑅𝐿𝐶𝑠 + 𝐿𝑠 + 𝑅[1 − 〈𝑈

𝐻𝑣(𝑠) =

𝑐

̅〉
〈𝐼̅𝐿 〉
𝑑〈𝑣𝐶𝛿 〉
1
1 − 〈𝑈
〈𝑣𝑐𝛿 〉 +
〈𝑖𝐿𝛿 〉 −
〈𝑢𝛿 〉
=−
𝑑𝑡
𝑅𝐶
𝐶
𝐶

̅〉
〈𝐼̅𝐿 〉
1
1 − 〈𝑈
〈𝑣𝑐𝛿 〉 +
〈𝑖𝐿𝛿 〉 −
〈𝑢𝛿 〉
𝑅𝐶
𝐶
𝐶

(19)

̅〉]2
[1 − 〈𝑈
1
1
± 𝑗√
− 2 2
2𝑅𝐶
𝐿𝐶
4𝑅 𝐶

(20)

(13)
From (21), it can be concluded that the Boost converter is
stable since the poles are in the left half of the s plane.
A zero analysis is required for determining if the transfer
function has non-minimum phase behavior. If zeros are in the
left half of the s plane, the control strategy can be
implemented following the classical PI loop controller;
otherwise, a cascade PI controller must be implemented for
avoiding the non-minimum phase behavior. Equation (21)
yields zero location for current transfer function 𝐻𝑖(𝑠) (𝑍1 ),
while equation (22) yields zero location for voltage transfer
function 𝐻𝑣(𝑠) (𝑍2 ).

(14)
(15)

̅𝑐 〉
〈𝑉
̅〉)]
+ 〈𝐼̅𝐿 〉(1 − 〈𝑈
𝑅
𝑍1 = −
〈𝑉̅𝑐 〉𝐶
[

The Boost converter model has two input variables: Duty
cycle and input voltage. The outputs are the variable states
and are defined as the inductor current and capacitor voltage.
This paper focuses on obtaining transfer functions related to
duty cycle, since the duty cycle is the control variable. Also, a
̅𝑖 〉 →
constant input voltage is assumed (〈𝑣𝑖 〉 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 = 〈𝑉
〈𝑣𝑖𝛿 〉 = 0), this implies that there are no deviations from its
operation point. The solution of 〈𝑣𝐶𝛿 〉 is:

̅〉
〈𝐼̅ 〉
1 − 〈𝑈
〈𝑖𝐿𝛿 〉 − 𝐿 〈𝑢𝛿 〉
𝐶
𝐶
〈𝑣𝑐𝛿 〉 =
1
𝑠+
𝑅𝐶

̅〉]
〈𝑣𝑐𝛿 〉
−〈𝐼̅𝐿 〉𝑅𝐿𝑠 + 𝑅〈𝑉̅𝑐 〉[1 − 〈𝑈
=
̅〉]2
〈𝑢𝛿 〉
𝑅𝐿𝐶𝑠 2 + 𝐿𝑠 + 𝑅[1 − 〈𝑈

𝑃1 , 𝑃2 = −

̅〉, 〈𝐼̅𝐿 〉, 〈𝑉
̅𝑖 〉 and 〈𝑉̅𝑐 〉 are constants that depend on the
Where 〈𝑈
fixed operation point. Equations (12) and (13) correspond to a
linear system. Applying Laplace transform to Equations (12)
and (13) yields:
̅〉
〈𝑉̅𝑐 〉
1
1 − 〈𝑈
〈𝑣𝑐𝛿 〉 +
〈𝑢𝛿 〉
𝑠 〈 𝑖𝐿𝛿 〉 = 〈𝑣𝑖𝛿 〉 −
𝐿
𝐿
𝐿

(18)

Equations (18) and (19) require pole analysis for determining
if the system is stable. Basically, if poles are in the left half of
the s plane, the system is stable. Both 𝐻𝑖(𝑠) and 𝐻𝑣(𝑠) have
the following pair of poles:

Analogously, applying the linearization method to Equation
(4) yields:

𝑠 〈𝑣𝐶𝛿 〉 = −

(17)

Similarly, transfer function for capacitor voltage against duty
cycle is obtained as follows:
(11)

𝑖

̅〉
〈𝐼̅ 〉
1 − 〈𝑈
〈𝑖𝐿𝛿 〉 − 𝐿 〈𝑢𝛿 〉
̅𝑐 〉
〈𝑉
𝐶
𝐶
〈𝑢𝛿 〉
]+
1
𝐿
𝑠+
𝑅𝐶

Rewriting (17) in the form of a transfer function:

〈𝑣𝑖 〉 − [〈𝑣𝑖 〉 − 〈𝑣𝐶 〉]
𝜕𝑓
=
𝜕〈𝑢〉
𝐿
〈𝑉̅𝑐 〉
𝜕𝑓
→
|
=−
𝜕〈𝑣𝑐 〉 〈𝑣 〉=〈𝑉̅ 〉, 〈𝑣 〉=〈𝑉̅̅̅〉, 〈𝑢〉=〈𝑈̅〉
𝐿
𝑖

̅〉
1 − 〈𝑈
𝑠 〈 𝑖𝐿𝛿 〉 = −
[
𝐿

(9)

𝑍2 =

̅〉]
〈𝑉̅𝑐 〉[1 − 〈𝑈
〈𝐼̅𝐿 〉

(21)

(22)

Note that 𝑍1 is always negative, so the inductor current can be
directly controlled using a classical PI controller; however, 𝑍2
is always positive, in consequence, the implementation of a
cascade PI controller is necessary. Most PE converters require
regulation of the voltage capacitor, this paper proposes the
cascade PI controller depicted in Figure 2.

(16)
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Figure 2. Cascade PI controller

Figure 3. Representation of the Boost converter when the inductor current is controlled

The proposed cascade PI controller has a current inner loop
and a voltage outer loop. Setting a voltage reference (𝑣𝑟𝑒𝑓 ) for
the output voltage, the outer loop gives the inductor reference
current (𝑖𝐿𝑟𝑒𝑓 ) for the inner loop while the inner loop provides
the duty cycle for the Pulse Width Modulation (PWM). For
implementing the cascade PI controller, a transfer function is
needed for tunning the outer loop. Such transfer function is
obtained if it is assumed that the inductor current of the inner
loop is controlled. Figure 3 corresponds to the graphical
representation of the Boost converter under this condition.

The small-signal model is obtained taking into account that:
̅〉 , and 〈𝑖𝐿𝑟𝑒𝑓𝛿 〉 =
〈𝑣𝑐𝛿 〉 = 〈𝑣𝑐 〉 − 〈𝑉̅𝑐 〉 , 〈𝑢𝛿 〉 = 〈𝑢〉 − 〈𝑈
̅̅̅̅̅̅
〈𝑖𝐿𝑟𝑒𝑓 〉 − 〈𝐼𝐿𝑟𝑒𝑓 〉. Where 𝑖𝐿𝑟𝑒𝑓 is the actual reference current,
𝐼̅̅̅̅̅̅
𝐿𝑟𝑒𝑓 is the average value of the reference current in the
operation point, and 𝑖𝐿𝑟𝑒𝑓𝛿 is its corresponding small
deviation. The procedure for obtaining the transfer function
(Equation (30)) is as follows:
̅〉) − 〈𝑣𝐶 〉
〈𝑖𝐿𝑟𝑒𝑓 〉 ∙ (1 − 〈𝑈
𝑑〈𝑣𝑐 〉
𝑅
= 𝑓(〈𝑖𝐿𝑟𝑒𝑓 〉, 〈𝑣𝐶 〉) =
𝑑𝑡
𝐶

Equation (23) corresponds to the differential equation that was
obtained after the application of current Kirchhoff law for
both switching states.
𝑑𝑣𝐶
𝑣𝐶
𝐶
= 𝑖𝐿𝑟𝑒𝑓 ∙ (1 − 𝑢) −
𝑑𝑡
𝑅

𝜕𝑓
|
𝜕〈𝑖𝐿𝑟𝑒𝑓 〉 〈𝑣

(23)

𝜕𝑓
|
𝜕〈𝑣𝐶 〉 〈𝑣

The average model is applied on equation (23), which yields:
〈𝑣 〉
𝑑〈𝑣𝐶 〉
̅〉) − 𝐶
𝐶
= 〈𝑖𝐿𝑟𝑒𝑓 〉 ∙ (1 − 〈𝑈
𝑑𝑡
𝑅

=
̅̅̅𝑐 〉, 〈𝑖𝐿𝑟𝑒𝑓 〉=〈𝐼̅̅̅̅̅̅̅̅
𝐶 〉=〈𝑉
𝐿𝑟𝑒𝑓 〉

=−
̅̅̅𝑐 〉, 〈𝑖𝐿𝑟𝑒𝑓 〉=〈𝐼̅̅̅̅̅̅̅̅
𝐶 〉=〈𝑉
𝐿𝑟𝑒𝑓 〉

̅〉
1 − 〈𝑈
𝐶

(26)

1
𝑅𝐶

(27)

̅〉
𝑑〈𝑣𝐶𝛿 〉
1
1 − 〈𝑈
〈𝑣𝐶𝛿 〉 +
〈𝑖𝐿𝑟𝑒𝑓𝛿 〉
=−
𝑑𝑡
𝑅𝐶
𝐶

(24)

4000

(25)

(28)
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s〈𝑣𝐶𝛿 〉 = −

̅〉
〈𝑣𝐶𝛿 〉 1 − 〈𝑈
〈𝑖𝐿𝑟𝑒𝑓𝛿 〉
+
𝑅𝐶
𝐶

̅〉)𝑅
〈𝑣𝐶𝛿 〉
(1 − 〈𝑈
=
〈𝑖𝐿𝑟𝑒𝑓𝛿 〉
𝑅𝐶𝑠 + 1

IV. RESULTS
(29)

A simulation was carried out using the default compiler and
solver in OpenModelica Connection Editor (OMEdit), version
3.2.2. Figure 4 shows the implementation in OpenModelica of
the converter depicted in Figure 1. The switching frequency is
20 kHz and the setpoint of the output voltage is 40 V. The
Boost converter was parametrized as follows: 𝐿 = 10 𝑚𝐻 ,
𝐶 = 2000 𝜇𝐹 , 𝑅 = 10 Ω , 𝑣𝑖 = 20 V . The values of the PI
controllers were obtained using Sisotool (Matlab R2020b).
The inner loop parameters were obtained using Equation (19)
while the outer loop parameters were obtained using Equation
(31). The inner loop has a gain of 0.06 and a time constant of
0.055 s while outer loop has a gain of 0.2751 and a time
constant of 0.05 s. The PI controllers were design considering
a damping factor of 0.707. Also, the inner loop bandwidth
must be smaller than switching frequency while outer loop
bandwidth must be smaller than the inner loop bandwidth.

(30)

Note that transfer function of Equation (30) is stable and does
not exhibit the non-minimal phase behavior.
The mean values required in transfer functions can be
obtained if Equations (31) and (32) are equal to zero:
̅𝑐 〉 =
〈𝑉

̅𝑖 〉
〈𝑉
̅〉
1 − 〈𝑈

(31)

〈 𝐼𝐿̅ 〉 =

̅𝑐 〉
〈𝑉
̅〉]
𝑅[1 − 〈𝑈

(32)

Figure 4. Implementation in OpenModelica.

input voltage was decreased to 20 V. For all perturbations and
changes, the system follows the reference, keeping the output
voltage in 40 V; however current changes for guarantying the
balance of power of the system.

Figure 5 shows in red color the output voltage while in blue
color the input current. In t=0 the system successfully starts
following the output voltage (40V), not presenting overshoots.
In t=1.5 s, the input voltage was increased to 25 V. In t= 3
seg, the load resistance was reduced to 5 Ω. In t=4.5 s, the
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Figure 4. Voltage and current waveforms under perturbations

V. CONCLUSIONS
This paper presented a methodology for tunning cascade PI
controllers in PE converters. The methodology included the
procedure for obtaining the transfer functions giving specific
details in the deduction of equations. The implemented
cascade PI controller has an inner and an outer loop. The inner
loop controls the inductor current while the outer loop
controls the output voltage. Controllers were tuned using
Sisotool (Matlab), the inner loop was tuned and posteriorly the
outer loop was tuned assuming that inner loop was controlled.
The control implementation was done in OpenModellica.
Under perturbations in input voltage and load resistor the
converter successfully follows the output voltage which
validates the proposed methodology and the deduced transfer
functions.
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